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Introduction
Motivation

PCRTBP unstable resonant periodic orbits important for
transport within interior and exterior realms of motion

Previous work focused on computation of PCRTBP unstable
resonant periodic orbits and stable and unstable manifolds.

Periodic perturbations of unstable resonant orbits expected to
be mostly 2D invariant tori in extended phase space

Homoclinic and heteroclinic connections between tori may
result in changes of 3-body energy, Arnold di↵usion
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Model and Equations of Motion
Planar Circular Restricted Three-Body Problem

Primary body m1, secondary body m2, µ = m2
m1+m2

Primary and secondary bodies follow circular Keplerian orbit

Spacecraft (s/c) with negligible mass and position (x , y)

Hamiltonian equations of s/c motion in synodic coordinates

Energy conserved along trajectories!

ẋ =
@H0

@px
ẏ =

@H0

@py
ṗx = �@H0

@x
ṗy = �@H0

@y

H0(x , y , px , py ) =
p2x + p2y

2
+ pxy � pyx � 1� µ

r1
� µ

r2

r1 =
q
(x + µ)2 + y2 r2 =

q
(x � 1 + µ)2 + y2
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Model and Equations of Motion
Planar Circular Restricted Three-Body Problem

Figure: Circular Restricted 3-Body Problem Diagram5

[5] The Circular-Restricted Three-Body Problem (CRTBP). From
http://ccar.colorado.edu/geryon/CRTBP.html. 2018. url: http : / /
ccar.colorado.edu/geryon/CRTBP.html.

http://ccar.colorado.edu/geryon/CRTBP.html
http://ccar.colorado.edu/geryon/CRTBP.html
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Periodic Perturbations of the PCRTBP
Perturbed PCRTBP

Many di↵erent interesting perturbations of the PCRTBP exist

Restricted 4 body models
Bicircular problem
Coherent quasi-bicircular problem
Hill Restricted 4 body Problem

Planar elliptic restricted 3 body problem (PERTBP)

General form, with perturbation parameter ", phase ✓p,
frequency ⌦p:

H"(x , y , px , py , ✓p) = H0(x , y , px , py ) + H1(x , y , px , py , ✓p; ")

H1(x , y , px , py , ✓p, 0) = 0 ✓̇p = ⌦p
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Model and Equations of Motion
Planar Elliptic Restricted Three-Body Problem

3

m1 and m2 follow elliptic Keplerian orbit of eccentricity "

Scale time such that ⌦p = 1 (m1, m2 have orbit period 2⇡)

✓̇p = 1 so let ✓p = t, considering t as an angle mod 2⇡

Coordinates s.t. m1, m2 lie on x-axis with origin at
barycenter, distance between them is time-periodic

H"(x , y , px , py , t) =
p2x + p2y

2
+ n(t)(pxy � pyx)�

1� µ

r1
� µ

r2

r1 =
q

(x + µ(1� " cosE (t)))2 + y2

r2 =
q

(x � (1� µ)(1� " cosE (t)))2 + y2

n(t), E (t) are angular rate, eccentric anomaly of m1-m2 orbit
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Resonant Periodic Orbits

PCRTBP periodic orbits not associated with Lagrange points

Periods nearly resonant with that of m1 and m2

Notation: m:n orbit - m orbits of s/c for ⇠ n orbits of m1, m2

One stable and one unstable resonant p.o. exists at each
energy level for a given resonance

Unstable resonant p.o. eigenvalues : 1, 1, |�s | < 1, �u = ��1
s

2D Stable/unstable manifolds to/from unstable orbits

Heteroclinic connections between resonances can exist

Most p.o.’s persist as 2D quasi-periodic orbits in periodically
perturbed PCRTBP extended phase space (x , y , px , py , ✓p)
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Resonant Periodic Orbits
Planar Circular Restricted Three-Body Problem
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Goals

Consider a periodic perturbation of the PCRTBP, and the tori
which PCRTBP unstable resonant p.o.’s persist as. We

1 Develop a quasi-Newton method to simultaneously solve for
the tori and their center, stable, and unstable directions

2 Implement continuation by both perturbation parameter as
well as rotation numbers

3 Compute Fourier-Taylor parameterizations of the stable and
unstable manifolds

4 Globalize these manifolds after m2 Levi-Civita Regularization

5 Find and compute homoclinic and heteroclinic connections
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Development of Quasi-Newton Method
Stroboscopic Maps

2D invariant tori in extended phase space can be expressed as

K2(✓, ✓p), where K2 : T2 ! R4 ⇥ T ✓̇ = ⌦1 ✓̇p = ⌦p

One of the two frequencies of the 2D tori will be ⌦p

Stroboscopic map F : time-2⇡/⌦p mapping of extended
phase space points by equations of motion.

F (K2(✓, ✓p)) = K2(✓ + !, ✓p) where ! = 2⇡⌦1/⌦p

✓p invariant under F ! Fix ✓p, then define K (✓) = K2(✓, ✓p)

Less computationally di�cult to find 1D invariant tori of map
F in 4D phase space than 2D tori of flow!
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Development of Quasi-Newton Method
Parametrization method for tori and bundles

2

Assume desired ⌦1 known from PCRTBP, then ! is known

Wish to find K (✓) : T ! R4,P(✓),⇤(✓) : T ! R4⇥4 such that

F (K (✓)) = K (✓ + !) (1)

DF (K (✓))P(✓) = P(✓ + !)⇤(✓) (2)

What are P(✓), ⇤(✓)? Bundles and Floquet matrices!

P(✓) =
⇥
DK (✓) vc(✓) vs(✓) vu(✓)

⇤

⇤(✓) =

2

664

1 T (✓) 0 0
0 1 0 0
0 0 �s(✓) 0
0 0 0 �u(✓)

3

775

[2] À. Haro et al. The Parameterization Method for Invariant Manifolds: From
Rigorous Results to E↵ective Computations. Vol. 195. Applied Mathematical

Sciences. Springer International Publishing, 2016. isbn: 9783319296623.
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Development of Quasi-Newton Method
Parametrization method for tori and bundles

2

Equations to solve for K , P , ⇤:

F (K (✓)) = K (✓ + !) (3)

DF (K (✓))P(✓) = P(✓ + !)⇤(✓) (4)

All entries of ⇤ are fixed except T (✓), �s(✓), �u(✓)

Assume approximate solutions are known and define

E (✓) = F (K (✓))� K (✓ + !)

Ered(✓) = P�1(✓ + !)DF (K (✓))P(✓)� ⇤(✓)

Need to find corrections �K , �P , �⇤; start with �K
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Development of Quasi-Newton Method
Parametrization method for tori and bundles

2

Linearizing and ignoring H.O.T., we want �K such that

0 = F (K (✓) +�K (✓))� [K (✓ + !) +�K (✓ + !)]

⇡ E (✓) + DF (K (✓))�K (✓)��K (✓ + !) (5)

Discretizing ✓ on a grid of N points and solving (5) for �K at
those ✓ values requires solving large linear system (O(N3))

Let �K (✓) = P(✓)⇠(✓), then (5) becomes diagonal equation:

�P�1(✓ + !)E (✓) = [⇤(✓) + Ered(✓)]⇠(✓)� ⇠(✓ + !)

⇡ ⇤(✓)⇠(✓)� ⇠(✓ + !)

Ered(✓)⇠(✓) ignored as it is quadratically small ⇠ Ered(✓)E (✓)
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Development of Quasi-Newton Method
Solving for ⇠

As ⇤ is nearly diagonal, Gaussian elimination is not required

⌘(✓)
def
= �P�1(✓ + !)E (✓) = ⇤(✓)⇠(✓)� ⇠(✓ + !)

⌘1(✓)� T (✓)⇠2(✓) = ⇠1(✓)� ⇠1(✓ + !)

⌘2(✓) = ⇠2(✓)� ⇠2(✓ + !)

⌘3(✓) = �s(✓)⇠3(✓)�⇠3(✓+!), ⌘4(✓) = �u(✓)⇠4(✓)�⇠4(✓+!)

Find ⇠3, ⇠4 by iterating contraction maps to convergence:

⇠3(✓) ! �s(✓ � !)⇠3(✓ � !)� ⌘3(✓ � !)

⇠4(✓) ! ��1
u (✓)(⌘4(✓) + ⇠4(✓ + !))

Find ⇠2, ⇠1 by solving cohomological equations of form
X

k2Z
b̂(k)e ik✓ = b(✓) = a(✓)�a(✓+!) =

X

k2Z
â(k)(1�e ik!)e ik✓
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Development of Quasi-Newton Method
Parametrization method for tori and bundles

2

Once ⇠ has been found, set Knew (✓) = K (✓) + P(✓)⇠(✓)

Set P(✓) column 1 to DK (✓). Recompute DF (K (✓)), Ered(✓)

Finding �P(✓), �⇤(✓) follows similar methodology as �K

Let �P(✓) = P(✓)Q(✓), ignore quadratically small terms, find

�Ered(✓) = ⇤(✓)Q(✓)� Q(✓ + !)⇤(✓)��⇤(✓)

Solve for entries of Q using same methods as ⇠

Set Pnew (✓) = P(✓) + P(✓)Q(✓), ⇤new (✓) = ⇤(✓) +�⇤(✓)

Recompute E (✓), Ered(✓), and repeat method until errors
within tolerance

Method complexity O(N logN) to find both torus and bundles
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Implementation of Quasi-Newton Method
Initialization for continuation by "

Start with periodic orbit of period Tp from PCRTBP (" = 0)

Let x0 be point on p.o., �(x, t) the time-t PCRTBP flow map

If �s > 0, K (✓) = �(x0,Tp
✓
2⇡ ); else K (✓) = �(x0, 2Tp

✓
2⇡ ).

Let M(✓) = [v1a(✓), v1b(✓), vs(✓), vu(✓)] be matrix of
monodromy matrix unit eigenvectors at each point K (✓),
corresponding to eigenvalues 1, 1, �s , and �u, respectively

Columns 1, 3, and 4 of P are DK (✓), vs(✓), and vu(✓)
respectively (continuously oriented)

Column 2 of P (symplectic conjugate center direction) will be

M(✓)


I2⇥2 02⇥2

02⇥2 02⇥2

�
M�1(✓)

J�1DK (✓)

kDK (✓)k2 , J =


02⇥2 I2⇥2

�I2⇥2 02⇥2

�
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Implementation of Quasi-Newton Method
Discretization

Represent K , P , ⇤ as arrays of function values on a discrete
grid of N evenly spaced ✓ values ✓i = 2⇡i/N, i = 0, . . . ,N � 1

Use FFT to carry out translation, di↵erentiation of functions:

a(✓i ) =
N�1X

k=0

â(k)e ik✓i ! a(✓i + !) =
N�1X

k=0

[â(k)e ik!]e ik✓i

a(✓i ) =
N�1X

k=0

â(k)e ik✓i ! Da(✓i ) =
N�1X

k=0

[ikâ(k)]e ik✓i
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Implementation of Quasi-Newton Method
Discretization Issues

A few problems arose due to the implementation of
continuous functions on a discrete computer

Problem 1:
Translate(F (✓i )G (✓i )) 6= Translate(F (✓i )) Translate(G (✓i ))

Problem 2: F (✓i ) 6= Translate�!(Translate+!(F (✓i ))) when N
is even and real to complex FFT is used (for real data)

Solution: Run K (✓i ), P(✓i ) through lowpass filter when
method starts breaking down or between continuation steps

Problem 3: Continuation requiring excessively small step size

Solution: Make T (✓) constant!
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Implementation of Quasi-Newton Method
Making T (✓) Constant

Can add a(✓)DK (✓) (a : T ! R) to column 2 of P without
a↵ecting ⇤ except row 1, column 2 entry T (✓)

Choose a(✓) which kills all variation of T (✓)

Equation to solve (T̄ is average of T (✓)):

a(✓)� a(✓ + !) = �(T (✓)� T̄ )

Greatly improves numerical stability of quasi-Newton method
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Continuation by Eccentricity " in PERTBP
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Continuation by Eccentricity " in PERTBP
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Continuation by rotation number ! in PERTBP
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Continuation by rotation number ! in PERTBP
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Parametrizing Invariant Manifolds
Parametrization method

6

Each torus has 2D stable and unstable manifolds topologically
equivalent to cylinders T⇥ R under stroboscopic map

Assume �s(✓), �u(✓) are constant (it is easy to choose P and
⇤ so that this is true6 )

Invariance equation for manifolds

F (W (✓, s)) = W (✓ + !,�s)

W (✓, s) = K (✓) +
X

k�1

Wk(✓)s
k (✓, s) 2 T⇥ R

W is Fourier-Taylor parametrization of manifold of K under F

s1 terms known from columns 3,4 of P , need H.O.T. of W

[6] L. Zhang and R. de la Llave. “Transition state theory with quasi-periodic

forcing”. In: Communications in Nonlinear Science and Numerical Simulations
62 (Sept. 2018), pp. 229–243. doi: 10.1016/j.cnsns.2018.02.014.

https://doi.org/10.1016/j.cnsns.2018.02.014
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Parametrizing Invariant Manifolds
Parametrization method

6

Assume invariance equation and W (✓, s) solved to degree sk�1

1 Find Ek(✓) = [F (W<k(✓, s))�W<k(✓ + !,�s)]k , where []k
denotes the degree sk coe�cient of the RHS.

2 Solve for the degree k term Wk(✓)sk which when added to
W<k(✓, s) cancels Ek(✓). For k � 2 a contraction mapping
can be iterated to solve:

DF (K (✓))Wk(✓)� �kWk(✓ + !) = �Ek(✓)

3 Set W<k+1(✓, s) = W<k(✓, s) +Wk(✓)sk and return to step 1
until satisfied with the degree of W

Start with k = 2 and proceed.
Currently using kmax = 5, but can go higher
How to find F (W<k(✓, s)) in step 1?
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Parametrizing Invariant Manifolds
Automatic Di↵erentiation

2

Recursively evaluate a operation on a polynomial or polynomials

Example: d(x) = f (x)/g(x) () f (x) = d(x)g(x)

fk(x) =
kX

j=0

dj(x)gk�j(x) =
k�1X

j=0

dj(x)gk�j(x) + dk(x)g0(x)

) dk(x) =
1

g0

0

@fk(x)�
k�1X

j=0

dj(x)gk�j(x)

1

A

Know that d0 = f0/g0, and can recursively find dk(x), k � 1.

Similar recursive formulas for f (x)↵, many other functions

[2] À. Haro et al. The Parameterization Method for Invariant Manifolds: From
Rigorous Results to E↵ective Computations. Vol. 195. Applied Mathematical

Sciences. Springer International Publishing, 2016. isbn: 9783319296623.
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Parametrizing Invariant Manifolds
Jet Transport

4

Propagate a vector of polynomials by a flow

1 Substitute W<k(✓i , s) for (x , y , px , py ) in equations of motion

2 Simplify (automatic di↵erentiation) to get polynomials in s for
(ẋ , ẏ , ṗx , ṗy ) : time derivatives of polynomial coe�cients of
each component of W<k(✓i , s)

3 Integrate coe�cient by coe�cient to get F (W<k(✓i , s))

If n-dimensional state and degree-d polynomial, integration
required is n(d + 1) dimensional. N of these must be done for N
discretization ✓ values.

[4] Daniel Pérez-Palau, Josep J. Masdemont, and Gerard Gómez. “Tools to de-

tect structures in dynamical systems using Jet Transport”. In: Celestial Mechan-
ics and Dynamical Astronomy 123.3 (2015), pp. 239–262. issn: 1572-9478. doi:
10.1007/s10569-015-9634-3. url: https://doi.org/10.1007/s10569-
015-9634-3.

https://doi.org/10.1007/s10569-015-9634-3
https://doi.org/10.1007/s10569-015-9634-3
https://doi.org/10.1007/s10569-015-9634-3
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Parametrizing Invariant Manifolds
Fundamental Domains

Parametrizations Wk(✓, s), k > 1 still inexact

Fix error tolerance (say Etol = 10�5)

Find fundamental domain D: max |s| such that
8 i = 0, . . . ,N � 1

kF (Wk(✓i , s))�Wk(✓i + !,�s)k < Etol

Observed 50-200 times improvement in fundamental domains
for k = 5 compared to k = 1

For linear parametrizations (k = 1), domains of about 5 test
cases were on the order of 10�4 at best, generally 10�5

For degree-5 parametrizations (k = 5) domains were on the
order of 10�3 or 0.01.
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Globalization and Visualization

Want parametrization W (✓, s) for s outside fundamental
domain

If � > 1
W (✓, s) = F k(W (✓ � k!,��ks))

If � < 1
W (✓, s) = F�k(W (✓ + k!,�ks))

For resonances with instantaneous semi-major axis close to 1,
manifolds may pass through singularity at m2!

Globalization requires Levi-Civita regularization of m2

singularity if this happens

Similar to PCRTBP regularization1 but need 1 extra angle
and its conjugate momentum

[1] Alessandra Celletti. Stability and Chaos in Celestial Mechanics. Astronomy

and Planetary Sciences. Springer-Verlag Berlin Heidelberg, 2010. doi: 10.
1007/978-3-540-85146-2.

https://doi.org/10.1007/978-3-540-85146-2
https://doi.org/10.1007/978-3-540-85146-2
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Globalization and Visualization
Example Stable Manifold Projection of 3:4 Jupiter-Europa resonant torus

Figure: (x , y , px) projection of 3:4 W s for ! = 1.55962029724307238
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Finding Heteroclinic Connections
Manifold Mesh Definition

Have values of W u
1 (✓u, su) and W s

2 (✓s , ss) at discrete grids of
(✓u,i , su,k) and (✓s,j , ss,`) values
Can connect points of manifolds at consecutive ✓ or s values
with each other to form a quadrilateral mesh in 4D space

(θi, sk+1)	  (θi+1, sk+1)


(θi, sk)	  	  (θi+1, sk)
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Finding Heteroclinic Connections
Manifold Mesh Definition

Can connect quadrilateral diagonals to form triangular mesh
Problem of searching for heteroclinic connections becomes
problem of finding intersections of two trimeshes in 4D space
Parallelizable, but better to search as e�ciently as possible.

(θi, sk+1)	  (θi+1, sk+1)


(θi, sk)	  	  (θi+1, sk)
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Finding Heteroclinic Connections
Layers

Define manifold ”layers”: for n 2 Z+

Un = {W u
1 (✓, s) : (✓, s) 2 T⇥±[Du�

n�1
u ,Du�

n
u]}

Sn = {W s
2 (✓, s) : (✓, s) 2 T⇥±[Ds/�

n�1
s ,Ds/�

n
s ]}

Layers have an important property!

F (Un) = Un+1 F�1(Sn) = Sn+1

F�1(Un) = Un�1 F (Sn) = Sn�1

x 2 Um \ Sn ! F (x) 2 Um+1 \ Sn�1, F 2(x) 2 Um+2 \ Sn�2,
. . . but the sum of the layer indices is always m + n!

To find the connecting trajectory corresponding to x, su�ces
to find any F k(x), k 2 Z
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Finding Heteroclinic Connections

	  


	 	          U3	 	 	 	           S3


	  	 

	 	     U2	 	 	 	 	 	  

	 	    U1	 	 	 	 	 	       

	        	 	 	 	          	 	  
                        	 	 	 	 	 	  

s u
 in

cr
ea

sin
g

ss  increasing

S2

W1(θu, su=Du)

W1(θu, su=Duλu)

W1(θu, su=Duλu2)

W
1(θu, su=Duλu 3)

W2(θs, ss=Ds)

W2(θs, ss=Ds/λs)

W2(θs, ss=Ds/λs2)

W2(θs, ss=Ds/λs3 )

S1

K1(θu)=W1(θu, su=0) K2(θs)=W2(θs, ss=0)
λ = λu, |λ| > 1 λ = λs, |λ| < 1

Fundamental domain s values 
(Du)	 	           (Ds)

Directions of motion 
on manifold under F

F(Uk)=Uk+1 F(Sk)=Sk-1
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Finding Heteroclinic Connections
Intersecting Triangular Meshes in 4D

Layers are triangular meshes in 4D shaped like cylinders

Need to check each triangle on one layer mesh with each
triangle on the other layer mesh for intersection

Triangles will intersect at isolated points in 4D space

Let x1, x2, x3 2 R4 (y1, y2, y3) be vertices of triangle 1 (2)

Precise test for intersection of triangles 1 and 2: Solve

x2 + (x1 � x2)a+ (x3 � x2)b = y2 + (y1 � y2)c + (y3 � y2)d

Triangles intersect if a, b, c , d � 0, a+ b  1, & c + d  1

Precise test is computationally expensive! Solution...
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Finding Heteroclinic Connections
Intersecting Triangular Meshes in 4D

...run each pair of triangles through a fast rejection test before
applying the precise test only to non-rejected pairs

Use bounding box test: reject if max x/y/px/py coordinate of
one triangle is less than minimum of the other triangle
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Finding Heteroclinic Connections
Intersecting Triangular Meshes in 4D

Bounding box test uses only simple >,<,& operations

Needs to be carried out on huge number of triangle pairs

Example: layers made up of 1024 ✓ values, 35 s values means
(34 ⇤ 1024 ⇤ 2)2 = 4848615424 pairs of triangles to check

Even if one carries out bounding box test on quadrilaterals
(bounded by consecutive s and ✓ values), 1212153856 pairs

Using vectorized MATLAB operations and 4 CPU cores,
testing 2424307712 quadrilateral pairs took 7.5-8 seconds

Massively parallel. Slow on CPU; perfect for GPU!
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Finding Heteroclinic Connections
Intersecting Triangular Meshes in 4D

MATLAB GPU capabilities limited to Nvidia CUDA

JPL HPC platforms have Nvidia GPUs but no MATLAB

My laptop has MATLAB but only an AMD GPU

Solution...
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Finding Heteroclinic Connections
Intersecting Triangular Meshes in 4D

MATLAB GPU capabilities limited to Nvidia CUDA

JPL HPC platforms have Nvidia GPUs but no MATLAB

My laptop has MATLAB but only an AMD GPU

Solution...
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Finding Heteroclinic Connections
Intersecting Triangular Meshes in 4D

Implemented algorithm in Julia using OpenCL.jl library

Used quadrilaterals in order to fit into laptop 4GB VRAM

Bounding box test runtimes (2424307712 quadrilateral pairs):
30 s on CPU single thread (laptop and JPL DGX HPC)
7.5-8 s on quad-core i7 laptop CPU
0.2 s on laptop AMD Radeon Pro 560 GPU
0.02 s on JPL DGX HPC Nvidia Tesla V100 GPU

Also tried CUDA.jl GPUArray operations but found it slower

Bounding box test rejected at least 99.85 percent of
quadrilateral pairs in all tested pairs of layer meshes

Runtime of precise test depends on number of non-rejected
pairs, but was always < 0.55 s and usually < 0.1 s in test case
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Finding Heteroclinic Connections
Example Mesh Intersections

Figure: Intersections of 3:4 W u and 5:6 W s meshes for resonant tori in
Jupiter-Europa PERTBP
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Finding Heteroclinic Connections
Refinement of Approximate Connections

Equation to solve for heteroclinic connections:

W u
1 (✓u, su)�W s

2 (✓s , ss) = 0

Meshes linearly interpolate manifolds between grid points

Intersections of meshes give only approximate solution
(✓u, ✓s , su, ss) to the equation - we found errors ⇠ 10�2

Wish to di↵erentially correct solutions found from mesh search

Need to compute DW u
1 (✓u, su),DW

s
2 (✓s , ss)
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Finding Heteroclinic Connections
Refinement of Approximate Connections

Recall W u
1 (✓, s) = F k(W u

1 (✓ � k!,��k
u s)). Hence,

@W u
1

@✓
(✓, s) = DF k(W u

1 (✓ � k!,��k
u s))

@W u
1

@✓
(✓ � k!,��k

u s)

@W u
1

@s
(✓, s) = ��k

u DF k(W u
1 (✓�k!,��k

u s))
@W u

1

@s
(✓�k!,��k

u s)

DF k is a state transition matrix. Partials on RHS can be
found by di↵erentiating Fourier series and polynomials.

Same approach works for derivative of W s
2 as well

Successfully used this to di↵erentially correct many solutions
of W u

1 (✓u, su)�W s
2 (✓s , ss) = 0 to error less than 10�7
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Finding Heteroclinic Connections
Example Connection Correction with Damped Newton Method

Figure: 3D projections of iterates of damped Newton method for
refinement of an approximate connection found from mesh search
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Conclusion and Future Work

Developed quasi-Newton method to find unstable invariant
tori in periodically perturbed PCRTBP models

Found a set of numerical best practices for the same

Computed parametrizations of manifolds to/from tori with
high accuracy

Demonstrated increased fundamental domains and globalized
outside of domains after modified Levi-Civita regularization

Computed heteroclinic connections with aid of
parameterizations and GPU

Future work: Continuation of heteroclinic connections

Applications to restricted 4-body models, spatial CRTBP
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Backup slides
Normally Hyperbolic Invariant Manifolds

Union of all unstable m:n periodic orbits forms a 2D normally
hyperbolic invariant manifold (NHIM) in PCRTBP

NHIM topology in 4D PCRTBP phase space is T⇥ (0, 1)

5D extended phase space: (x , y , px , py , ✓p), ✓p 2 T, ✓̇p = ⌦p

✓p 2 T as we consider 2⇡
⌦p

-periodic perturbations of PCRTBP

NHIM topology in extended phase space is T2 ⇥ (0, 1)

Periodic orbits become 2D quasi-periodic orbits in extended
phase space unless period is resonant with that of variable ✓p

NHIMs persist under su�ciently small perturbations!

KAM theory suggests su�ciently non-resonant (with ⌦p)
invariant tori should persist inside NHIM as well
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Backup slides
P,⇤ Significance and Derivation

Known from PCRTBP : K has one tangent, one center, one
stable, and one unstable direction at each point K (✓)

Denote them DK (✓), vc(✓), vs(✓), vu(✓). Find:

DF (K (✓))DK (✓) = DK (✓ + !)

DF (K (✓))vs/u(✓) = �s/u(✓)vs/u(✓ + !)

Also known that 9 vc(✓) (symplectic conjugate) such that

DF (K (✓))vc(✓) = vc(✓ + !) + T (✓)DK (✓ + !)

P(✓) is just
⇥
DK (✓) vc(✓) vs(✓) vu(✓)

⇤
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Backup slides
P,⇤ Significance and Derivation

Using equations from previous page, find (✓+ = ✓ + !)

DF (K (✓))P(✓) = DF (K (✓))
⇥
DK (✓) vc(✓) vs(✓) vu(✓)

⇤

=
⇥
DK (✓+) vc(✓+) + T (✓)DK (✓+) �s(✓)vs(✓+) �u(✓)vu(✓+)

⇤

= P(✓ + !)

2

664

1 T (✓) 0 0
0 1 0 0
0 0 �s(✓) 0
0 0 0 �u(✓)

3

775
def
= P(✓ + !)⇤(✓)

So P is matrix of tangent, center, stable, and unstable bundles

⇤ is Floquet matrix and is almost diagonal
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Backup slides
Solving for ⇠

As ⇤ is nearly diagonal, Gaussian elimination is not required

⌘(✓)
def
= �P�1(✓ + !)E (✓) = ⇤(✓)⇠(✓)� ⇠(✓ + !)

⌘1(✓)� T (✓)⇠2(✓) = ⇠1(✓)� ⇠1(✓ + !)

⌘2(✓) = ⇠2(✓)� ⇠2(✓ + !)

⌘3(✓) = �s(✓)⇠3(✓)�⇠3(✓+!), ⌘4(✓) = �u(✓)⇠4(✓)�⇠4(✓+!)

Find ⇠3, ⇠4 by iterating contraction maps to convergence:

⇠3(✓) ! �s(✓ � !)⇠3(✓ � !)� ⌘3(✓ � !)

⇠4(✓) ! ��1
u (✓)(⌘4(✓) + ⇠4(✓ + !))

Find ⇠2, ⇠1 by solving cohomological equations of form
X

k2Z
b̂(k)e ik✓ = b(✓) = a(✓)�a(✓+!) =

X

k2Z
â(k)(1�e ik!)e ik✓
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Backup slides
Parametrization method for tori and bundles

2

Once ⇠ has been found, set Knew (✓) = K (✓) + P(✓)⇠(✓)

Set P(✓) column 1 to DK (✓). Recompute DF (K (✓)), Ered(✓)

Finding �P(✓), �⇤(✓) follows similar methodology as �K

Let �P(✓) = P(✓)Q(✓), ignore quadratically small terms, find

�Ered(✓) = ⇤(✓)Q(✓)� Q(✓ + !)⇤(✓)��⇤(✓)

Solve for entries of Q using same type of cohomology
equations and contraction maps as ⇠

Set Pnew (✓) = P(✓) + P(✓)Q(✓), ⇤new (✓) = ⇤(✓) +�⇤(✓)

Recompute E (✓), Ered(✓), and repeat method until errors
within tolerance
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