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Abstract

We reconsider the phenomenon of localization of energyunflequency modes in the FPU system, exploiting the res@sanc
in the lower part of the spectrum. Using the resonant nororah fof Birkhaof we construct some candidates of approximate first
integrals which we put in correspondence to packets of legufency modes. By numerical calculation we show that thkgtac
associated to the best quasi-integral involves all modes apfrequencyw*(e), wheree is the specific energy. The phenomenon
disappears when the specific energy is bigger than a thaeshhle. The dependence of the relevant quantities on théeuxof
particles is also investigated. A final section is devoted tiest comparison with the Toda model.
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1. Introduction and summary of the results is well known that normal modes may be introduced via the

canonical transformation
The FPU paradox, originated by the celebrated report of

Fermi, Pasta and Ulam [11], has been the subject of many stud- i = / 2 ZN: G sin J
ies in the past decades. As is well known, the aim of Fermi, ! N + k

Pasta and Ulam was to observe the rate thermalization in a non N . j=L...,N, 2)
linear chain of identical particles with nearest neighboan yj = / 2 Z Py sin ]
linear interaction and fixed ends. However, the unexpeaed r N+1d

sult was that no thermalization was observed, at least wih t
initial condition and the observation times of the FPU eiper Where . p) € R? are the coordinates and the momenta of
ment. On the contrary, the energy remained concentratgd onthe normal modes. The Hamiltonian then takes the form of
on a few modes. Further investigation has shown that the sha# system of independent harmonic oscillators with a noatine
ing of energy, if it happens, takes a very long time that maycoupling, namely
become unobservable even with the most powerful computers.
The problem is to explain this phenomenon, and to prove or H(G. p) = Ho(d, p) + H1(q, p) + H2(q. ) . (3)
disprove its persistence in the thermodynamic limit.

Let us recall the model. Following the original FPU report,
we consider a discretization of a string as a chaiN ef2 iden- N
tical particles on a segment, with fixed ends. The Hamiltonia Ho(a, p) = > Z PE + wqu 4)
of the system is written as k=1

where the unperturbed Hamiltonian is

| =

andHs(q, p), Hz(q, p) are homogeneous polynomials of degree

N N X |
H(x,y) = Z 3 Z(X“l x, gz(xﬁl _ x, ) 3 and 4, respectively. The frequenciesire
=1 j=0
1) wk=25inﬁ, k=1,...,N. (5)

with Xo = xns1 = 0, and whereX,y) € R?N*2 are the coor-
dinates and the momenta, andandg are real parameters. It The quantities of interest, actually the ones considered in
most previous works on this subject, are the enerfigs=

(P2 +w?0?)/2 of the normal modes. According to the prediction
of Statistical Mechanics the time averages of such quastiti
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wheree = E/N is the specific energy of the system aids  natural packet is very narrow, its energy spectrum matches a
the total energy. The failure to observe the limit in the FPUmost perfectly the one of the Lyapunov orbit. For larger ealu
experiment constitutes tHePU paradox of energy it is reasonable to substitute periodic orbité gitasi
The considerable work produced by many people over geriodic ones, i.e. to use low dimensional tori, as in [9, 10]
time span of more than half a century has not yet produced similar attempt can be found in [18] where exponential $itgbi
satisfactory explanation of the FPU paradox. Early works ofof a low dimensional manifold is proved.
Izrailev and Chirikov [23] and of Bocchieri, Scotti Bearzich What is essentially missing in almost all the previous re-
Loinger [8] may be considered as the starting points of twasults (the only exception being [18]), is the explanation fo
diverging interpretations, both having as a common poiat th the long time persistence of these meta stable states. One of
existence of an energy threshold below which the FPU phethe few papers in such a direction for the FPU system is [21],
nomenon shows up. On the one hand one claims that thehere moderately long time stability is proved using a mod-
threshold vanishes in the thermodynamic limit, namely wherulated Fourier expansion; in particular their approximiatis
the numbeN of particles becomes very large [23]; on the othervalid over a longer time scale than [1] at the price of a naetow
hand it is conjectured that the threshold remains positidefar ~ range of allowed energies.
from zero no matter how large I8 [8]. This is just the begin- Although the resonances are a key ingredient in some of
ning of a long story, not yet finished. An historical accoumlym these papers (like in [1] where a couple of KdV are obtained
be found in the volume [13], which contains several papers oty means of a resonant normal form), we think they have not
the subject, and in particular in the contributions of Latiberg  been completely exploited in order to understand long time b
et al. [24] and of Benettin et al. [2] to that volume. A wide set haviour.
of references can be found there. In the present letter we investigate the phenomenon of natu-
In this letter we concentrate our attention on metastabilit ral packets by taking into account the resonances that chara
phenomena that occur in the dynamics of the FPU chain. Iferize the first part of the FPU spectrum. For, the first part of
particular we consider the phenomenon of natural packets afie spectrum is close to a linear one, i.e., the frequencieam
low frequency modes that has been observed in the paper gfoximatelyw, =~ 2w1, ws =~ 3ws,.... Thus it seems natural
Berchialla et al. [5]. The main idea of that paper was to makao imagine that a small change of the frequencies due to the no
quantitative the observation of Fermi, Pasta and Ulam ttiaéi  [inearity may cause two or more modes to fall into a resonance
energy is initially given only to the first mode (i.e., the lest  and this phenomenon is expected to be enhanced when energy
frequency one) then the high frequency modes do not take paig increased, so that more and more modes are involved. This
in the energy sharing. The phenomenon observed was that dwerresponds to the phenomenology that is numerically ebger
ing the initial phase of the evolution the energy spreadsrmo for the natural packets.
the first modes until a “natural packet” is formed, extendipg The basic theoretical tool is the construction of a resonant
to modes of frequency < w*(e). The numerical indication  Birkhoff normal form and of a corresponding formal first inte-
givesw*(¢) ~ £/%. The modes belonging to the packet may gral® in the form of a series expansion. We avoid here entering
share energy in a chaotic way, as is suggested by the calculghe detailed mathematical treatment of the problem since it
tions in [19]. After that the evolution looks frozen for a n  quires quite boring calculations and involves subti@dlilties
time (the relaxation time), until a further spreading shays due to resonances with high frequency modes. We just recall
letting the energy to flow towards all modes and possibly tathat in many cases the theory allows us to identify quastitie
reach equipartition. In a subsequent paper [6] the relamati that remain almost invariant for very long times, e4?, for
time is evaluated to grow as exp{/*) for a pures—model and  some highr or even exp¢2) with some positivea < 1 (e.g.,
initial data in the low part of the spectrum, but not contagni  1/4 or 1/8 or S0).
the first mode. For diierent choices of initial data, and for the We perform instead a numerical Study based on the calcula-
a model, in [4] the authors find a flierent behaviour, namely tion of both the zeroth order approximation (actually a dine
a power law (see also [3] for the role of the coherence of the ombination of the harmonic energies that is a polynomial of
phases in the initial data); in [4], the role of the distarméhe  degree 2) that we caibo, and a first order nonlinear approxi-
Toda system as a function gfis also explored. mation, that we callb; and which is hopefully better thabo.

Although this “metastability scenario” is extremely richca  Wwe analyze in particular the fluctuation of the two functidrs
complex, with some of its details depending on th#fedent  and®, . Our conclusions are the following.

possible choices on the system, some fairly satisfact@grtt-

ical explanations are available concerning its initiags i.e. (i) For low specific energy and for a given numbe¢of par-

the creation of these natural packets. Among those we quote ticles we can identify an optimal valug(e), increasing
the continuous approximation approach (see e.qg. [1, 253y&vh with &, which minimizes the fluctuation of the approxi-
the dynamics of thee model is controlled by integrable PDEs, mate first integral; we may consider this value as an indi-
namely the KdV. Instead of integrable PDEs, it should beiposs cation of the width of the resonant packet.

ble to use integrable system of ODEs, like the Toda model (sedii) Still for fixed N, there is a critical value* of the spe-

[28] in this direction). A diferent technigue involved the use of cific energy above which the behaviour ®f becomes
Lyapunov orbits (see, e.g., [12, 27], where the Lyapounbit®r worse than that ofby alone. In view of the general the-
are named Q-Breathers); actually, at very low energy, when t ory this may be considered as a threshold for the existence
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of metastability phenomena.

(iif) The results above appear to persist when the numbef
particles is increased. In particular, the lengthof the
packet is proportional to the numbkdrof particles, which
means that the packet extends up to a frequen€y) in-

where(k, w) = ¥, ko . Itis well known (and easy to check)
that M,, is a discrete subgroup af. If M, = {0}, i.e., itis

the trivial module, then the system is said to be a non regonan
one, else it is said to be resonant with multiplicity dwf, ,

the dimension of the resonance module. The Hamiltonian (7)

dependent oN. is said to be in Birkhfi's normal form with respect to the res-
onance moduléM,, in case the functionsly(l, ¢), Hax(l, ), ...
Thus, our results suggest that the phenomenon of the naturaépend only orly,..., Iy and on integer combinations of the

packets may be interpreted as dfeet of the resonance among
the low frequency modes.

It might be interesting to extend our calculation to higher o
der terms in the expansion &, but the number of cdicients
to be calculated grows so large with the numbleof degrees
of freedom that the actual calculation is precluded.

angles(k, ¢) with k e M,,. Itis an easy matter to check that
any function
N
cp(a):th, al M, (10)
I=1

is a first integral for a Hamiltonian in Birkhiis normal form:

The paper is organized as follows. In sect. 2 we give a shojjist calculate the Poisson bracketd@f) with H and check that

account of the theoretical background concerning the conist

{H, @@} = 0. There aréN —dim M,, independent first integrals

tion of Birkhoft's normal form in our case. In sect. 3 we presentof the form above. In particular, if dinVl,, = 0 then the actions

the results of our calculations.

2. Resonant first integrals

We recall here a few basic facts about the resonant Biflsho

normal form. Complete expositions of the formal part of this

theory may be found in Birkh®'s treatise [7] or in many papers
like, e.g., [20] or [17]. The asymptotic properties of themal
form leading to exponential estimates of Nekhoroshev'®typ
may be found in [16]. For an introductory exposition of the
problem related to exponential stability see, e.g., [15].

2.1. Resonant Birkhs normal form in a nutshell

We consider a perturbed system of harmonic oscillators wit|
Hamiltonian expanded in Taylor series as

H(X’ y) =H0(X’ y) + Hl(X’ y) + HZ(Xv y) +...,
N

7
HO(va): % wj (yf+xj2) , ( )
=1

and withHs , ... homogeneous polynomials of degree43...
respectively. By the way, the Hamiltonian (3) may be gives th

form via the canonical transformatiog = % yj = Vwjy;.
J .

In order to understand the meaning of the normal form it i
convenient to use action—angle variablgsg; introduced by
the canonical transformation

Xj = 4/2ljcosg;, Yj= 4/2ljsing; .

The unperturbed Hamiltonian in these variables takes the si
ple formHg = 3, w1, while the nonlinear ternkls becomes a
trigonometric polynomial of degrege+ 2 in the angles with
homogeneous polynomials of degree 2 in 17/%,...,15/% as
codficients.

Birkhoff's normal form is defined as follows. Let thes-
onance moduleM,, associated to the frequency vectorbe
defined as

(8)

My ={keZN : (kw)y=0}, )

h

l1,..., N are first integrals.

A classical result is that any Hamiltonian of the form (7) may
be given a Birkhéf’s normal form via a near the identity canon-
ical transformation that can be written as a formal seriggpx

sion
X =X+ fia(X,y)+ fia(X.y)+...,
Vi =Y +0a(X.Y) + 20X, y) +...,

where the functiond(x’,y’) and gs(X',y’) are homogeneous
polynomials of degres + 1. However, the transformation is
only a formal one in the sense that the fméents of the ex-
pansions can be determined with an algebraic procedura) but
general the series so obtained fail to be convergent. A gaant
tive analysis shows that in general the series have an asyimpt
character. That s, in a ball of radigsround the origin the size

(11)

of the functionsfs, gs grows assI"pS*! with somer > 1. Mean-
ingful results can however be found by truncating the normal
ization procedure after a finite number> 1 of steps, so that
the Hamiltonian takes the form

HOX,Y) = Ho(X,Y) + Zo(X,Y) + ... +

12)
+Z(x,y) +RO(X,y),
where the functionZ, ..., Z are in normal form, whileR® is
an unnormalized remainder in the form of a series startirily wi
terms of degree + 3. According to the general theory this may
e done with a generating function which is a polynomial of
degreer + 2. The form of the transformation (11) depends on
the choice ofr, and we keep trace of this fact by denoting the
new variables as®, y, with x© = x, y©@ =y,

The Hamiltonian (12) possesses approximated first integral
that are found by writingd® as a function of the new variables
X0,y e, 0@ = 3, oz.(yl“)2 + ><1(r)2)/2. For such a function
one getsb@ = (@@ RO} and a quantitative estimate gives

|(D(a)| - r!Tpr+3 )

The exponential estimate of Nekhoroshev’s type is found by
choosing an optimal truncation ordeg; ~ p~Y/7, which gives

|0@)| ~ expp~*) .



Thus, a significant change of the approximate first integel m Since is trivially determined byn, in the rest of the paper we
occur only after an exponentially long time. either drop the superscript), or substitute it with f) to stress
In the FPU case the orbits are bounded in a neighbourhood tfie number of resonances involved.
the origin, due to energy conservation. In rough terms we may syppose now for a moment that an exact first integ&
consider a ball of radius ~ Ve, although in some directions  exsts for some number; of resonances. That is, suppose the
(e.g., all the energy in a single normal mode) the distar@m® fr  gjrkhoff normal form with the resonance moduMd,, of di-
the origin may approach/Ne. mensionn, — 1 turns ot to be convergent. In that case our con-
On the basis of the theory sketched above we consider a Migyyction gives two successive approximatibnand®; of the
nor extension of Birkhfi's theory by considering a resonance exact first integral. If we let the system evolve and |@iakt)
module M which takes into account the cases in whihw)l  andd; (t) as functions of time then we expect to observe some
is very small. The construction of the normal form remainsfjyctuation around an average value. The fluctuation is drgec
consistent provided the chosen resonance moddiliacludes 5 pe smaller ford; than for @, (and to become smaller and
M., the resonance module generated by the frequency vect@maller if we could consider further approximations, . ..).
i.e., if (k,w) # 0 for allk € ZM \ M. The resulting transformed  The problem is twofold: (i) such a first integral, if any, magy e
Hamiltonian is in normal form with respect to the modé& jst only as a quantity conserved over exponentially longetim
and possesseé—dim M formal firstintegrals of the form (10).  in Nekhoroshev sense; (i) we have no indication a priori on
the numbemn, of resonances to be considered. Concerning the
2.2. The FPU case point (i), according to Nekhoroshev's theory the expansibn
Let us now come to our use of the normal form for the FPUthe first integral should be truncated at an optimal ordectvhi
model. In order to take into account the quasi resonances erows very large whee is decreased. As a matter of fact we
the lower part of the spectrum we pick an arbitrary numbef  can determine only a low order approximation of such a func-
resonant modes and consider the resonance module generaggfh. Concerning the point (i) is the quantity that we want

by then — 1 rows of the matrix to investigate numerically.
210 0 0O0.. 0 Exploiting the fact that the approximated first integrég
301 0 0O0.. 0 and ®; may be explicitly calculated we proceed as follows.
M, = (13) For fixed N and e we look for a valuen(N, ) which mini-
0

oo - o mizes the fluctuation of eithaby(t) or ®,(t). To this end we
-n 00 0 10...0 let the numbem of resonances to vary from 1 td — 1 and

for everyn we calculate by numerical integratiolrf)”)(t) and
CD(l”)(t) together with the corresponding time average and vari-
ance, the superscript being introduced in order to takednto

corresponding to the quasi resonankes— w; ~ 0. Then we
determine the canonical transformation

X=X+ fiX,¥Y)+..., vi=y+0iX,y)+... (14) countthe number of resonances. If an optimal first inte@tal
S (in Nekhoroshev sense) exists for som¢hen we must observe
which gives the truncated normal form a fluctuation due to the fierenced, —®{"” between the optimal

firstintegral and our approximation. In view of the trividkin-
tity @, = (D(j”) + (cbgnf) — o) + (@, - @E”’)) we may identify
(which corresponds to = 1 in (12)). Using computer alge- two different sources of ffuctuation, namely: (i) theéfeiience
bra we calculate the céicients of the polynomialg; (X, y) (Dgn') — ", due to the bad choice of which is the dominant
andg;1(X,y’), which have degree 2, and forget terms of higherone forn < n; being due to the quadratic part of the function,
degree that are represented by dots in the formula above. Dut vanishes when = n; ; (ii) the differenced. — ®™) which
tails concerning the actual implementation of an algorifom  is due to the truncation of the expansion of the optimal first i
constructing the normal form are given in [14]. The transfor tegrals. We call the latter contribution thesidual fluctuation

H® = Ho(X, V) + Zu(X,Y) + RAX,Y) (15)

mation (14) may be inverted as This is a fluctuation that can not be removed, but is expected t
be smaller ford, than ford, (and would become smaller and
X=X-faxy+.... ¥=¥%-0axy)+.... (16)  smaller if higher order approximations could be constmicte

in particular one can expect it to be of the ordeet? for @,
and of the order of for ®;. Thus, at fixed ordej, the optimal
numbern, of resonances is the one which minimizes the fluc-

still keeping only terms of degree 2. An approximate firsgint
gral for the Hamiltonian (14) is

@ n ) ) tuation. Actually, if the initial conditions are chosen $at all
7 = Z @ (3/| +X ) ., a=1 forl=1...,n. (17) the energy is concentrated within the finsimodes, and the dy-
I=1 namics maintains such a confinement, then the fluctuation may
We shall also consider the zeroth order approximation of th&€ expected to remain almost constantrfor ;.
first integral As to the dependence of on &, we should expect that in-
N creasing the specific energy will increase the number of mode
(Dgy) _ Z“' (Y|2 + X|2) . a=1 forl=1,....n. (18) involved in the resonance. However, we can explore such a

= dependence only numerically, since presently we have rm the



retical indication.
The dependence af on the lengthN of the chain is even
more delicate, because the theory of Birkfmonormal form
usually gives quite bad predictions. However, previousksor
(quoted in the introduction) show that some metastabilitg-p -
nomena may persist in the thermodynamic limit, so that this g
aspect deserves to be investigated, too. B
We close this section with the remark that higher order ap-
proximations could be considered in a straightforward \eay,
the calculation becomes unpractical for systems with, &2y
or 255 particles. For, in order to construct the normal fopm u |
to degreer we must calculate a generating function of degree e b e e b U e L L)
r + 2, which contain{”}'%"?) coeficients. It is immediately 0-0 0-2 i';nances OOV':_ N 0-8 10
seen that such a number grows very fast WithE.g., in order
to calculated, for N = 127 one should compute a generating
function with 17 x 10° codficients, repeating the calculation E;ﬁllurs ﬁclgff;/osﬁgffc/r(? (+b gztgorzlnigﬂis_ Oiglgggecnizg)erﬁé% Iggfzri;mi-
for all the wanted vqlues of thg nl_meeof_resonances..On the andyT P 105. The function considered i, . pine)-
other hand, we are interested in increasing the vallé¢ iofor-
der to have some insight on the thermodynamic limit. Previou
experience shows that some parameters may reach reasonafg actually consider the relative fluctuation
stabilized values only for quite large values{see, e.g., [6]).
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3. Numerical results . ) . i
Again, we omit the dependence oiin the notation.
We perform aft the calculations for the model (1) with = Let us come to the results, in the case of all the energy on the
B = 1/4. The quartic term of the potential is added in order tofirst normal mode. The dependence of the relative fluctuation
avoid breaking of the chain when the number of particles, anédn v = n/(N + 1) is illustrated in fig. 1, whera is the number
so the total energy, is increased, but of course it hasfiezte of resonances taken into account. The data refer to fI&reit
on the calculation of the normal form and of the approximatevalues of the specific energy It is seen that for small energies
first integrals up to degree 3. The number of particles is@hos the fluctuation decreases almost exponentially up to soine va
to be 15, 31, 63, and 127, in order to study the dependence an(e), and then remains practically constant. The value=
N. Concerning initial condition we considered two cases. Iny, (N + 1) is the number of resonances that we are looking for.
the first one we follow [11], i.e. all the energy is placed oae th This nice behaviour tends to disappear as the specific eiergy
first normal mode; all the pictures shown refer to this sitmat  increased, as expected. Moreover, looking at the samesatve
In the second case the initial conditions are chosen sotilkat t different times, one sees that after a transient the curvesaor lo
first N/16 modes are excited with energy linearly decreasing t@nergies remain quite stable (for a long time), while forleig
zero. As mentioned in [5] this assures that the time needed iBnergies the right part of the curve steadily grows, and queni
order to form the natural packet does not increase With minimum of the fluctuation is hardly identified.
For 1 < n < N we construct the generating function that The results in fig. 1 suggests that for a given (not too large)
gives the Hamiltonian the normal form with respect to the rese, a good fit of the plot may be given by a function
onance moduleM as in (13). Remark that for everythe cal-
culation must be performed from scratch. _ e forv<w 29
By numerical integration we calculate the values at time o) = (22)
of the coordinates of the normal form as given by (16), and so
also the time evolution of the functiods(t) and®,(t) as given  wherey, n andy, are constants that can be determined numer-
by (18) and (17) (we omit the dependence on the choiag of ically using the least squares method. The value; ¢aind so
which however should be kept in mind). Then we determine thef n, = v (N + 1)) so found obviously gives the wanted num-
time average ber of resonances for low energies, where the minimum of the
T fluctuation is easily identified. In the rest of the paper wi wi
(@)r = T fo o(t) dt (19) setd ;= cD(l”f), to denote our approximate resonant integral. We
use the same criterion in order to produce a valuevfaalso
for higher energies at a fixed time, whatever it means (see com
ments below).
We found patrticularly interesting the behaviour of the desi
ual fluctuationn as a function of the specific energy whose

Lthe only exception is represented by the last section wherased also a plqt is _reported in fig. 2. Here th_e r_esu!ts fop a_nd @, are
different value of for the comparison with the Toda model. quite diferent at low energy, thus indicating thbt is really a

n forv>w

and the corresponding variance

3
2=z fo (@) - (®)r)? dt. (20)
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Figure 2: The residual fluctuatiopvs. e. HereN = 127 andT = 4. x 10°. Figure 3: Plot ofy; vs. g, in log—log scale. The symbols refer b = 31
The data refer t@p (open triangles) and; (solid triangles). The dashed lines (crosses)N = 63 (circles) andN = 127 (triangles)T = 4. x 10°. The dashed
have slope respectively2 and 1. line has slope /5.

better approximation of resonant first integral. For higber
ergy the two curves tend to coalesce, which means that addi
the cubic terms to the first integral does not actually improv
its behaviour, and for even higher values the fluctuatio® pf

"Bed in order to evaluate the size of some packet of modes that

interact in some sense, and moreover there is some arbitrary

overcomes that obg, consistently with the theoretical predic- element in the choice of the parameter_s (e.g., in [5] and [26]

. o S . one selects the modes that possess a fixed percent of the total

tion. This gives a rough numerical indication of the exisenf L ) .
energy, while in [2] the spectral entropy is used). Herehwit

a threshold, above which the packet of resonant modes hreaks . .
. ) : respect to previous papers, we use a furthfedknt parameter
or at least it persists only for a short time.

which may be considered as defined in a more precise way, but
Let us now come to the dependence on the lemyibf the y P Y

hai hich ts the rel tinf tion if _ is actually more dficult to calculate. Lastly, it could be nec-
chain, which represents the relevant information 1 onescai essary to explore higher values Nfto see a stabilized output
investigating the thermodynamic limit. In fig. 3 we plot thed-c

lated val fthe si f1h i ket functi of our numerical indicator. Thus, theffirence in the observed
culated value ot the siz& of the resonant packet as a function slope may be due to several reasons that are hardly identified
of the specific energy, in log—log scale. For specific energies

less than a threshole (roughly between 1¢ and 10?), the Concerning the second type of initial data considered, the
data points lie close to an unique line, thus indicating that 5 tcomeis qualitatively the same (pictures not shown)otig
number of resonant modes belonging to the packet is propogirerence being in the exponent of the relation between the spe-
tional toN. Above the threshold the points start to fall below the gjfic energy and the frequency threshold of the resonantgiack
interpolating line, and then appear to be scattered in same r i this case we gab, ~ eV/7. Although the second class of ini-
dom way. Fore slightly aboves* such behaviour is explained tjg| data could be reasonable for the above mentioned reason
by the great sensitivity of our indicator with respect totii€s  gne also realizes that at low specific energies the expeated n
growth in the energy spectrum; for higher specific energies i | packet of [5] is actually narrower than the group of mode
stead the numerics confirms that the resonant packet is@rokemitia”y excited in this case. In [9, 10] it is investigatéue dy-
and actually no meaningful information can be extractedhfro namics for this kind of initial conditions, and it turns otiat
those data. actually there is no further spread of energy, with a decalief
Recalling that the frequency spectrum of our model is giverenergy spectrum depending on specific energy as a logarithm;
by w = sin(vx/2) (up to a multiplicative constant) we con- thus one could also expect a much weaker dependeneéoon
clude that our calculations confirm that we may identify @fes the width of the metastable packet, compatible with the Emal
nant packet that includes all modes up to a frequengy), as  exponent we find.
claimed in [5]. However a dierence in the slope is observed,
namely here we geb, ~ £'/° (roughly), to be compared with A last remark concerns the dependence of the threshold (in
wr ~ &% observed in that paper. We have no definite explaspecific energy) oiN. We could not identify a clear behaviour
nation of this diference. However, we may add some remarksin the range ofN considered here. The data seem to indi-
First, the existence of packets of modes has been observed ¢ate that the threshold slowly decreases WthHowever, we
other situations, with dierent initial conditions, and with dif- should take into account that in previous calculation thaesa
ferent characteristics (e.g., in [26] it is even possiblditd ~ phenomenon has been observed, but the data appeared to be-
packets of modes for am, 8 model with initial data in the high come stable for higher values bf, e.g., forN > 1000. Such a
part of the spectrum). Secondlyfldirent parameters have been value can not be attained with our method.
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Figure 4: Plot ofd(t) /(@) — 1 (thick line) andJ(t)/(J) — 1 (thin line), fort from Figure 5: Plot ofd(t) /(@) — 1 (thick line) andJ(t)/(J) — 1 (thin line), fort from
10* to 1(%; 8 = 1/4. Top panel:e = 10-2. Bottom panels = 1075 10* to 1C%; B = Broda TOp panel:s = 10-3. Bottom panelzs = 107°.

3.1. Toda’s integrals 1/4 andB = Broda = 2/3a. The results obtained are shown,
Fespectively, in Fig. 4 and Fig. 5, where the relative flutiares

of ® andJ (with respect to their time average) are compared
on a time interval [16, 10°]. Within the range of our numerical
simulations, the fluctuation of the resonant adiabaticriave

® appears to be nofizcted by a moderate change in the quartic
goeﬂicient/}, but it is very sensitive to the tuning of the energy
densitye; indeed it comes from a perturbative construction (res-
onant normal form) which works on the cubic potential. On the
other hand, the Toda integrallooks less dependend a@n but
much more sensitive to small changegptind its fluctuation
significantly decreases (especiallyat 10-%) wheng = Broda
which minimize thedistancebetween FPU and Toda models.
As a result, for the latter choice gfthe relative fluctuations of

® andJ are comparable, while fg@¢ = 1/4 the relative fluctu-

Although it is not the scope of the present paper, it is rathe
natural and surely interesting to ask whether there exists a
lation between our approximate first integaland (some of)
the conserved quantities of the Toda model, which is theeskos
integrable system known.

Since it is clearly not relevant to match the actual constan
value of the quantities at hand, we first tried to compareinal
ically at least their first order terms in a normal modes \@dea
development, and then to investigate numerically theiillasc
tions. As illustrated in [28], for fixed end conditions thesfir
non trivial conserved quantity of the Toda modelis(the no-
tation is the same as in [22]); energy is denotedJpy Our
claim is that precisely, + J4 could have some interesting rela-
tion with @. We will qenoteJ = Jo + Ja. . ation of @ is two order of magnitude smaller than thatbfor

To support our claim we proceed as follows. Since one of th oth the values of specific enerav considered
key point of our scheme is the resonance among the frequen- P 9y '
cies emerging from the quadratic term, we investigate thos We may conclude that, exc_:ept for_valueﬁ@‘qual or close to
quantities. At the lowest ordep has by construction the form 1% the resonant _constructlon which generabeseems more

suitable to the nonintegrable nature of the FPU system. How-

>™ jli, with resonant frequencies The quadratic part of . - : ,
=11 ! L : . papE  EVer inouropinion, the relation between the resonantadiia
Toda's energy (wich coincide with the quadratic part of t invariant we constructed, and the first integrals of the Tatla

Ignergy) Ijas_ the formL_; wjl;, .W'th frequenqes, given by (.5).’ tice, deserves further investigation.
inear in j with a small correction starting with a term cubic in

j/N. It happens that alsdy, in its quadratic part, has the same

structure; forJ an exact compensation appears for those cubi@cknowledgment

terms, so that at first order it has the fo@’ﬁ‘zl vjlj, with “fre-

quencies™v; linear in j plus a correction of the fifth order in We thank G.Benettin, H.Christodoulidi and A.Ponno for the

j/N. ThusJ, at least at first order, is definitely closedowith useful discussions on the role of initial data and on the con-

respect to its key resonance property. served quantities of the Toda model; we also thank the refere
It is then interesting to compare the relative fluctuatiohs ofor herhis suggestion to investigate the realtion between our

both ® and J along the FPU dynamics. We have performedapproximate conserved quantity and Toda’s integrals. P an

some simulations at flerent energy densities with both= TP are partially supported by Indam—GNFM grant (Progetto



giovani ricercatori) “Metodi perturbativi e multiscalalieticoli
nonlineari”.
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