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Abstract

We reconsider the phenomenon of localization of energy in low frequency modes in the FPU system, exploiting the resonances
in the lower part of the spectrum. Using the resonant normal form of Birkhoff we construct some candidates of approximate first
integrals which we put in correspondence to packets of low frequency modes. By numerical calculation we show that the packet
associated to the best quasi-integral involves all modes upto a frequencyω∗(ε), whereε is the specific energy. The phenomenon
disappears when the specific energy is bigger than a threshold value. The dependence of the relevant quantities on the numberN of
particles is also investigated. A final section is devoted toa first comparison with the Toda model.
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1. Introduction and summary of the results

The FPU paradox, originated by the celebrated report of
Fermi, Pasta and Ulam [11], has been the subject of many stud-
ies in the past decades. As is well known, the aim of Fermi,
Pasta and Ulam was to observe the rate thermalization in a non
linear chain of identical particles with nearest neighbournon
linear interaction and fixed ends. However, the unexpected re-
sult was that no thermalization was observed, at least with the
initial condition and the observation times of the FPU experi-
ment. On the contrary, the energy remained concentrated only
on a few modes. Further investigation has shown that the shar-
ing of energy, if it happens, takes a very long time that may
become unobservable even with the most powerful computers.
The problem is to explain this phenomenon, and to prove or
disprove its persistence in the thermodynamic limit.

Let us recall the model. Following the original FPU report,
we consider a discretization of a string as a chain ofN+2 iden-
tical particles on a segment, with fixed ends. The Hamiltonian
of the system is written as

H(x, y) =
N
∑

j=1

y2
j + x2

j

2
+
α

3

N
∑

j=0

(x j+1 − x j)
3 +
β

4

N
∑

j=0

(x j+1 − x j)
4 ,

(1)
with x0 = xN+1 = 0, and where (x, y) ∈ R2N+2 are the coor-
dinates and the momenta, andα andβ are real parameters. It
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is well known that normal modes may be introduced via the
canonical transformation

x j =

√

2
N + 1

N
∑

k=1

qk sin
jkπ

N + 1

y j =

√

2
N + 1

N
∑

k=1

pk sin
jkπ

N + 1

j = 1, . . . ,N , (2)

where (q, p) ∈ R2N are the coordinates and the momenta of
the normal modes. The Hamiltonian then takes the form of
a system of independent harmonic oscillators with a nonlinear
coupling, namely

H(q, p) = H0(q, p) + H1(q, p) + H2(q, p) , (3)

where the unperturbed Hamiltonian is

H0(q, p) =
1
2

N
∑

k=1

(

p2
k + ω

2
kq2

k

)

(4)

andH1(q, p) , H2(q, p) are homogeneous polynomials of degree
3 and 4, respectively. The frequenciesω are

ωk = 2 sin
kπ

2(N + 1)
, k = 1, . . . ,N . (5)

The quantities of interest, actually the ones considered in
most previous works on this subject, are the energiesEk =

(p2
k+ω

2
kq2

k)/2 of the normal modes. According to the prediction
of Statistical Mechanics the time averages of such quantities
should tend to equipartition of energy, i.e., they should satisfy

lim
t→+∞

1
t

∫ t

0
Ek(τ) dτ = ε , (6)
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whereε = E/N is the specific energy of the system andE is
the total energy. The failure to observe the limit in the FPU
experiment constitutes theFPU paradox.

The considerable work produced by many people over a
time span of more than half a century has not yet produced a
satisfactory explanation of the FPU paradox. Early works of
Izrailev and Chirikov [23] and of Bocchieri, Scotti Bearzi and
Loinger [8] may be considered as the starting points of two
diverging interpretations, both having as a common point the
existence of an energy threshold below which the FPU phe-
nomenon shows up. On the one hand one claims that the
threshold vanishes in the thermodynamic limit, namely when
the numberN of particles becomes very large [23]; on the other
hand it is conjectured that the threshold remains positive and far
from zero no matter how large isN [8]. This is just the begin-
ning of a long story, not yet finished. An historical account may
be found in the volume [13], which contains several papers on
the subject, and in particular in the contributions of Lichtenberg
et al. [24] and of Benettin et al. [2] to that volume. A wide set
of references can be found there.

In this letter we concentrate our attention on metastability
phenomena that occur in the dynamics of the FPU chain. In
particular we consider the phenomenon of natural packets of
low frequency modes that has been observed in the paper of
Berchialla et al. [5]. The main idea of that paper was to make
quantitative the observation of Fermi, Pasta and Ulam that if the
energy is initially given only to the first mode (i.e., the lowest
frequency one) then the high frequency modes do not take part
in the energy sharing. The phenomenon observed was that dur-
ing the initial phase of the evolution the energy spreads among
the first modes until a “natural packet” is formed, extendingup
to modes of frequencyω < ω∗(ε). The numerical indication
givesω∗(ε) ∼ ε1/4. The modes belonging to the packet may
share energy in a chaotic way, as is suggested by the calcula-
tions in [19]. After that the evolution looks frozen for a long
time (the relaxation time), until a further spreading showsup
letting the energy to flow towards all modes and possibly to
reach equipartition. In a subsequent paper [6] the relaxation
time is evaluated to grow as exp(ε−1/4) for a pureβ–model and
initial data in the low part of the spectrum, but not containing
the first mode. For different choices of initial data, and for the
α model, in [4] the authors find a different behaviour, namely
a power law (see also [3] for the role of the coherence of the
phases in the initial data); in [4], the role of the distance to the
Toda system as a function ofβ is also explored.

Although this “metastability scenario” is extremely rich and
complex, with some of its details depending on the different
possible choices on the system, some fairly satisfactory theoret-
ical explanations are available concerning its initial stages, i.e.
the creation of these natural packets. Among those we quote
the continuous approximation approach (see e.g. [1, 25]) where
the dynamics of theα model is controlled by integrable PDEs,
namely the KdV. Instead of integrable PDEs, it should be possi-
ble to use integrable system of ODEs, like the Toda model (see
[28] in this direction). A different technique involved the use of
Lyapunov orbits (see, e.g., [12, 27], where the Lyapounov orbits
are named Q-Breathers); actually, at very low energy, when the

natural packet is very narrow, its energy spectrum matches al-
most perfectly the one of the Lyapunov orbit. For larger values
of energy it is reasonable to substitute periodic orbits with quasi
periodic ones, i.e. to use low dimensional tori, as in [9, 10]. A
similar attempt can be found in [18] where exponential stability
of a low dimensional manifold is proved.

What is essentially missing in almost all the previous re-
sults (the only exception being [18]), is the explanation for
the long time persistence of these meta stable states. One of
the few papers in such a direction for the FPU system is [21],
where moderately long time stability is proved using a mod-
ulated Fourier expansion; in particular their approximation is
valid over a longer time scale than [1] at the price of a narrower
range of allowed energies.

Although the resonances are a key ingredient in some of
these papers (like in [1] where a couple of KdV are obtained
by means of a resonant normal form), we think they have not
been completely exploited in order to understand long time be-
haviour.

In the present letter we investigate the phenomenon of natu-
ral packets by taking into account the resonances that charac-
terize the first part of the FPU spectrum. For, the first part of
the spectrum is close to a linear one, i.e., the frequencies are ap-
proximatelyω2 ≃ 2ω1 , ω3 ≃ 3ω1 , . . . . Thus it seems natural
to imagine that a small change of the frequencies due to the non
linearity may cause two or more modes to fall into a resonance,
and this phenomenon is expected to be enhanced when energy
is increased, so that more and more modes are involved. This
corresponds to the phenomenology that is numerically observed
for the natural packets.

The basic theoretical tool is the construction of a resonant
Birkhoff normal form and of a corresponding formal first inte-
gralΦ in the form of a series expansion. We avoid here entering
the detailed mathematical treatment of the problem since itre-
quires quite boring calculations and involves subtle difficulties
due to resonances with high frequency modes. We just recall
that in many cases the theory allows us to identify quantities
that remain almost invariant for very long times, e.g.,ε−r for
some highr or even exp(ε−a) with some positivea < 1 (e.g.,
1/4 or 1/8 or so).

We perform instead a numerical study based on the calcula-
tion of both the zeroth order approximation (actually a linear
combination of the harmonic energies that is a polynomial of
degree 2) that we callΦ0, and a first order nonlinear approxi-
mation, that we callΦ1 and which is hopefully better thanΦ0.
We analyze in particular the fluctuation of the two functionsΦ0

andΦ1 . Our conclusions are the following.

(i) For low specific energy and for a given numberN of par-
ticles we can identify an optimal valuenr (ε), increasing
with ε, which minimizes the fluctuation of the approxi-
mate first integral; we may consider this value as an indi-
cation of the width of the resonant packet.

(ii) Still for fixed N, there is a critical valueε∗ of the spe-
cific energy above which the behaviour ofΦ1 becomes
worse than that ofΦ0 alone. In view of the general the-
ory this may be considered as a threshold for the existence
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of metastability phenomena.
(iii) The results above appear to persist when the numberN of

particles is increased. In particular, the lengthnr of the
packet is proportional to the numberN of particles, which
means that the packet extends up to a frequencyωr (ε) in-
dependent ofN.

Thus, our results suggest that the phenomenon of the natural
packets may be interpreted as an effect of the resonance among
the low frequency modes.

It might be interesting to extend our calculation to higher or-
der terms in the expansion ofΦ, but the number of coefficients
to be calculated grows so large with the numberN of degrees
of freedom that the actual calculation is precluded.

The paper is organized as follows. In sect. 2 we give a short
account of the theoretical background concerning the construc-
tion of Birkhoff’s normal form in our case. In sect. 3 we present
the results of our calculations.

2. Resonant first integrals

We recall here a few basic facts about the resonant Birkhoff’s
normal form. Complete expositions of the formal part of this
theory may be found in Birkhoff’s treatise [7] or in many papers
like, e.g., [20] or [17]. The asymptotic properties of the normal
form leading to exponential estimates of Nekhoroshev’s type
may be found in [16]. For an introductory exposition of the
problem related to exponential stability see, e.g., [15].

2.1. Resonant Birkhoff ’s normal form in a nutshell

We consider a perturbed system of harmonic oscillators with
Hamiltonian expanded in Taylor series as

H(x, y) =H0(x, y) + H1(x, y) + H2(x, y) + . . . ,

H0(x, y) =
1
2

N
∑

l=1

ω j

(

y2
j + x2

j

)

,
(7)

and withH1 , . . . homogeneous polynomials of degree 3, 4, . . .
respectively. By the way, the Hamiltonian (3) may be given this

form via the canonical transformationx j =
x′j√
ω j

, y j =
√
ω jy j .

In order to understand the meaning of the normal form it is
convenient to use action–angle variablesI j , φ j introduced by
the canonical transformation

x j =

√

2I j cosφ j , y j =

√

2I j sinφ j . (8)

The unperturbed Hamiltonian in these variables takes the sim-
ple formH0 =

∑

l
ωl I l , while the nonlinear termHs becomes a

trigonometric polynomial of degrees+ 2 in the anglesφ with
homogeneous polynomials of degrees+ 2 in I1/2

1 , . . . , I
1/2
N as

coefficients.
Birkhoff’s normal form is defined as follows. Let theres-

onance moduleMω associated to the frequency vectorω be
defined as

Mω =
{

k ∈ ZN : 〈k, ω〉 = 0
}

, (9)

where〈k, ω〉 = ∑l klωl . It is well known (and easy to check)
thatMω is a discrete subgroup ofZN. If Mω = {0}, i.e., it is
the trivial module, then the system is said to be a non resonant
one, else it is said to be resonant with multiplicity dimMω ,
the dimension of the resonance module. The Hamiltonian (7)
is said to be in Birkhoff’s normal form with respect to the res-
onance moduleMω in case the functionsH1(I , φ), H2(I , φ), . . .
depend only onI1, . . . , IN and on integer combinations of the
angles〈k, φ〉 with k ∈ Mω . It is an easy matter to check that
any function

Φ(α) =

N
∑

l=1

αl I l , α ⊥ Mω (10)

is a first integral for a Hamiltonian in Birkhoff’s normal form:
just calculate the Poisson bracket ofΦ(α) with H and check that
{H,Φ(α)} = 0. There areN−dimMω independent first integrals
of the form above. In particular, if dimMω = 0 then the actions
I1, . . . , IN are first integrals.

A classical result is that any Hamiltonian of the form (7) may
be given a Birkhoff’s normal form via a near the identity canon-
ical transformation that can be written as a formal series expan-
sion

xl = x′l + fl,1(x′, y′) + fl,2(x′, y′) + . . . ,

yl = y′l + gl,1(x′, y′) + gl,2(x′, y′) + . . . ,
(11)

where the functionsfs(x′, y′) and gs(x′, y′) are homogeneous
polynomials of degrees+ 1. However, the transformation is
only a formal one in the sense that the coefficients of the ex-
pansions can be determined with an algebraic procedure, butin
general the series so obtained fail to be convergent. A quantita-
tive analysis shows that in general the series have an asymptotic
character. That is, in a ball of radiusρ around the origin the size
of the functionsfs, gs grows ass!τρs+1 with someτ > 1. Mean-
ingful results can however be found by truncating the normal-
ization procedure after a finite numberr ≥ 1 of steps, so that
the Hamiltonian takes the form

H(r)(x′, y′) = H0(x′, y′) + Z1(x′, y′) + . . .+

+ Zr (x
′, y′) + R(r)(x′, y′) ,

(12)

where the functionsZ1, . . . ,Zr are in normal form, whileR(r) is
an unnormalized remainder in the form of a series starting with
terms of degreer + 3. According to the general theory this may
be done with a generating function which is a polynomial of
degreer + 2. The form of the transformation (11) depends on
the choice ofr, and we keep trace of this fact by denoting the
new variables asx(r), y(r), with x(0) = x, y(0) = y.

The Hamiltonian (12) possesses approximated first integrals
that are found by writingΦ(α) as a function of the new variables

x(r), y(r), i.e,Φ(α) =
∑

l αl(y
(r)
l

2
+ x(r)

l

2
)/2. For such a function

one getsΦ̇(α) = {Φ(α),R(r)} and a quantitative estimate gives
∣

∣

∣Φ̇(α)
∣

∣

∣ ∼ r!τρr+3 .

The exponential estimate of Nekhoroshev’s type is found by
choosing an optimal truncation orderropt ∼ ρ−1/τ, which gives

∣

∣

∣Φ̇(α)
∣

∣

∣ ∼ exp(ρ−1/τ) .
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Thus, a significant change of the approximate first integral may
occur only after an exponentially long time.

In the FPU case the orbits are bounded in a neighbourhood of
the origin, due to energy conservation. In rough terms we may
consider a ball of radiusρ ∼

√
ε, although in some directions

(e.g., all the energy in a single normal mode) the distance from
the origin may approach

√
Nε.

On the basis of the theory sketched above we consider a mi-
nor extension of Birkhoff’s theory by considering a resonance
moduleM which takes into account the cases in which|〈k, ω〉|
is very small. The construction of the normal form remains
consistent provided the chosen resonance moduleM includes
Mω, the resonance module generated by the frequency vector,
i.e., if 〈k, ω〉 , 0 for all k ∈ ZN \M. The resulting transformed
Hamiltonian is in normal form with respect to the moduleM,
and possessesN−dimM formal first integrals of the form (10).

2.2. The FPU case

Let us now come to our use of the normal form for the FPU
model. In order to take into account the quasi resonances of
the lower part of the spectrum we pick an arbitrary numbern of
resonant modes and consider the resonance module generated
by then− 1 rows of the matrix

Mn =



































−2 1 0 0 0 0 . . . 0
−3 0 1 0 0 0 . . . 0
...
...
...
. . .

... 0
...
...

−n 0 0 0 1 0 . . . 0



































(13)

corresponding to the quasi resonanceslω1 − ωl ∼ 0. Then we
determine the canonical transformation

xl = x′l + fl,1(x′, y′) + . . . , yl = y′l + gl,1(x′, y′) + . . . (14)

which gives the truncated normal form

H(1) = H0(x′, y′) + Z1(x′, y′) + R(2)(x′, y′) (15)

(which corresponds tor = 1 in (12)). Using computer alge-
bra we calculate the coefficients of the polynomialsf j,1(x′, y′)
andg j,1(x′, y′), which have degree 2, and forget terms of higher
degree that are represented by dots in the formula above. De-
tails concerning the actual implementation of an algorithmfor
constructing the normal form are given in [14]. The transfor-
mation (14) may be inverted as

x′l = xl − fl,1(x, y) + . . . , y′l = yl − gl,1(x, y) + . . . , (16)

still keeping only terms of degree 2. An approximate first inte-
gral for the Hamiltonian (14) is

Φ
(α)
1 =

n
∑

l=1

αl

(

y′l
2
+ x′l

2
)

, αl = l for l = 1, . . . ,n . (17)

We shall also consider the zeroth order approximation of the
first integral

Φ
(α)
0 =

n
∑

l=1

αl

(

y2
l + x2

l

)

, αl = l for l = 1, . . . ,n . (18)

Sinceα is trivially determined byn, in the rest of the paper we
either drop the superscript (α), or substitute it with (n) to stress
the number of resonances involved.

Suppose now for a moment that an exact first integralΦ(nr )

exists for some numbernr of resonances. That is, suppose the
Birkhoff normal form with the resonance moduleMnr of di-
mensionnr − 1 turns ot to be convergent. In that case our con-
struction gives two successive approximationΦ0 andΦ1 of the
exact first integral. If we let the system evolve and lookΦ0(t)
andΦ1(t) as functions of time then we expect to observe some
fluctuation around an average value. The fluctuation is expected
to be smaller forΦ1 than forΦ0 (and to become smaller and
smaller if we could consider further approximationsΦ2, . . .).
The problem is twofold: (i) such a first integral, if any, may ex-
ist only as a quantity conserved over exponentially long time,
in Nekhoroshev sense; (ii) we have no indication a priori on
the numbernr of resonances to be considered. Concerning the
point (i), according to Nekhoroshev’s theory the expansionof
the first integral should be truncated at an optimal order which
grows very large whenε is decreased. As a matter of fact we
can determine only a low order approximation of such a func-
tion. Concerning the point (ii),nr is the quantity that we want
to investigate numerically.

Exploiting the fact that the approximated first integralsΦ0

andΦ1 may be explicitly calculated we proceed as follows.
For fixed N and ε we look for a valuenr (N, ε) which mini-
mizes the fluctuation of eitherΦ0(t) or Φ1(t). To this end we
let the numbern of resonances to vary from 1 toN − 1 and
for every n we calculate by numerical integrationΦ(n)

0 (t) and
Φ

(n)
1 (t) together with the corresponding time average and vari-

ance, the superscript being introduced in order to take intoac-
count the number of resonances. If an optimal first integralΦ∗
(in Nekhoroshev sense) exists for somenr then we must observe
a fluctuation due to the differenceΦ∗−Φ(n)

j between the optimal
first integral and our approximation. In view of the trivial iden-
tity Φ∗ = Φ

(n)
j +
(

Φ
(nr )
j − Φ

(n)
j

)

+
(

Φ∗ − Φ(nr )
j

)

we may identify
two different sources of fluctuation, namely: (i) the difference
Φ

(nr )
j − Φ

(n)
j , due to the bad choice ofn, which is the dominant

one forn < nr being due to the quadratic part of the function,
but vanishes whenn = nr ; (ii) the differenceΦ∗ − Φ(nr )

j which
is due to the truncation of the expansion of the optimal first in-
tegrals. We call the latter contribution theresidual fluctuation.
This is a fluctuation that can not be removed, but is expected to
be smaller forΦ1 than forΦ0 (and would become smaller and
smaller if higher order approximations could be constructed):
in particular one can expect it to be of the order ofε1/2 for Φ0,
and of the order ofε for Φ1. Thus, at fixed orderj, the optimal
numbernr of resonances is the one which minimizes the fluc-
tuation. Actually, if the initial conditions are chosen so that all
the energy is concentrated within the firstnr modes, and the dy-
namics maintains such a confinement, then the fluctuation may
be expected to remain almost constant forn > nr .

As to the dependence ofnr on ε, we should expect that in-
creasing the specific energy will increase the number of modes
involved in the resonance. However, we can explore such a
dependence only numerically, since presently we have no theo-
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retical indication.
The dependence ofnr on the lengthN of the chain is even

more delicate, because the theory of Birkhoff’s normal form
usually gives quite bad predictions. However, previous works
(quoted in the introduction) show that some metastability phe-
nomena may persist in the thermodynamic limit, so that this
aspect deserves to be investigated, too.

We close this section with the remark that higher order ap-
proximations could be considered in a straightforward way,but
the calculation becomes unpractical for systems with, e.g., 127
or 255 particles. For, in order to construct the normal form up
to degreer we must calculate a generating function of degree
r + 2, which contains

(

2N+r+2
r+2

)

coefficients. It is immediately
seen that such a number grows very fast withN. E.g., in order
to calculateΦ2 for N = 127 one should compute a generating
function with 1.7 × 108 coefficients, repeating the calculation
for all the wanted values of the numbern of resonances. On the
other hand, we are interested in increasing the value ofN in or-
der to have some insight on the thermodynamic limit. Previous
experience shows that some parameters may reach reasonably
stabilized values only for quite large values ofN (see, e.g., [6]).

3. Numerical results

We perform all1 the calculations for the model (1) withα =
β = 1/4. The quartic term of the potential is added in order to
avoid breaking of the chain when the number of particles, and
so the total energy, is increased, but of course it has no effect
on the calculation of the normal form and of the approximate
first integrals up to degree 3. The number of particles is chosen
to be 15, 31, 63, and 127, in order to study the dependence on
N. Concerning initial condition we considered two cases. In
the first one we follow [11], i.e. all the energy is placed on the
first normal mode; all the pictures shown refer to this situation.
In the second case the initial conditions are chosen so that the
first N/16 modes are excited with energy linearly decreasing to
zero. As mentioned in [5] this assures that the time needed in
order to form the natural packet does not increase withN.

For 1 ≤ n < N we construct the generating function that
gives the Hamiltonian the normal form with respect to the res-
onance moduleM as in (13). Remark that for everyn the cal-
culation must be performed from scratch.

By numerical integration we calculate the values at timet
of the coordinates of the normal form as given by (16), and so
also the time evolution of the functionsΦ0(t) andΦ1(t) as given
by (18) and (17) (we omit the dependence on the choice ofn,
which however should be kept in mind). Then we determine the
time average

〈Φ〉T =
1
T

∫ T

0
Φ(t) dt (19)

and the corresponding variance

σ2 =
1
T

∫ T

0
(Φ(t) − 〈Φ〉T)2 dt . (20)

1the only exception is represented by the last section where we used also a
different value ofβ for the comparison with the Toda model.

Figure 1: logδ vs. ν = n/(N+1) for 13 values of the specific energy, logaritmi-
cally spaced fromε = 10−6 (bottom line) toε = 10−2 (top line). HereN = 127
andT = 105. The function considered isΦ1 .

We actually consider the relative fluctuation

δ =
σ

〈Φ〉T
. (21)

Again, we omit the dependence onn in the notation.
Let us come to the results, in the case of all the energy on the

first normal mode. The dependence of the relative fluctuationδ

on ν = n/(N + 1) is illustrated in fig. 1, wheren is the number
of resonances taken into account. The data refer to 13 different
values of the specific energyε. It is seen that for small energies
the fluctuation decreases almost exponentially up to some value
νr (ε), and then remains practically constant. The valuenr =

νr (N + 1) is the number of resonances that we are looking for.
This nice behaviour tends to disappear as the specific energyis
increased, as expected. Moreover, looking at the same curves at
different times, one sees that after a transient the curves for low
energies remain quite stable (for a long time), while for higher
energies the right part of the curve steadily grows, and a unique
minimum of the fluctuation is hardly identified.

The results in fig. 1 suggests that for a given (not too large)
ε, a good fit of the plot may be given by a function

δ(ν) =















eγν for ν ≤ νr
η for ν > νr

(22)

whereγ, η andνr are constants that can be determined numer-
ically using the least squares method. The value ofνr (and so
of nr = νr (N + 1)) so found obviously gives the wanted num-
ber of resonances for low energies, where the minimum of the
fluctuation is easily identified. In the rest of the paper we will
setΦ := Φ(nr )

1 , to denote our approximate resonant integral. We
use the same criterion in order to produce a value forνr also
for higher energies at a fixed time, whatever it means (see com-
ments below).

We found particularly interesting the behaviour of the resid-
ual fluctuationη as a function of the specific energyε, whose
plot is reported in fig. 2. Here the results forΦ0 andΦ1 are
quite different at low energy, thus indicating thatΦ1 is really a
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Figure 2: The residual fluctuationη vs. ε. HereN = 127 andT = 4. × 105.
The data refer toΦ0 (open triangles) andΦ1 (solid triangles). The dashed lines
have slope respectively 1/2 and 1.

better approximation of resonant first integral. For higheren-
ergy the two curves tend to coalesce, which means that adding
the cubic terms to the first integral does not actually improve
its behaviour, and for even higher values the fluctuation ofΦ1

overcomes that ofΦ0, consistently with the theoretical predic-
tion. This gives a rough numerical indication of the existence of
a threshold, above which the packet of resonant modes breaks,
or at least it persists only for a short time.

Let us now come to the dependence on the lengthN of the
chain, which represents the relevant information if one aims at
investigating the thermodynamic limit. In fig. 3 we plot the cal-
culated value of the sizeνr of the resonant packet as a function
of the specific energyε, in log–log scale. For specific energies
less than a thresholdε∗ (roughly between 10−3 and 10−2), the
data points lie close to an unique line, thus indicating thatthe
number of resonant modes belonging to the packet is propor-
tional toN. Above the threshold the points start to fall below the
interpolating line, and then appear to be scattered in some ran-
dom way. Forε slightly aboveε∗ such behaviour is explained
by the great sensitivity of our indicator with respect to thetail’s
growth in the energy spectrum; for higher specific energies in-
stead the numerics confirms that the resonant packet is broken,
and actually no meaningful information can be extracted from
those data.

Recalling that the frequency spectrum of our model is given
by ω = sin(νπ/2) (up to a multiplicative constant) we con-
clude that our calculations confirm that we may identify a reso-
nant packet that includes all modes up to a frequencyωr (ε), as
claimed in [5]. However a difference in the slope is observed,
namely here we getωr ∼ ε1/5 (roughly), to be compared with
ωr ∼ ε1/4 observed in that paper. We have no definite expla-
nation of this difference. However, we may add some remarks.
First, the existence of packets of modes has been observed in
other situations, with different initial conditions, and with dif-
ferent characteristics (e.g., in [26] it is even possible tofind
packets of modes for anα, β model with initial data in the high
part of the spectrum). Secondly, different parameters have been

Figure 3: Plot ofνr vs. ε, in log–log scale. The symbols refer toN = 31
(crosses),N = 63 (circles) andN = 127 (triangles);T = 4. × 105. The dashed
line has slope 1/5.

used in order to evaluate the size of some packet of modes that
interact in some sense, and moreover there is some arbitrary
element in the choice of the parameters (e.g., in [5] and [26]
one selects the modes that possess a fixed percent of the total
energy, while in [2] the spectral entropy is used). Here, with
respect to previous papers, we use a further different parameter
which may be considered as defined in a more precise way, but
is actually more difficult to calculate. Lastly, it could be nec-
essary to explore higher values ofN to see a stabilized output
of our numerical indicator. Thus, the difference in the observed
slope may be due to several reasons that are hardly identified.

Concerning the second type of initial data considered, the
outcome is qualitatively the same (pictures not shown), theonly
difference being in the exponent of the relation between the spe-
cific energy and the frequency threshold of the resonant packet:
in this case we getωr ∼ ε1/7. Although the second class of ini-
tial data could be reasonable for the above mentioned reasons,
one also realizes that at low specific energies the expected nat-
ural packet of [5] is actually narrower than the group of modes
initially excited in this case. In [9, 10] it is investigatedthe dy-
namics for this kind of initial conditions, and it turns out that
actually there is no further spread of energy, with a decay ofthe
energy spectrum depending on specific energy as a logarithm;
thus one could also expect a much weaker dependence onε for
the width of the metastable packet, compatible with the smaller
exponent we find.

A last remark concerns the dependence of the threshold (in
specific energy) onN. We could not identify a clear behaviour
in the range ofN considered here. The data seem to indi-
cate that the threshold slowly decreases withN. However, we
should take into account that in previous calculation the same
phenomenon has been observed, but the data appeared to be-
come stable for higher values ofN, e.g., forN > 1000. Such a
value can not be attained with our method.
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Figure 4: Plot ofΦ(t)/〈Φ〉−1 (thick line) andJ(t)/〈J〉−1 (thin line), fort from
104 to 105; β = 1/4. Top panel:ε = 10−3. Bottom panel:ε = 10−5.

3.1. Toda’s integrals

Although it is not the scope of the present paper, it is rather
natural and surely interesting to ask whether there exists are-
lation between our approximate first integralΦ and (some of)
the conserved quantities of the Toda model, which is the closest
integrable system known.

Since it is clearly not relevant to match the actual constant
value of the quantities at hand, we first tried to compare analit-
ically at least their first order terms in a normal modes variable
development, and then to investigate numerically their oscilla-
tions. As illustrated in [28], for fixed end conditions the first
non trivial conserved quantity of the Toda model isJ4 (the no-
tation is the same as in [22]); energy is denoted byJ2. Our
claim is that preciselyJ2 + J4 could have some interesting rela-
tion withΦ. We will denoteJ := J2 + J4.

To support our claim we proceed as follows. Since one of the
key point of our scheme is the resonance among the frequen-
cies emerging from the quadratic term, we investigate those
quantities. At the lowest orderΦ has by construction the form
∑nr

j=1 jI j , with resonant frequenciesj. The quadratic part of
Toda’s energy (wich coincide with the quadratic part of the FPU
energy) has the form

∑N
j=1ω j I j , with frequencies, given by (5),

linear in j with a small correction starting with a term cubic in
j/N. It happens that alsoJ4, in its quadratic part, has the same
structure; forJ an exact compensation appears for those cubic
terms, so that at first order it has the form

∑N
j=1 ν j I j , with “fre-

quencies”ν j linear in j plus a correction of the fifth order in
j/N. ThusJ, at least at first order, is definitely close toΦ with
respect to its key resonance property.

It is then interesting to compare the relative fluctuations of
bothΦ and J along the FPU dynamics. We have performed
some simulations at different energy densities with bothβ =

Figure 5: Plot ofΦ(t)/〈Φ〉−1 (thick line) andJ(t)/〈J〉−1 (thin line), fort from
104 to 105; β = βToda. Top panel:ε = 10−3. Bottom panel:ε = 10−5.

1/4 andβ = βToda = 2/3α2. The results obtained are shown,
respectively, in Fig. 4 and Fig. 5, where the relative fluctuations
of Φ and J (with respect to their time average) are compared
on a time interval [104,105]. Within the range of our numerical
simulations, the fluctuation of the resonant adiabatic invariant
Φ appears to be not affected by a moderate change in the quartic
coefficientβ, but it is very sensitive to the tuning of the energy
densityε; indeed it comes from a perturbative construction (res-
onant normal form) which works on the cubic potential. On the
other hand, the Toda integralJ looks less dependend onε, but
much more sensitive to small changes ofβ, and its fluctuation
significantly decreases (especially atε = 10−3) whenβ = βToda,
which minimize thedistancebetween FPU and Toda models.
As a result, for the latter choice ofβ the relative fluctuations of
Φ andJ are comparable, while forβ = 1/4 the relative fluctu-
ation ofΦ is two order of magnitude smaller than that ofJ for
both the values of specific energy considered.

We may conclude that, except for values ofβ equal or close to
βToda, the resonant construction which generatesΦ seems more
suitable to the nonintegrable nature of the FPU system. How-
ever, in our opinion, the relation between the resonant adiabatic
invariant we constructed, and the first integrals of the Todalat-
tice, deserves further investigation.
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