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Via Saldini 50, 20133 — Milano, Italy.

The real trouble with this world of ours is not that it is
an unreasonable world, nor even that it is a reasonable
one. The commonest kind of trouble is that it is nearly
reasonable, but not quite. Life is not an illogicality;
yet it is a trap for logicians. It looks just a little more
mathematical and regular than it is; its exactitude is
obvious, but its inexactitude is hidden; its wildness lies
in wait.

(G. K. Chesterton)

1. Ouverture

The present lectures are concerned with some fundamental results in the framework of
perturbation theory, with particular emphasis on the long–standing problem of stability
of the Solar System.

The ancient astronomy, starting (according to our current knowledge) with the ta-
bles collected by Caldean and Egyptian astronomers, has been based on the periodic
character of the planetary motions. The same concept lies at the very basis of Greek
astronomy and of the clever schemes of eccentrics, epicycles and equants that we know
mainly through the work of Ptolemy. In modern terms, the guiding idea of Greek astron-
omy is: the motion of the planets is a composition of periods, which can be empirically
determined through observations.

The development of astronomy after Newton makes wide use of the concept of
quasiperiodic motions; that is, epicycles represented in the modern form of Fourier
series as introduced by Lagrange in the XVIII century. The actual difference is that the
periods can be calculated on the basis of the theory of gravitation.

Newton himself pointed out that the theory of gravitation raises the fundamental
problem of stability of the Solar System: the mutual attraction acting on a long time
might modify the orbits of the planets until the whole system needs a restoration [57].
On the other hand, after Poincaré’s work we know that the dynamics of the planetary
system is actually an elaborated and intriguing combination of order and chaos. The
problem of stability of our Solar System, as well as of the extrasolar system that we are
discovering, remains open.



2 A. Giorgilli

1.1 Apology

My plan is to give a concise, not too technical account of the main results of perturbation
theory, paying particular attention to the mathematical development of the last 60 years,
with the work of Kolmogorov on one hand and of Nekhoroshev on the other hand. I
should stress that the literature on the arguments discussed here is now so wide that a
detailed account is actually unpractical, and a complete list of references would exhaust
the available space. Therefore I will put severe restrictions on my approach. First, I
will present a personal view of the mathematical development of some crucial results.
It is unavoidably incomplete, since it reflects my personal limited experience. I present
some theorems, but I will avoid most technical elements of the proofs, trying rather to
put the accent on the guiding ideas — selected, as I have already said, on the basis of
my experience. Detailed proofs may be found in the references, or elsewhere. Second,
I will pay particular attention to explicit algorithms that may be actually worked out,
possibly using appropriate tools of algebraic manipulation. This is a strong limit due
to my personal belief that if one wants to exploit a mathematical model of our physical
world then he is bound to make his calculation feasible and to extend his work until an
applicable result is found. In this spirit, an existence theorem is a beautiful and often
priceless step, but one should not stop there.

1.2 The dawn of perturbation theory

It is known that Kepler discovered the elliptic form of planetary orbits while working
out the calculation of the Tabulæ Rudolphinæ. But he also wanted to compare the
results of his calculations with observations performed in the past, and available to
him. He discovered deviations from the elliptic motions which were particularly evident
for Jupiter and Saturn (see [44]). In the introduction to the Tabulæ he promised to
explain in a booklet how the elliptic orbits should be corrected by introducing secular
equations, namely periodic changes in the elements of the orbits to be determined
through observations over many centuries. He also wrote a preliminary draft of the
booklet, that was never published until 1860, when it was included in the collection of
Kepler’s works [34].

A synthesis of Kepler’s calculations concerning Jupiter and Saturn is reported in
figure 1. The difference between the observed longitude and the calculated one is rep-
resented. The data exhibit a wide dispersion, due to errors in visual observations, but
it is evident that Jupiter seems to accelerate, while Saturn seems to slow down. Later
this phenomenon has been named the great inequality. Kepler could not figure out the
secular equations to be introduced. He only mentioned in letters to some friends that
he had discovered the deviation: the contents of his note remained unknown for a cou-
ple of centuries. Later, the increase both in number and in precision of astronomical
observations confirmed the phenomenon, thus opening a challenging question.

A first attempt to identify a secular correction was made by Halley. Pragmatically,
he introduced in his new tables a correction of the semimajor axes of Jupiter and Saturn
which was linear in time, thus claiming that he had been able to make precise predictions
over an interval of 6000 years before and after 1700. After Halley, the adjective “secular”
was intended to mean “linear in time”.
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Figure 1. Comparison between the calculation via the Rudolphine tables and the

observations by Regiomontanus (Johannes Müller der Könisberg) and Bernhard

Walther, between 1461 and 1514. (figure from [26])

A few decades later the question was raised whether the theory of gravitation of
Newton could explain the observed deviation. After some attempts due to Euler, who
had the great merit of creating the bases of perturbation theory, Lagrange succeeded in
developing his theory of secular motions for the nodes of the planetary orbits [36][38][39],
soon after extended also to eccentricities by Laplace [40]. Meanwhile, Lagrange had
announced his proof of stability of the planetary system [37]: the time evolution of the
semimajor axes does not contain secular terms in the approximation of the first order
in the masses. Thus, secular terms in Halley’s sense could be excluded for the evolution
of the semimajor axes. In 1786 Laplace succeeded in answering the question concerning
the great inequality of Jupiter and Saturn, showing that it is due to the closeness of
the periods to the 5:2 resonance [41]. The skeleton of perturbation theory was well
established.

Most of the work of astronomers during the XIX century has been devoted to
proving the complete validity of the stability result of Lagrange. It is convenient to
refer to the classification of terms in perturbation expansions due to Poincaré [59]. One
may find three different kinds of terms: pure trigonometric terms of the form exp(iωt),
so that the time appears as argument of a trigonometric function; pure secular terms,
with powers of time such as ts; mixed secular terms ts exp(iωt), namely trigonometric
terms with powers of time as coefficients. The question may be formulated as: prove
that there are neither pure nor mixed secular terms in the evolution of the semimajor
axes, at every order in the masses.
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The dream was soon dissolved, for in 1809 Poisson found that at second order in
the masses there are mixed secular terms, but no pure secular terms [60]. One was left
with the question whether pure secular terms could appear at higher order. A few such
terms were found at third order by Spiru Haretu [30][31]. A few years later methods
that could produce pure trigonometric expansion were developed by Lindstedt [45] and
Gyldén [29].

1.3 The hurricane

In 1885 the Swedish Academy announced a prize for the 60-th birthday of King Oscar.
One of the questions proposed can be stated in short as: Write the solutions of the
planetary problem as series uniformly convergent for all times (possibly pure trigono-
metric series). The prize was awarded to Poincaré who actually found (among a lot of
new results) that there are plenty of solutions which are not quasiperiodic, and so can
not be written as trigonometric expansion. In particular he pointed out the existence
of asymptotic solutions, and in a corrected version of his memoir he discovered the
existence of homoclinic orbits, which generate a chaotic behaviour.

A few years later Poincaré published his treatise Les méthodes nouvelles de le
Mécanique Céleste [58]. In sect. 13 he formulates the general problem of dynamics:

Investigate the dynamics of a canonical system with Hamiltonian

H(p, q) = H0(p) + εH1(p, q) + ε2H2(p, q) + . . . , p ∈ G ⊂ R
n , q ∈ T

n

where p ∈ G ⊂ R
n, an open subset, and q ∈ T

n are action–angle variables. The
Hamiltonian is assumed to be holomorphic in p, q and expanded in convergent power
series for small ε.

This is the problem that I will discuss in the present lectures.

2. Integrability and non integrability

The discussion may start with the classical concept of integrability by quadratures: the
solution of a system of differential equations should be written in terms of algebraic
operations, including inversion of functions, and of integrals of known functions.

Nowadays it is more common to restrict attention to systems that can be written
in action–angle variables, say I, ϕ, as in the general problem of dynamics, and with a
Hamiltonian H(I) independent of the angles.

2.1 The theorems of Liouville and of Arnold–Jost

A general framework for integrability has been provided by Liouville [46] and elaborated
in a more geometric form by Arnold [4] and Jost [33]. One needs to introduce the
concept of complete involution system. Two functions f(p, q) and g(p, q) are said to be in
involution in case their Poisson bracket satisfies {f, g} = 0. A complete involution system
on a 2n–dimensional phase space (n degrees of freedom) is a set Φ1(p, q), . . . ,Φn(p, q)
of n functions which are independent and in involution.

Theorem 1: Let the Hamiltonian system H(q, p) possess a complete involution system
of first integrals Φ1(q, p) . . . ,Φn(q, p). Then the following statements hold true.
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(i) The system is integrable by quadratures (Liouville [46]).
(ii) Let the invariant manifold defined by Φ1(p, q) = c1, . . . ,Φn(q, p) = cn possess

a compact and connected component Σc. Then in a neighbourhood of Σc there
are action–angle variables I, ϕ such that the Hamiltonian depends only on the
actions I, i.e., H = H(I) (Arnold [4] and Jost [33]).

The dynamics of an integrable system H = H(I) is described as follows: the phase
space is foliated into invariant tori, carrying a Kronecker flow with frequencies ω(I) =
∂H
∂I . If the Hamiltonian H(I) is non degenerate, i.e. if

det

(
∂2H

∂Ij∂Ik

)

6= 0 ,

then there are no independent first integrals depending on the angles ϕ.
Among the classical examples of integrable systems one finds: the Kepler problem,

for which a convenient set of action–angle variables has been introduced by Delau-
nay [14]; the free rigid body and the Lagrange top, with action–angle variables intro-
duced by Andoyer [1].

2.2 The non integrability theorem of Poincaré

The first negative result of Poincaré states that the general problem of dynamics is
generically non integrable. Restoring the notation p ∈ G ⊂ R

n and q ∈ T
n for action–

angle variables, the perturbation H1(p, q) may be expanded in Fourier series as

H1(p, q) =
∑

k∈Zn

hk(p)e
i〈k,q〉 .

Theorem 2: Let the Hamiltonian H(p, q) = H0(p) + εH1(p, q) satisfy the following
hypotheses:

(i) nondegeneracy, i.e.,

det

(
∂2H0

∂pj∂pk

)

6= 0 ;

(ii) genericity: no coefficient hk(p) of the Fourier expansion of H1(p, q) is identically
zero on the manifold 〈k, ω(p)〉 = 0.

Then there is no analytic first integral independent of H.

It is worth giving a short outline of the proof, because it helps to understand how
the problem of resonances shows up, taking the form of small divisors. The reader is
referred to ch. VIII of [58] for a detailed exposition. The attempt is to construct a first
integral expanded as Φ(p, q) = Φ0(p) + εΦ1(p, q) + . . . by looking for a solution of the
equation {H,Φ} = 0. Replacing the expansions in ε we obtain the recurrent system

{H0,Φ0} = 0 , {H0,Φ1} = −{H1,Φ0} , {H0,Φ2} = −{H1,Φ1} , . . .
The first equation is solved by any Φ(p) independent of the angles q, in view of non
degeneration. The proof then proceeds in two steps. The first step consists in proving
that if Φ is independent of H then one can find Φ0 independent of H0. This part requires
a clever, delicate argument. The second step consists in proving that Φ0(p) can not be
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independent of H0(p), as a conseguence of the genericity hypothesis. In rough, short
terms the argument proceeds as follows. Expand the second equation as

i
∑

k

〈k, ω(p)〉ϕk(p)e
i〈k,q〉 = i

∑

k

〈

k,
∂Φ0

∂p

〉

hk(p)e
i〈k,q〉 , ω(p) =

∂H0

∂p
,

with coefficients ϕk(p) to be found. Therefore we must solve the infinite set of equations

〈k, ω(p)〉ϕk(p) =

〈

k,
∂Φ0

∂p

〉

hk(p) , 0 6= k ∈ Z
n .

On the resonant manifold 〈k, ω(p)〉 = 0 either case must occur:
〈

k,
∂Φ0

∂p

〉

= 0 or hk(p) = 0 .

Now, in view of the genericity condition we have hk(p) 6= 0; therefore we must have
〈

k, ∂Φ0

∂p

〉

= 0. The conclusion follows by exploiting the fact that resonances are dense

in G, which forces the gradients of Φ0(p) and H0(p) to be parallel in a dense set of
points. Thus, one must conclude that Φ0 can not be independent of H0 .

The immediate consequence of Poincaré’s theorem is that, generically, the geometric
structure of the invariant unperturbed tori does not persist under perturbation, for the
theorem of Liouville does not apply.

2.3 A puzzling example

The condition of genericity appears to be a too strong one. Poincaré was well aware of
this fact, and he did discuss how to relax it, still keeping the validity of the result. Here
I want to illustrate a puzzling example with the aim of showing how the condition of
genericity, in same sense, is eventually recovered. At the same time the example suggests
a way out of the difficulties raised by Poincaré.

Consider the Hamiltonian of a system of two coupled rotators H = H0 + εH1 with

(1) H0 =
1

2
(p21 + p22) , H1 = cos q1 + cos(q1 − q2) + cos(q1 + q2) + cos q2 .

It satisfies the non degeneracy condition, but it is definitely not generic, because it
contains only a finite number of Fourier modes. Let us work out the construction of a
first integral by choosing e.g., Φ0(p) = p1, clearly independent of H0. Using the complex
representation of trigonometric functions calculate

{H1, p1} =
i

2

[(

eiq1 + ei(q1−q2) + ei(q1+q2)
)

− c.c.
]

,

where c.c. stands for the complex conjugate. Therefore a solution for Φ1 is found to be

Φ1 = −1

2

[(
eiq1

p1
+
ei(q1−q2)

p1 − p2
+
ei(q1+q2)

p1 + p2

)

+ c.c.

]

.

We remark immediately that the solution is well defined if we remove from the plane
p1, p2 the resonant manifolds (actually straight lines) p1 = 0, p1 − p2 = 0, p1 + p2 = 0.
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Figure 2. Illustrating the propagation of Fourier modes through the process of

construction of a first integral for the Hamiltonian (1). Only modes (k1, k2) with

k2 ≥ 0 are included, because (k1, k2) and −(k1, k2) actually represent the same

mode.

The remark applies, of course, for any perturbation which is a trigonometric polynomial
of finite degree, provided we remove a finite number of resonant manifolds.

We now go to the next step. We must consider the equation at order ε2, namely
{H0,Φ2} = {Φ1, H1}. Without performing a complete calculation, let us focus our
attention on the Fourier modes that are generated. The process is illustrated in fig. 2,
where the Fourier modes that appear in the functions Φs are represented for orders
s = 1, 2, 3. The Poisson braket makes the exponentials to be multiplied; hence {H1,Φ1}
contains new Fourier modes, including in particular

ei(2q1−q2) , ei(2q1+q2) , ei(q1−2q2) , ei(q1+2q2) ,

which are not multiples of the previous ones. The generated modes are represented by
grey squares in the figure for order 2. Therefore Φ2 contains the new divisors 2p1 −
p2 , 2p1+p2 , p1−2p2 , p1+2p2 and we must remove the additional resonant manifolds

2p1 − p2 = 0 , 2p1 + p2 = 0 , p1 − 2p2 = 0 , p1 + 2p2 = 0 .

At order ε3 we get the new modes represented in the figure as open squares. With a
moment’s thought we realize that at order εs the right member {H1,Φs−1} contains the
Fourier modes ei(k1q1+k2q2) with |k1|+ |k2| ≤ 2s; a finite number, but increasing with s.
Therefore we must remove more and more resonant straight lines k1p1 + k2p2 = 0 with
|k1|+ |k2| ≤ 2s. We conclude that for s→ ∞ we must remove a dense set of resonances,
so that a first integral independent of H can not be constructed on an open domain,
even formally.

2.4 How to proceed?

It is a fact that the non integrability theorem of Poincaré did not trouble the astronomers
too much: the perturbation expansions had proven to be very useful during a couple of
centuries. But a few mathematicians continued their fight with small divisors.

A first attempt, taken since the beginning of the XX century, has been to remove
the hypothesis of non degeneration of the unperturbed Hamiltonian H0 , considering for
instance the dynamics in a neighbourhood of an elliptic equilibrium. This problem will
be discussed later, so let me put it aside for a while. I will rather focus the attention on
two different approaches that have been developed in the second half of the XX century.
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The first way has been opened by Kolmogorov in 1954 [35]: Look only for a set
of invariant tori which are characterized by a condition of strong non resonance, thus
putting restrictions on the initial values of the actions. The work of Kolmogorov has
marked the beginning of what we call now KAM theory, the acronym standing for
Kolmogorov–Arnold–Moser.

The second way has been proposed by Moser [53] and Littlewood [47][48], and has
been formulated in a general form by Nekhoroshev [55][56]: put restrictions on time,
but consider initial data in open sets. Look for results valid over a finite but very long
time. These two approaches will be the backbone of the rest of the present lectures.

3. The renaissance of epicycles

This section is devoted to presenting the celebrated theorem of Kolmogorov on the
persistence of quasi–periodic motions in nearly integrable systems. The theorem has
been announced at the International Congress of Mathematicians at Amsterdam, in
1954. A sketch of the proof has been published in [35]. Kolmogorov gave a complete
proof in a series of lectures, but it seems that the text has not been published (not
in western countries, at least). The first published proofs are due to Moser [54] and
Arnold [2].

3.1 The normal form of Kolmogorov

Consider the Hamiltonian in action–angle variables p, q

H(p, q) = 〈ω, p〉+ F (p, q) , ω ∈ R
n .

Let us say that the Hamiltonian is in normal form of Kolmogorov in case F (p, q) is at
least quadratic in the actions p, i.e., F (p, q) = O(p2). Write the canonical equations

q̇ = ω +O(p) , ṗ = O(p2) .

and select initial data with p(0) = 0 and q(0) = q0 arbitrary. Then we get the solution

q(t) = ωt+ q0 , p(t) = 0 ,

i.e., the torus p = 0 is invariant and carries a Kronecker flow with frequencies ω.
The idea of Kolmogorov is to cast a Hamiltonian into the normal form above in a

neighbourhood of a non resonant unperturbed torus. Here I shall sketch the main ideas
by closely following the short note of Kolmogorov [35]. Later I will do some recasting
in order to illustrate a constructive method of proof.

Let us consider a Hamiltonian

H(p, q) = h(p) + f(p, q)

with h(p) non degenerate and f(p, q) small. The reader may want to add a parameter
ε in front of f(p, q) if this helps in tracking the smallness of some terms. However he
or she will realize at some point that in Kolmogorov’s scheme one must get rid of a
perturbation parameter. We also assume that h(p) is quadratic and f(p, q) may be
expanded as a Fourier series in the angles with coefficients at most quadratic in p. This
simplifies the argument while keeping the crucial difficulties of the problem.



Perturbation methods in Celestial Mechanics 9

The dynamics of the unperturbed Hamiltonian h(p) is quasi–periodic with frequen-
cies ω(p) = ∂h

∂p . Let us select an initial condition p∗ such that the corresponding fre-

quencies ω(p∗) are non resonant, i.e., 〈k, ω〉 6= 0 for k 6= 0. With a translation p′ = p−p∗
the Hamiltonian takes the form, omitting primes and writing ω ∈ R

n in place of ω(p∗),

(2) H(p, q) = η + 〈ω, p〉+ 1

2

〈
C(q)p, p

〉
+A(q) +

〈
B(q), p

〉

where terms of different degrees in p have been separated introducing the function A(q),
the vector function B(q) and the symmetric matrix C(q), that can be calculated as

A(q) = f(p∗, q) , Bj(q) =
∂f

∂pj
(p∗, q) , Cjk(q) =

∂2h

∂pj∂pk
(p∗) +

∂2f

∂pj∂pk
(p∗, q) .

Here A(q) and B(q) are of the same order as f , while C(q) includes a small correction
to the quadratic part of h(p). The constant η may be ignored.

In a more general setting the Hamiltonian will contain polynomials of higher degrees
in the actions, or even will be a power series in p. However, as I have already said, this
is just a technical complication which does not add essential difficulties.

I come now to reformulating the method of Kolmogorov using the algorithm of Lie
series in order to perform near the identity canonical transformations. A short reminder
of the algorithm is given in appendix A. The suggestion of Kolmogorov is to kill the
unwanted parts A(q) and 〈B(q), p〉 by using a near the identity generating function

χ(p, q) = 〈ξ, q〉+X(q) + 〈Y (q), p〉 , (ξ ∈ R
n) .

The transformation of coordinates is written as (with a minor abuse of notation)

q′ = exp
(
Lχ

)
q= q + Y (q) +

1

2

〈
∂Y

∂q
, Y (q)

〉

+ . . . ,

p′ = exp
(
Lχ

)
p= p+ ξ +

∂X

∂q
+

〈
∂Y

∂q
, p

〉

+ . . . ,

the dots denoting higher order terms. Thus we have a small translation and deformation
of the actions combined with a deformation of the angles.

Let us transform the Hamiltonian as H ′ = exp
(
Lχ

)
H. Here the Poisson bracket

with 〈ω, p〉 plays a special role, so let us introduce the notation ∂ω = L〈ω,p〉. We get

H ′ =〈ω, p〉+ 1

2

〈
C(q)p, p

〉

+A(q)− ∂ωX + 〈ω, ξ〉

+
〈
B(q), p

〉
+

〈

C(q)p, ξ +
∂X

∂q

〉

− ∂ω〈Y (q), p〉+ . . .

Here the first line contains the part already in normal form, and the dots stand for
smaller terms that are left unhandled, and must be removed later. The second and
third lines contain the parts that should be cleared. To this end, ignoring the constant



10 A. Giorgilli

〈ω, ξ〉 in the Hamiltonian, we write the equations

(3)

A(q)− ∂ωX = 0 ,

Cξ +B +
∂X

∂q
= 0 ,

B(q) + C(q)

(

ξ +
∂X

∂q

)

− ∂ωY = 0 .

Here the overline denotes the average with respect to the angles q, i.e., the term in-
dependent of q in the Fourier expansion of a function. The first and third equation
(usually called homological equations) can be solved provided the average of the known
term is zero (see next section). In the first equation the average is a constant that can be
neglected. The second equation aims at determining the real vector ξ precisely in order
to clear the average of the known term in the third equation. It may be solved provided
the constant matrix C is not degenerate, which is initially assured by non degeneracy
of h(p). The translation vector ξ keeps the frequency fixed.

Having determined the generating function we may perform the transformation and
then rearrange the Hamiltonian in the same form as (2), namely

H ′ = 〈ω, p〉+ 1

2

〈
C
′(q)p, p

〉
+A′(q) +

〈
B′(q), p

〉

with A′(q) and B′(q) hopefully smaller than A(q) and B(q) and with a new symmetric
matrix C

′(q) which is a small correction of the previous one. Roughly, if we assume that
A(q) and B(q) were of order ε, then we may expect A′(q), B′(q) and C

′(q)−C(q) to be
of order ε2.

Thus, the consistency of the procedure depends on the existence of the solution
of the equations (3). If so, then the procedure may be iterated in order to (hopefully)
reduce the size of the unwanted terms to zero, thus giving the Hamiltonian the normal
form of Kolmogorov.

3.2 Small divisors and the problem of convergence

The problem of solving the homological equation can be stated in the general form:
given a known function ψ(p, q) with zero average, namely ψ = 0, find χ such that
∂ωχ = ψ. The actions p here are just parameters. The procedure is quite standard: we
have already used it while discussing the non integrability result of Poincaré. Expand
in Fourier series

ψ(p, q) =
∑

06=k∈Zn

ψk(p) exp
(
i〈k, q〉

)
, χ(p, q) =

∑

k∈Zn

ck(p) exp
(
i〈k, q〉

)
,

with ψk(p) known and ck(p) to be found. Calculate

∂ωχ = i
∑

k

〈k, ω〉ck(p) exp
(
i〈k, q〉

)
.

Therefore, assuming that the frequencies ω are non resonant, we get the formal solution
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with coefficients

ck(p) = −iψk(p)

〈k, ω〉 .

Since the expressions 〈k, ω〉 at the denominators may become arbitrarily small, we
must introduce a suitable condition of strong non resonance. Kolmogorov actually used
the diophantine condition already introduced by Siegel, namely

|〈k, ω〉| > γ

|k|τ , γ > 0 , τ > n− 1 .

It is known that such a condition is satisfied by a large set of frequencies, the complement
having measure O(γ). The solution can be proved to be holomorphic on the basis of
the following considerations, already made by Poincaré. If ψ(p, q) is holomorphic, then
the coefficients ψk(p) decay exponentially, i.e.,

∣
∣ψk(p)

∣
∣ ∼ e−|k|σ for some σ. Therefore

one gets
∣
∣ck(p)

∣
∣ ∼ |k|τe−|k|σ ∼ e−|k|σ′

with some σ′ < σ. This shows that χ(p, q) is still
holomorphic, thus making every single step of Kolmogorov to be formally consistent.

The problem now is that iterating the procedure we produce an accumulation of
small divisors: at every step the coefficients gain a new small divisor, which makes
convergence doubtful. Here comes the second idea of Kolmogorov. Do not use expansions
in a parameter. Collect all contributions independent of and linear in p in a single pair of
functionsA(q) and 〈B(q), p〉. In very rough heuristic terms this is what happens. Starting
with functions of size ε and forgetting for a moment the contribution of small divisors
the procedure reduces step by step the size of the unwanted terms to ε2, ε4, ε8, . . .;
i.e., they decrease quadratically, as in Newton’s method (as remarked by Kolmogorov
himself). Such a strong decrease compensates the growth of the number of factors with
small divisors, eventually assuring the convergence of the procedure. The latter heuristic
argument was commonly used in the past, and often it has been synthetized in the words
“quadratic method”, “quadratic convergence”, “Newton method”, “superconvergence”
and so on. A complete proof along the lines suggested by Kolmogorov may be found,
e.g., in [5].

I will avoid here using the method of fast convergence for two reasons. The first
one is that the procedure of Kolmogorov is not constructive, for dealing with infinite
Fourier series is conceptually simple, but hardly practical: some form of truncation must
be introduced. The second reason is that the fast convergence hides the actual process
of accumulation of divisors: it just dominates it. My aim is instead to show that in some
cases, including Kolmogorov’s one, the divisors accumulate in a polite way.

3.3 The formal constructive algorithm

I simplify again the discussion by considering a rather simple model: a system of coupled
rotators as described by the Hamiltonian H(p, q) = H0(p) + εH1(p, q), where

(4) H0(p) =
1

2

n∑

j=1

p2j , H1(p, q) =
∑

|k|≤K

ck(p)e
i〈k,q〉 , p ∈ R

n , q ∈ T
n ,

with a fixed K > 0 and coefficients ck(p) that are polynomials of degree at most 2. The
choice is made in order to reduce technicalities to a minimum (though there remain
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Table 1. The formal constructive algorithm for Kolmogorov’s normal form.

• Equations for the generating functions χ
(r)
1 = X(r)+〈ξ(r), q〉 and χ(r)

2 = 〈Y (r)(q), p〉:

∂ωX
(r) −A(r−1)

r = 0 , 〈ξ(r), p〉 = B
(r−1)
r = 0 ,

∂ωχ
(r)
2 − B̂(r)

r = 0 , B̂(r)
r =

〈
∂X(r)

∂q
, p

〉

+B(r−1)
r −B

(r−1)
r .

• Intermediate Hamiltonian Ĥ(r) = exp
(
Lχ1

)
H(r−1):

Â(r)
r = 0

Â(r)
s =







A(r−1)
s , r < s < 2r ;

1

2
L2

χ
(r)
1

hs−2r + L
χ
(r)
1

B
(r−1)
s−r +A(r−1)

s , 2r ≤ s < 3r ;

1

2
L2

χ
(r)
1

C
(r−1)
s−2r + L

χ
(r)
1

B
(r−1)
s−r +A(r−1)

s , s ≥ 3r .

B̂(r)
s =







L
χ
(r)
1

hs−r +B(r−1)
s , r ≤ s < 2r ;

L
χ
(r)
1

C
(r−1)
s−r +B(r−1)

s , s ≥ 2r .

• Transformed Hamiltonian H(r) = exp
(
L
χ
(r)
2

Ĥ(r)
)
(set s = kr+m with 0 ≤ m < k):

hr = L
χ
(r)
2

h0 + C(r)
r .

A(r)
s =

k−1∑

j=0

1

j!
Lj

χ
(r)
2

Â
(r)
s−jr , s > r .

B(r)
s =







k − 1

k!
Lk−1

χ
(r)
2

B̂(r)
r +

k−2∑

j=0

1

j!
Lj

χ
(r)
2

B̂
(r)
s−jr , k ≥ 2 , m = 0 ;

k−1∑

j=0

1

j!
Lj

χ
(r)
2

B̂
(r)
s−jr , k ≥ 1 , m 6= 0 .

C(r)
s =

1

k!
Lk

χ
(r)
2

hm +

k−1∑

j=0

1

j!
Lj

χ
(r)
2

C
(r)
s−jr, s > r .

enough), but all the crucial difficulties of the problem are accounted for. The extension
to the general case is matter of not being scared by long and boring calculations.

The aim is to construct an infinite sequence H(0)(p, q), H(1)(p, q), H(2)(p, q), . . . of
Hamiltonians, with H(0) coinciding with H in (4), which after r steps of normalization
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Table 2. Quantitative estimates for the algorithm for Kolmogorov’s normal form.

• Generating functions χ
(r)
1 = X(r) + 〈ξ(r), q〉 and χ(r)

2 = 〈Y (r)(q), p〉:

‖Xr‖(1−dr−1)σ ≤ 1

αr
‖A(r−1)

r ‖(1−dr−1)σ ,
∣
∣ξr,j

∣
∣ ≤

∥
∥
∥B

(r−1)
r

∥
∥
∥
(1−dr−1)σ

‖χ(r)
2 ‖(1−dr−1−δr)σ ≤ 1

αr
‖B̂(r)

r ‖(1−dr−1−δr)σ

• Intermediate Hamiltonian Ĥ(r) = exp
(
Lχ1

)
H(r−1). Set

Gr,1 =
2e

σ

(

‖A(r−1)
r ‖(1−dr−1)σ + αrδrσ

∥
∥
∥B

(r−1)
r

∥
∥
∥
1−dr−1

)

.

For r < s < 2r , 2r ≤ s < 3r and s ≥ 3r , respectively, get

‖A(r)
s ‖(1−dr−1−δr)σ ≤






‖A(r)
s ‖(1−dr−1)σ ;

(
Gr,1

δrαr

)2

‖hs−2r‖(1−ds−2r)σ +
Gr,1

δrαr
‖B(r−1)

s−r ‖(1−dr−1)σ + ‖A(r)
s ‖(1−dr−1)σ ;

(
Gr,1

δrαr

)2

‖C(r−1)
s−2r ‖(1−ds−2r)σ +

Gr,1

δrαr
‖B(r−1)

s−r ‖(1−dr−1)σ + ‖A(r)
s ‖(1−dr−1)σ ;

For r ≤ s < 2r and s ≥ 2r , respectively, get

‖B̂(r)
s ‖(1−dr−1−δr) ≤






Gr,1

δrαr
‖hs−r‖(1−ds−r)σ + ‖B(r−1)

s ‖(1−dr−1)σ ;

‖B̂(r)
s ‖(1−dr−1−δr) ≤

Gr,1

δrαr
‖C(r−1)

s−r ‖(1−ds−r)σ + ‖B(r−1)
s ‖(1−dr−1)σ .

• Transformed Hamiltonian H(r) = exp
(
L
χ
(r)
2

Ĥ(r)
)
. Set Gr,2 = 3

σ‖B̂
(r)
r ‖(1−dr−1−δr).

For s ≥ r get

‖hr‖(1−dr)̺,σ ≤ Gr,2

δrαr
‖h0‖σ + ‖C(r)

r ‖(1−dr−1)σ .

‖A(r)
s ‖(1−dr)̺,σ≤

k−1∑

j=0

(
Gr,2

δrαr

)j

‖Â(r)
s−jr‖(1−dr−1−δr)σ ;

‖B(r)
s ‖(1−dr)̺,σ≤

k−1∑

j=0

(
Gr,2

δrαr

)j

‖B̂(r)
s−jr‖(1−dr−1−δr)σ ;

‖C(r)
s ‖(1−dr)̺,σ≤

Gr,2

δrαr
‖hm‖(1−dr−m)σ +

k−1∑

j=0

(
Gr,2

δrαr

)j

‖Ĉ(r)
s−jr‖(1−dr−1−δr)σ;
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turn out to be written in the general form

(5) H(r) = ω · p+
r∑

s=0

hs(p, q) +
∑

s>r

εs
[

A(r)
s (q) +B(r)

s (p, q) + C(r)
s (p, q)

]

,

whereH(r)(p, q) is in Kolmogorov’s normal form up to order r. Here h1(p, q), . . . , hr(p, q)
are quadratic in p, so that they are in normal form, and do not change after step r.

Moreover: (i) A
(r)
s (q) is independent of p; (ii) B

(r)
s (p, q) is linear in p; (iii) C

(r)
s (p, q)

is a quadratic polynomial in p; (iv) A
(r)
s (q), B

(r)
s (p, q) and C

(r)
s (p, q) are trigonometric

polynomials of degree sK in q, where K is the degree of H1 in the original Hamiltonian.
The algorithm should preserve at every step the properties (i)–(iv) above.

Some remarks are mandatory here concerning the simplifications introduced in the
model. Adding a factor εs to every function with lower label s the reader will imme-
diately realize that we are actually working with an ε–expansion, as it was customary
in the past in perturbation theory. However, a generic perturbation will not fulfill the
requests of being at most quadratic and a trigonometric polynomial of finite degree K.
With a sufficient amount of patience the reader may see that adding further powers of p
or even an infinite series is essentially harmless. The expansion in infinite trigonometric
series is definitely more puzzling, for we can not deal explicitly with an infinite num-
ber of terms. This problem has been also pointed out by Poincaré (see [58], Ch. XIII,
§ 147), who suggested the way out. We may exploit the fact that the size of the coeffi-
cients of the Fourier expansion of a holomorphic function decreases exponentially with
the degree. Therefore we may choose a truncation parameter K > 0 and expand the
Hamiltonian in the requested form (5) by splitting the series into trigonometric polyno-
mials of the requested order. A naive argument would lead to setting K ∼ − log ε, the
perturbation parameter. It is remarkable indeed that the best choice is to set K to a
constant independent of ε, which does not need to be a large one; e.g., setting K = 1/σ
is often enough. This makes the expansion in a parameter unpractical, but everything
works fine if one pays attention not to powers of ε, but to the size of the various terms,
in some norm.

The normalization process is worked out with a minor recasting of the method
of Kolmogorov. At every step r we apply a first canonical transformation with gener-

ating function χ
(r)
1 (q) = X(r)(q) + 〈ξ(r), q〉, followed by a second transformation with

generating function χ
(r)
2 (p, q) = 〈Y (r)(q), p〉.

The explicit constructive algorithm for a single step is presented in table 1. Assum-
ing that r− 1 steps have been performed, so that the Hamiltonian H(r−1)(p, q) has the
wanted form (5) with r−1 in place of r, we construct in sequence the new Hamiltonians

Ĥ(r) = exp
(
L
χ
(r)
1

)
H(r−1) , H(r) = exp

(
L
χ
(r)
2

)
Ĥ(r) ,

the first one being an intermediate Hamiltonian, and the second one being in normal
form up to order r. The generating functions are determined by solving a pair of homo-
logical equations, which is possible in view of the non resonance condition. All functions
entering the transformed Hamiltonians are explicitly expressed in terms of Lie deriva-
tives, as the reader may easily check. The Hamiltonian remains quadratic because the
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action of the Lie derivative L
χ
(r)
1

decreases the degree in p by one, while L
χ
(r)
2

leaves

it unchanged. As to the trigonometric degree, the rules stated for the Hamiltonian are

respected because the homological equation does not change it, so that χ
(r)
1 and χ

(r)
2

have degree rK, and if, say, fs has degree sK then L
χ
(r)
j

fs clearly has degree (s+ r)K.

With these remarks, the reader should be able to check that the algoritm is actually
applicable, so that the contruction of the normal form is formally consistent. The chal-
lenge now is: Prove that the sequence of Hamiltonians H(r) in normal form up to order
r converges to a holomorphic Hamiltonian, H(∞) say, in Kolmogorov’s normal form.

3.4 Analytical estimates

I come now to the crucial problem that has challenged mathematicians for a couple of
centuries: the accumulation of small divisors. The argument makes essential use of a
real, non increasing sequence {αr}r≥0 defined as

(6) α0 = 1 , αr = min
(

1, min
0<|k|≤rK

∣
∣〈k, ω〉

∣
∣

)

.

That is, αr is the smallest divisor that may appear in the solution of the homological

equation for the generating functions χ
(r)
1 and χ

(r)
2 at step r of the normalization process.

If the frequencies are non resonant then the sequence has zero limit for r → ∞.
Let us introduce a convenient norm adapted to our case as follows. For a ho-

mogeneous polynomial of degree s in the actions p write (in multi–index notation)
g =

∑

|j|=s gjp
j , and define its norm as ‖g‖ =

∑

|j|=s |gj |, namely the sum of the abso-

lute values of the coefficients. For a trigonometric polynomial f(p, q) =
∏

k fk(p)e
i〈k,q〉

with coefficients fk(p) that are homogeneous polynomials we define a norm parameter-
ized by σ > 0 as

‖f‖σ =
∑

k

‖fk‖ e|k|σ .

The choice of the parameter σ is rather arbitrary for trigonometric polynomials, as
considered here. For a real analytic function σ it is related to the width of a complex
strip T

n
σ (as defined by (22), see appendix A) where the function is holomorphic and

bounded.
Recalling that the algorithm of Kolmogorov normal form uses Lie derivatives and

homological equations we need to know how these operations affect the norms. We have
the following estimates.
(i) Let

ψ(r) =
∑

0<|k|≤rK

ψk(p)e
i〈k,q〉

be a trigonometric polynomial of degree rK. Then the zero–averaged solution of
the homological equation ∂ωχ

(r) = ψ(r) satisfies
∥
∥
∥χ(r)

∥
∥
∥
σ
≤ 1

αr

∥
∥
∥ψ(r)

∥
∥
∥
σ
.
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(ii) The action of Lie derivatives is estimated by the inequalities

∥
∥
∥
1

s!
Ls

χ
(r)
1

f
∥
∥
∥
(1−d)σ

≤
(

2e‖χ(r)
1 ‖σ
dσ

)s

‖f‖σ ,

∥
∥
∥
∥

1

s!
Ls

χ
(r)
2

f

∥
∥
∥
∥
(1−d)σ

≤
(

3e‖χ(r)
2 ‖σ
dσ

)s

‖f‖σ .

where 0 < d < 1.

The reader will remark that the estimate requires a reduction of the value of σ similar
to the restriction of domains illustrated in appendix A (it is the same thing, indeed).

Applying the estimates above to the algorithm for the Kolmogorov normal form is
a boring but straightforward matter: replace every operation in the recurrent formulæ
of table 1 with the corresponding estimate for the norm. The result is summarized in
table 2. There is a point to be carefully taken into account. At every step we need a
restriction of σ parameterized by an increasing positive sequence dr, depending on the
step r. But the sequence must have a finite limit d < 1. The sequence is arbitrary, so
let us set d0 = 0 and dr = 2(δ1 + . . .+ δr) with

δr =
1

π2
· 1

r2
,
∑

r≥1

δr =
1

6
.

A remark is mandatory. Lie derivatives introduce divisors δr which are small, and may
affect convergence as well as the small divisors αr , but we shall see that they always
appear as products βr = δrαr , thus we shall control all divisors with the same method.

Without entering a very technical discussion, let me point out the common structure
of all estimates. It is immedialy seen that the norm of every function is bounded by a
sum of different terms. Moreover:

(i) Every term comes either from a function of previous order or from a (possibly
multiple) Lie derivative of a previous function.

(ii) A constant factor Gr,1 or Gr,2 coming from the r–independent constants in the
estimates is associated to every Lie derivative L

χ
(r)
2

or L
χ
(r)
2

, respectively.

(iii) Every factor Gr,1 or Gr,2 comes paired with a divisor βr : the small divisor αr and
the restriction δr, that always appear in pairs.

The suggestion is to look for an uniform estimate for every term in the sums on the
right hand sides, letting aside for the moment the problem of estimating the sums. It is

expected that every term at order r is bounded by an expression such as bηr−1
(∏

ℓ βℓ
)−1

,
with positive constants b, η, the product running over a set of indices to be determined.
We are thus led to focus attention to the divisors in the product

∏

ℓ βℓ . Better, the
suggestion is: forget the actual values of the divisors; pay attention only to the indices.
Indeed the indices control the process of accumulation of small divisors.

3.5 The game of small divisors

Let me first get rid of a naive argument that leads to a pessimistic conclusion. It seems
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that at every step a new divisor βr is added:

χ
(1)
1 has denominator β1 : χ

(1)
2 has denominator β2

1 ;

χ
(2)
1 has denominator β2

1β2 : χ
(2)
2 has denominator β2

1β
2
2 ;

χ
(3)
1 has denominator β2

1β
2
2β3 : χ

(3)
2 has denominator β2

1β
2
2β

2
3 ;

. . . . . . . . .

χ
(r)
1 has denominator β2

1 . . . β
2
r−1βr : χ

(r)
2 has denominator β2

1 . . . β
2
r ;

Now, if we assume the diophantine inequality αr ∼ 1/rτ and set δr ∼ 1/r2 (our choice),
then we get

‖χ(r)
1 ‖ ∼ (r!)2τ+3 , ‖χ(r)

2 ‖ ∼ (r!)2τ+4 .

The immediate conclusion is that the naive argument can not be used for proving
convergence; the accumulation of small divisors seems to be explosive.

We are thus confronted with the question: can we control the explosive behaviour
of the divisors? As I have already pointed out, the great revolutionary idea introduced
by Kolmogorov is that an efficient control is provided by the quadratic convergence due
to a method “similar to that of Newton” (in his own words). This allowed him to open
a breach in a two centuries old problem. Without diminishing the enormous importance
of the work of Kolmogorov, we are now able to understand that the accumulation of
divisors is not so bad as instinctively expected.

3.6 The kindness of small divisors

Looking at tables 1 and 2 we should pay attention to the actual mechanism of accumula-
tion of divisors. As I have already pointed out, it is better to concentrate on the indices
of the divisors. A convenient method is to organize the indices in a list (repetitions are
allowed). Here I shall illustrate the argument in a synthetic but hopefully complete way.

Let me first point out how divisors show up.

(i) The generating function χ
(r)
1 adds a new divisor αr to the existing ones in A

(r−1)
r .

(ii) The first term affected in Ĥ(r) is B̂
(r)
r , by addition of L

χ
(r)
1

h0 with a divisor βr .

(iii) The latter term enters χ
(r)
2 , thus adding a further divisor αr , to be promoted to

βr by Lie derivatives.
Now I come to the process of accumulation. Heuristically, let us try to reduce the
complicated scheme of estimates to the following elementary operation. The notation
here is reduced to a minimum. Let ψr be a trigonometric polynomial of degree r which
owns a list Ir of divisors. Solving the homological equation ∂ωχr = ψr makes χr to own
a list of divisors {r} ∪ Ir , the union meaning concatenation of lists. Let now fs be a
trigonometric polynomial of degree s that owns a list of indices Is. Then Lχrfs owns
the list {r}∪Ir∪Is. With some patience the reader will realize that this is precisely the
mechanism of generation of the lists associated to every term in the expressions that
appear in the algorithm.

Let me now propose a little detour, exploiting the mechanism above independently
of its application to the algorithm of Kolmogorov. Let Is = {j1, . . . , js−1} be a list
of s− 1 non negative indices, that we may collect in non decreasing order. A partial
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ordering on lists of indices is introduced as follows. For two given lists Is = {j1, . . . , js−1}
and I ′

s = {j′1, . . . , j′s−1} in non decreasing internal order we say that I precedes I ′ in
case j1 ≤ j′1, . . . , js−1 ≤ j′s−1 ; we write I ⊳ I ′. Let us also introduce the special lists

(7) I∗
s =

{⌊
s

s

⌋

,

⌊
s

s− 1

⌋

, . . . ,

⌊
s

2

⌋}

.

Lemma 3: For the list of indices I∗
s the following statements hold true:

(i) for 0 < r ≤ s we have
(
{r} ∪ I∗

r ∪ I∗
s

)
⊳ I∗

r+s .

(ii) for every k ∈ {1, . . . , jmax} the index k appears exactly
⌊
s
k

⌋
−
⌊

s
k+1

⌋
times;

The first claim concerns precisely the mechanism of accumulation of small divisors
in the normalization algorithm for the Kolmogorov’s normal form. Thus I∗

s represents
the worst list of indices that can be generated.

The second claim contains the control of the action of small divisors. Let any
sequence 1 = α0 ≥ α1 ≥ α2 ≥ . . . be given; we should estimate the product

∏

j∈I∗
s

1

αj
=
(

αq1
1 · . . . · αq⌊s/2⌋

⌊s/2⌋ α
qs
s

)−1

,

where qk =
⌊
s
k

⌋
−
⌊

s
k+1

⌋
is the number of indices in I∗

s which are equal to k, and qs = 1.
We have

ln
∏

j∈I∗
s

1

αj
≤ −

s∑

k=1

(⌊ s

k

⌋

−
⌊ s

k + 1

⌋)

lnαk ≤ −s
∑

k≥1

lnαk

k(k + 1)
.

We are thus led to introduce

Condition τ: The sequence {αr}r≥0 satisfies

(8) −
∑

r≥1

lnαr

r(r + 1)
= Γ <∞ .

Letting αr be the sequence defined by (6) we have thus found a condition of strong non
resonance for the frequencies ω of the invariant torus.

A few remarks allow us to compare condition τ with other commonly used condi-
tions.

(i) The diophantine condition introduced by Siegel says αr = r−k with k > 1 (an
innocuous multiplicative constant is omitted). This gives

−
∑

r≥1

lnαr

r(r + 1)
= k

∑

r≥1

ln r

r(r + 1)
<∞ .

By the way, this also shows that if the sequence αr satisfies condition τ then so
does the sequence βr = δrαr with δr ∼ r−2 that appears in our estimates for the
case of Kolmogorov.
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Table 3. The number of divisors and the selection rule for the functions hr , A
(r)
s ,

B
(r)
s and C

(r)
s for 1 ≤ r < s.

function number of divisors selection rule

hr 2r I∗
r ∪ I∗

r ∪ {r} ∪ {r}

A(r)
s , Â(r)

s 2s− 2 I∗
s ∪ I∗

s

B(r)
s , B̂(r)

s 2s− 1 I∗
s ∪ I∗

s ∪ {r}

C(r)
s 2s I∗

s ∪ I∗
s ∪ {r} ∪ {r}

(ii) Condition τ is weaker than the diophantine one. E.g., if αr = e−r/ ln2 r then

−
∑

r≥1

lnαr

r(r + 1)
=
∑

r≥1

1

(r + 1) ln2 r
<∞ .

(iii) There are ω’s that violate condition τ. For instance, if αr = e−r then

−
∑

r≥1

lnαr

r(r + 1)
=
∑

r≥1

1

(r + 1)
= ∞.

(iv) The widely used condition of Bruno writes

−
∑

r≥1

lnα2r−1

2r
= B <∞ .

It is equivalent to condition τ, for one gets Γ < B < 2Γ. However, condition τ may
present some advantages since sometimes it helps in finding better convergence
estimates; e.g., see the application to the Poincaré–Siegel problem in [27].
In the case of interest here, namely the algorithm for the normal form of Kol-

mogorov, we must go back to table 2, considering only the contribution of the divisors
βr . The problem is to identify the worst possible product of divisors in every coefficient
of every function. To this end, to every coefficient we may associate two informations,
namely: (i) the number of divisors βj , and (ii) a selection rule, i.e., the maximal list of
coefficients according to our partial ordering. With some patience, and using recursion,
one finds the rules summarized in table 3. In view of condition τ we conclude that the
products of divisors grow not faster than geometrically with s.

3.7 Sketch of the proof of the theorem of Kolmogorov

The estimate concerning the divisors is the most challenging part of the proof. The
question now is to find upper bounds for the generating functions and prove that they
satisfy the condition of proposition 9 in the appendix for convergence of the sequence
of canonical transformations. This part requires a couple of tons of patience, but no
really new ideas. On the other hand, a detailed exposition would exceed the limits of
the present note. Therefore I give here only a hint on how to proceed.
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Looking at table 2, one sees that the norm of every function A
(r)
s , B

(r)
s , C

(r)
s , χ

(r)
1

and χ
(r)
2 will likely be estimated up to a multiplicative factor by a quantity νr,sTr,sC

s−1

where:
◦ the power Cs−1 is due to products of the quantities Gr,1 and Gr,2 that estimate
the norms of the generating functions;

◦ Tr,s =
∏

j β
−1
j is the product of divisors with indexes j obeying the selection rules

of the previous table;
◦ νr,s a numerical factor that takes into account the number of terms produced by
Lie derivatives.

All these quantities are actually bounded geometrically, and the constant C is propor-
tional to the size ε of the perturbation. On the other hand, the norm used here provides
an upper bound for the supremum norm of a function. Hence, for ε small enough, the
norms of the generating functions satisfy the condition of proposition 9, thus assur-
ing convergence of the normal form of Kolmogorov. Adding a further couple of tons of
patience, the reader may check that the argument applies to any Hamiltonian of the
general problem of dynamics. Thus I conclude with a (not too) formal statement.

Theorem 4: Consider the Hamiltonian

H(p, q) = H0(p) + εH1(p, q) , p ∈ G ⊂ R
n , q ∈ T

n .

Assume:
(i) H0(p) is non degenerate, i.e.

det

(
∂2H0

∂pj∂pk

)

6= 0 ;

(ii) H0(p) possesses an invariant torus p∗ with frequencies ω satisfying condition τ.

Then there exists a positive ε∗ such that the following holds true: for ε < ε∗ there exists
a perturbed invariant torus carrying quasiperiodic motions with frequencies ω, which is
close to the unperturbed one.

The relevance of the theorem of Kolmogorov for the planetary system has been
often emphasized as being the proof that the dynamics of the planetary system is
quasiperiodic, i.e., it may be described by the classical method of epicycles. But the
crucial question is: how small should be ε?

3.8 Application to the Sun–Jupiter–Saturn system

The question concerning the actual applicability of the theorem of Kolmogorov to our
Solar System has received some attention in the last, say, 30 years (see, e.g., [8], [9]
and [49]). It should be noted that the Hamiltonian of the Solar System is degenerate.
However, it has been shown by Arnold that degeneration can be removed, at least for the
problem of three bodies, by following the lines of Lagrange’s theory for secular motions.
Here I give a very brief report on the paper [50] where the actual applicability to the
problem of three bodies in the Sun–Jupiter–Saturn case has been argued (if not proven
in strict mathematical sense).

The paper exploits the ideas of Arnold and the constructive character of our algo-
rithm. The main steps are the following.
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Figure 3. The norms of the generating functions for the case Sun–Jupiter–Saturn,

with actual parameters for the orbits taken from JPL database. (figure from [50].)

(i) Write the Hamiltonian of the problem of three bodies in Delaunay variables, in a
heliocentric coordinate system.

(ii) Choose the value of the semimajor axes corresponding to the actual frequencies of
Jupiter and Saturn, and expand around it up to the second order in the masses.

(iii) Average over the fast angles (mean anomalies), introduce the variables of Poincaré
and expand the Hamiltonian in power series in the neighbourood of the orbit with
zero eccentricity and inclination.

(iv) Construct a Birkhoff normal form up to degree 6, thus removing the degeneration
of the Hamiltonian, and find the torus with the actual frequencies of the system.

(v) Expand the Hamiltonian around that unperturbed torus in the form required by
the algorithm for the normal form of Kolmogorov.

(vi) Calculate the normal form up to some reachable order with the algorithm of table 1.
(vii) From the explicit expansion calculate the norms of the generating functions up to

that order.
The values of the norms are plotted in fig. 3. It is clearly seen that after a few steps the
norms begin to decrease geometrically. This provides a strong support to the thesis that
the normal form of Kolmogorov is convergent, so that the orbit of Jupiter and Saturn
(if we neglect the action of the other planets) is close to an invariant torus.

4. The normal form of Poincaré and Birkhoff

The aim of this section is to investigate the dynamics in a neighbourhood of either
an elliptic equilibrium or an invariant torus of Kolmogorov exploiting the method of
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normal form of Poincaré and Birkhoff. I shall put emphasis on the problem of stability.

In a neighbourhood of an elliptic equilibrium the Hamitonian may generally be
written as a power series

(9) H(x, y) = H0(x, y) +H1(x, y) +H2(x, y) + . . . , H0(x, y) =
1

2

n∑

l=1

ωl(x
2
l + y2l ) ,

where ω = (ω1, . . . , ωn) ∈ R
n are the frequencies in the linear approximation, and

Hs(x, y) is a homogeneous polynomial of degree s+2 in the canonical variables (x, y) ∈
R

2n. The series is assumed to be convergent in some neighbourhood of the origin.

In a neighbourhood of an invariant torus of Kolmogorov the Hamiltonian may be
expanded in power series of the actions as

(10) H(p, q) = H0(p) +H1(p, q) +H2(p, q) + . . . , H0(p) = 〈ω, p〉 , (p, q) ∈ G × T
n

with coefficients expanded as Fourier series in the angles q. As a consequence of the
theorem of Kolmogorov we may always assume that the series is uniformly convergent
in a neighbourhood G of the origin.

Dealing with an infinite Fourier series is clearly unsuitable for a practical calcula-
tion. However, exploiting again a suggestion of Poincaré we may split the Hamiltonian
so that Hs(p, q) is at least quadratic in p and is a trigonometric polynomial of degree
sK with some positive integer K.

I should stress that although the two problems seem to be different they can be
treated with the same approach. Let me also stress that the frequencies ω are not
assumed to be non resonant.

4.1 Formal normalization

I shall discuss the construction of a normal form using the method of Lie transform,
recalled in appendix A.2. The composition of Lie series may be used as well: I leave this
as an exercise for an interested reader. I stress, however, that here I discuss only formal
methods and results: accepting the common attitude of astronomers, all series and
trigonometric expansions are performed without taking care of convergence problems.
The problem of (non)–convergence will be discussed later, starting with section 4.6.

Let us say that the Hamiltonian (9) or (10) is in Poincaré–Birkhoff normal form in
case ∂ωH = 0 , ∂ω· = {·, H0} . I shall use the notation

Z = H0 + Z1 + Z2 + . . . , ∂ωZs = 0 , s ≥ 1

thus stressing with the symbol Z that the Hamiltonian is in normal form. The problem
is: find the generating sequence of a near the identity transformation that gives the
Hamiltonian (9) or (10) a normal form.

The question is formally answered by solving the equation TχZ = H, the unknowns
being the normal form Z itself and the generating sequence χ = {χ1, χ2, . . .}, with
χs a generating function of order s. The formal algorithm is found by recalling the
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definition (19) of the operator Tχ , namely

Tχ =
∑

s≥0

Es , E0 = 1 , Es =
s∑

j=1

j

s
LχjEs−j .

The following algorithm is found: for s ≥ 1 find χs and Zs by recursively solving the
homological equation

(11) Zs − ∂ωχs = Ψs , s = 1, . . . , r ,

where

(12)

Ψ1 = H1 ,

Ψs = Hs −
s−1∑

j=1

j

s

(
LχjHs−j + Es−jZj

)
for 2 ≤ s ≤ r .

In order to obtain the formulæ above it is convenient to recall the triangle for Lie
transform

H0 H0

↓
H1 E1H0 Z1

↓ ↓
H2 E2H0 E1Z1 Z2

↓ ↓ ↓
...

...
...

...
. . .

Hr ErH0 Er−1Z1 Er−2Z2 · · · Zr

Using the explicit expression

EsH0 = LχsH0 +

s−1∑

j=1

j

s
LχjEs−jH0

one finds an expression for Ψs similar to that in (11). A little play with algebra is needed
in order to remove from Ψs all terms depending on H0, using the homological equation
for the previous orders.

4.2 Solving the homological equation
We need a definition. To the frequency vector ω we associate the resonance module (a
subgroup of Zn)

Mω =
{
k ∈ Z

n : 〈k, ω〉 = 0
}
.

The dimension dimMω is often called the multiplicity of the resonance.
The interesting point is that the linear operator ∂ω· = {·, H0} may be diagonalized.

In the case of an elliptic equilibrium we should perform a canonical transformation to
complex variables ξ, η by setting

xl =
1√
2
(ξl + iηl) , yl =

i√
2
(ξl − iηl)
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for l = 1, . . . , n. The unperturbed Hamiltonian H0 takes the form

H0 =

n∑

l=1

ωlIl , Il = iξlηl ,

while the polynomials Hs(ξ, η) are still homogeneous. The operator ∂ω turns out to be
diagonal over the basis ξjηk of monomials (in multiindex notation), for

∂ωξ
jηk = i〈j − k, ω〉 ξjηk .

In the case of a torus the linear operator ∂ω is already diagonal on the Fourier basis, for

∂ωfk(p)e
i〈k,q〉 = i〈k, ω〉 fk(p)ei〈k,q〉 .

The kernel Nω and the range Rω of ∂ω are defined as usual. Denoting by P the linear
space under consideration (either homogeneous polynomials of Fourier series) we define

Nω = ∂−1
ω

(
{0}
)
, Rω = ∂ω

(
P
)
.

Since the linear operator ∂ω maps P into itself the kernel and the range are subspaces
of the same space P. Morover, since ∂ω is diagonalizable we have

Nω ∩Rω = {0} , Nω ∪Rω = P .

Therefore the operator ∂ω restricted to Rω is uniquely inverted.

4.3 The solution of Poincaré and Birkhoff

The straightforward solution, namely the one proposed by Poincaré and Birkhoff, is the
following. Project the right hand side of (11) on Nω and Rω, i.e., (with obvious meaning
of the superscripts)

Ψs = Ψ(N )
s +Ψ(R)

s , Ψ(N )
s ∈ Nω , Ψ(R)

s ∈ Rω .

Then set
Zs = Ψ(N )

s , χs = ∂−1
ω Ψ(R)

s ,

so that χs ∈ Rω is uniquely defined. An arbitrary term χ̃s ∈ Nω to χs may be added,
but usually it is not necessary.

Concluding, we may state

Proposition 5: The Hamiltonian H = H0 +H1 + . . . with H0 =
∑

l ωlIl linear in the
actions may be cast formally in normal form of Poincaré and Birkhoff

Z = H0 + Z1 + Z2 + . . . , ∂ωZ = 0 .

In complex variables for the elliptic equilibrium we have

Zs(ξ, η) =
∑

j−k∈Mω

cj,kξ
jηk .

In action–angle variables for an invariant torus we have

Zs(p, q) =
∑

k∈Mω

ck(p) exp
(
i〈k, q〉

)
.
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4.4 Action–angle variables for the elliptic equilibrium

The dynamics is better described in action–angle variables p = (p1, . . . , pn) ∈ R
n
+ and

q = (q1, . . . , qn) ∈ T
n. Thus, let us rewrite the Hamiltonian for the elliptic equilibrium

in action–angle variables, by transforming

xl =
√

2pl cos ql , yl =
√

2pl sin ql , l = 1, . . . , n .

From complex variables we easily write the Hamiltonian by using the exponential form
of trigonometric functions, namely

ξl =
√
pl e

iq , ηl = −i√pl e−iq , l = 1, . . . , n .

The unperturbed Hamiltonian becomes linear in the actions, since

H0 = 〈ω, p〉 , ∂ω =
〈

ω,
∂

∂q

〉

.

A homogeneous polynomial f(ξ, η) =
∑

|j+k|=s fj,kξ
jηk is changed into a trigonometric

polynomial of the same degree that we may write as

f(q, p) =
∑

|k|≤s

ck(p) exp(i〈k, q〉)

with coefficients ck(p) that are homogeneous polynomials in p1/2. The square root is a
little unpleasant, because it introduces a singularity. This often makes cartesian coordi-
nates more useful. The normal form is expanded as a series of trigonometric polynomials
that contain only Fourier harmonics 〈k, q〉 with k ∈ Mω , i.e.,

Zs(q, p) =
∑

k∈Mω , |k|=≤s

ck(p) exp
(
i〈k, q〉

)

where, again, ck(p) are homogeneous polynomials of degree s in p1/2.

4.5 First integrals and action–angle variables

The Lie transform formalism allows us to considerably simplify the search for first
integrals.

Proposition 6: The Hamiltonian H = H0 + H1 + . . . with H0 linear in the actions
possesses n− dim(Mω) formal first integrals of the form

Φ(p, q) = Φ0(p) + Φ1(p, q) + . . . , Φ0(p) = 〈µ, p〉 , 0 6= µ ⊥ Mω .

which are independent and in involution.

The construction goes as follows: find the first integrals of Z; then prove that
every first integral for Z generates a first integral for H that inherits the properties of
independence and involution.

Let Φ0 = 〈µ, p〉 with 0 6= µ ∈ R
n, that we want to satisfy {Φ0, Z} = 0. Writing

Z =
∑

k∈Mω
ck(p) exp

(
i〈k, q〉

)
calculate

{Φ0, Z} = −i
∑

k∈Mω

〈k, µ〉 ck(p) exp
(
i〈k, q〉

)
,
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which is zero if µ ⊥ Mω . Therefore there are n − dim(Mω) such functions which are
independent. Moreover Z itself is a first integral which is independent of the ones so
found in the resonant case, since Z will typically depend also on the angles. In general
there are no further independent first integrals unless Z has a very special form.

We may now see that Φ = TχΦ0 = Φ0 + Φ1 + . . . is a first integral for H. For by
the properties of the Lie transform operator Tχ we have

{Φ, H} = {TχΦ0, TχZ} = Tχ{Φ0, Z} = 0 ,

i.e., Φ = TχΦ0 is a first integral of the wanted form. The n−dim(Mω) first integrals so
found are obviously independent. They are also in involution. For, let Φ0 = 〈µ, I〉 and
Φ′

0 = 〈µ′, I〉 be independent. Then {Φ,Φ′} = {TχΦ0, TχΦ
′
0} = Tχ{Φ0,Φ

′
0} = 0.

In the non resonant case, dim(Mω) = 0, the condition ∂ωZ = 0 of normal form
implies that ∂Z

∂q = 0, i.e., we have Z = Z(p1, . . . , pn). Then the system is formally
integrable: p1, . . . , pn are first integrals, and are the action variables. Moreover, the
normal form is formally expanded in power series of p (powers of p1/2 entail a dependence
on the angles). Thus, Z1 = Z3 = . . . = 0. The usual description of the dynamics applies
in this case. The phase space is foliated into invariant tori parameterized by p1, . . . , pn,
carrying quasi periodic motions with frequencies

Ω(p) = ω +
∂Z2

∂p
(p) +

∂Z4

∂p
(p) + . . .

Thus, generically, the dynamics of the normal form is not isochronous.

Let us now come to the resonant case, 0 < dim(Mω) = r < n, which is more
intriguing. As we have seen, the normal form depends on the actions p and on the
combinations of the angles 〈k, q〉 with k ∈ M, i.e

Z(p, q) = 〈ω, p〉+ Z1

(
p1, . . . , pn, 〈k(1), q〉, . . . , 〈k(r), q〉

)
+ . . .

For r = 1 the Hamiltonian Z possesses n−1 independent first integrals which are linear
combinations of the actions p. Moreover, the Hamiltonian itself is a first integral, and if
Z(q, p) does depend on q then it is independent of the previous first integrals. Therefore
the system is still Liouville–integrable.

A resonant system with dim(Mω) = r > 1 is not expected to be integrable, except
for very particular cases. However the first integrals may be used in order to reduce the
number of degrees of freedom by r. A general procedure is the following. First, find a
basis k(1), . . . , k(r) for Mω . That is, we should choose r integer vectors in Mω which
are independent, and satisfy the further property that span

(
k(1), . . . , k(r)

)
∩Z

n = Mω .
Denote by






k1,1 k1,2 . . . k1,n
...

... . . .
...

kr,1 kn−r,2 . . . kr,n






the matrix whose lines are the vectors of the basis. Then the matrix can be completed



Perturbation methods in Celestial Mechanics 27

with integer entries in the form

M =













k1,1 k1,2 . . . k1,n
...

... · · ·
...

kr,1 kn−r,2 . . . kr,n
m1,1 m1,2 . . . m1,n

...
... · · ·

...
mn−r,1 mn−r,2 . . . mn−r,n













, detM = ±1

Such a matrix is said to be unimodular. The interesting fact is that it provides a linear
transformation on a torus that preserves all periods.

Apply the canonical transformation with generating function S(I, q) = 〈I,Mq〉, i.e.,
ϕ = Mq , p = M

⊤I .

Then the Hamiltonian is transformed as

H0(I) = 〈ω′, I〉 , Zs(I, ϕ) = Zs(I1, . . . , In, ϕ1, . . . , ϕr) ,

ω′ = Mω = (0, . . . , 0, ω′
n−r+1, . . . , ω

′
n) .

The Hamiltonian turns out to depend only on the resonant angles ϕ1, . . . , ϕr. Hence
the actions Ir+1, . . . , In are first integrals that may be considered as parameters, and
we may forget H0(In−r+1, . . . , In), which is constant. We conclude that the dynamics
is determined by the family of reduced systems of r < n degrees of freedom with
Hamiltonian

Z(I1, . . . , In, ϕ1, . . . , ϕr) = Z1(I1, . . . , In, ϕ1, . . . , ϕr) + Z2(I1, . . . , In, ϕ1, . . . , ϕr) + . . .

parameterized by the initial values of the constants Ir+1, . . . , In. However, the latter
Hamiltonian, in general, is not a perturbation of an integrable system: its dynamics
may well be chaotic, typically over a slow time scale.

A last caveat: we should never forget that all claims made in this section are just
formal: we still lack a discussion of the (non) convergence of the normal form.

4.6 The dark side of small divisors

Let us now come to the problem of convergence of the normal form of Poincaré–Birkhoff.
To this end, let us associate again to the frequency vector ω the non increasing sequence
{αr}r>0 defined as

(13) αr = min
0<|k|≤rK

(|〈k, ω〉|) .

The trouble here is that the naive argument concerning the accumulation of divisors
illustrated at the beginning of sect. 3.5 fully applies to the present case. For, looking at
the recurrent formulæ (11) and (12) we see that the following happens: the generating
function χr appears to have the divisors α1 · · ·αr, which cause the norm to grow as
a factorial. One may hope that a kind mechanism similar to that of the algorithm of
Kolmogorov applies, thus leading again to a kind accumulation of divisors, but no such
mechanism has been discovered.
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Thus, there is a strong suggestion that the normal form of Poincaré–Birkhoff does
not converge. Indeed, Siegel in 1941 proved that the normal form is generically non con-
vergent [63]: in a suitable topology on the space of Hamiltonians in the neighbourhood
of an equilibrium divergence occurs in the majority of cases, and the divergent Hamil-
tonians are dense. Things are actually quite complicated, since in a different topology
the set of Hamiltonians with a convergent normal form is also dense.

The mechanism of divergence has been investigated by Contopoulos, Efthymiopou-
los and the author [13][16] on the basis of some considerations on maps in [62]. The
conclusion was that the estimates of accumulation via diophantine inequality are close
to optimal.

In view of divergence one may be tempted to reject all methods based on the
normal form of Poincaré–Birkhoff — a conclusion in sharp contrast with the old standing
tradition of Celestial Mechanics, quite successful in describing many phenomena. But
there is a much better attempt, already suggested by Poincaré: exploit the asymptotic
character of perturbation series.

4.7 Old fashioned numerical exploration

At the dawn of numerical simulations of dynamics, between 1955 and 1960, the method
of Poincaré section has been used in order to visualize the dynamics of systems of two
harmonic oscillators with a cubic nonlinearity, a simple model that may describe the
dynamics of stars in a Galaxy. Many such studies have been performed by Contopoulos,
who also had the idea of calculating the so called third integral (to be added to the
energy and the angular momentum) by a series expansion similar to that obtained
via the Poincaré–Birkhoff normal form, and to compare the results with the Poincaré
section. The series had to be truncated at low order, of course, due to the limited power
of computers available at that time. The aim of this section is to perform a similar
comparison paying attention to aspects related to the convergence of the series.

The starting point is nothing but the traditional one: truncate the expansions at a
finite order, r ≥ 1 say (degree r + 2). That is, get a truncated normal form

H(r) = 〈ω, p〉+ Z1(p) + . . .+ Zr(p) + F (r)(p, q) ,

with F (r) a non normalized remainder of order at least r. This is done by constructing
the Lie triangle up to the r–th line, and so a truncated generating sequence {χ1, . . . , χr}.
The problems connected with resonances appear here in a weak form: only resonances
〈k, ω〉 = 0 with |k| ≤ r + 2 should be avoided, or taken into account by constructing
a resonant normal form. Having determined the generating sequence, we are able to
construct a truncated first integral, e.g.,

Φ(r) = Il +Φ1(p, q) + . . .+Φr(p, q)

taking as Il one of the actions (or a combination adapted to the resonance).

As a model problem, let us consider the Hamiltonian

(14) H =
ω1

2
(x21 + y21)−

ω2

2
(x22 + y22) + x21x2 −

1

3
x32 , ω1 = 1 , ω2 =

√
5− 1

2
.
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Figure 4. The Poincaré section for the Hamiltonian (14) on the energy surface

E = 0.0025.

Note that the frequencies here have different signs, which makes the model reminiscent
of the case of triangular equilibria of the planar restricted problem of three bodies: the
energy integral can not be used as a Lyapounov function in order to assure stability.

The Poincaré section on the energy surface E = 0.0025 is calculated by setting
x1 = 0, and the result is reported in fig. 4. One will remark that a stable region exists
close to the origin, that can be investigated by constructing a suitable first integral. The
region is bounded by the separatrices of an unstable periodic orbit. There are also three
separated islands outside the region represented here, which are not described by our
normal form.

The comparison with the first integral is not difficult. Choosing a point (x2, y2)
on the section plane, with x1 = 0, the value y1 is found by solving the equation
H(0, y1, x2, y2) = E, thus giving y1(x2, y2). Then one replaces these values in Φ, thus
getting a function Φ(0, y1(x2, y2), x2, y2) of two variables. If Φ is a true first integral
(e.g., in case of convergence) then the level lines of the functions should describe the
Poincaré section of the orbit.

The comparison between the Poincaré section and the level lines of the first integral
is represented in figs. 5 and 6, for truncation orders 5, 9, 12, 24, 38, 45, 60, 70. It goes
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Figure 5. Comparison of the Poincaré section of the Hamiltonian (14) with the

level lines of the first integral, truncated at different orders.

without saying that an expansion up to order 70 has been made possible thanks to
the increased power of computers, compared to the ones available in the sixties: the
calculation has been performed on a desktop computer around 1997. One sees that
there is a good (visual) coincidence of the curves close to the origin, with some global
improvement up to a truncation order 24 where singularities non dramatically far from
the unstable orbit seem to show up. But a further increase of the truncation makes the
region of correspondence to gradually shrink, suggesting that its size will reduce to zero
for r → ∞. This is precisely the expected behaviour of an asymptotic series.
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Figure 6. Continuation of fig. 5

4.8 Qualitative description of dynamics

A description of the dynamics in terms of truncated first integrals is based on the
following considerations. Pick r ≥ 1, and consider the truncated first integral

(15) Φ(r) = Il +Φ1 + . . .+Φr .

A combination of the actions may be taken in the resonant case. It is easily checked
that by construction we have

Φ̇(r) = −{H1,Φr} ,
which is a polynomial of degree r + 3. For a Hamiltonian with a full power series
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Figure 7. Illustrating the effect of the deformation and of the noise.

expansion we get a series starting with terms of degree r + 3.

Consider now a domain of initial data which is a polydisk of radius ̺ centered at
the origin, namely

∆̺ =
{
(x, y) ∈ R

n : x2 + y2 ≤ ̺2
}
.

Suppose for a moment that (by some unexpected miracle) Φ(r) is an exact first integral,
so that it keeps its initial value during the evolution. Recall, however, that we are usually
able to observe only the action Il : determining hopefully better quantities that may be
calculated by perturbation methods is a more difficult task. But from (15) we know that
in the domain ∆̺ we have

∣
∣Il(x, y)

∣
∣ =

∣
∣Φ(r)(x, y)− Il

∣
∣ < Dr̺

3 ,

with some constant Dr depending on the truncation order. In other words, the torus
Φ(r)(x, y) = constant appears in the original variables x, y as a deformed torus carrying
a quasiperiodic motion. Therefore the value of Il(t) will actually oscillate in a strip of
width Dr̺

3, and its evolution will be quasiperiodic, as illustrated in the upper part (a)
of fig. 7.
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But Φ(r)(x, y) is not exactly constant. Therefore we can say only that (by the
triangle inequality)

∣
∣Il(t)− Il(0)

∣
∣ <

∣
∣Il(t)− Φ(r)(t)

∣
∣+
∣
∣Φ(r)(t)− Φ(r)(0)

∣
∣+
∣
∣Φ(r)(0)− Il(0)

∣
∣

with
∣
∣Φ(r)(t)− Φ(r)(0)

∣
∣ ≤ |t| ·

∣
∣Φ̇(r)

∣
∣ < t · Cr̺

r+3 ,

with some constant Cr depending on the order of truncation. We conclude that I(t)
oscillates in a strip whose width increases very slowly, with a slope O(̺−r), being also
subjected to a noise that is superimposed to the quasiperiodic motion, as illustrated in
the lower part (b) of fig. 7. The effect of the noise can not be predicted, and induces
small, possibly chaotic deviations with respect to the quasiperiodic evolution.

These considerations force us to accept the idea that stability may occur only for
a long time, but not forever. This will be discussed in detail in the next section.

5. Long time stability

When discussing stability the most common reference is the theory of Lyapounov, paying
particular attention to stability of an equilibrium. But for a physical system that evolves
equilibrium is an exceptional state. We need a more refined approach that takes into
account at the same time the existence of action variables for an integrable system and
the lack of integrability introduced by a small perturbation.
We may reformulate the problem of stability as follows:

Prove that the actions I satisfy an inequality such as

(16)
∣
∣I(t)− I(0)

∣
∣ < εb for |t| ≤ T (ε)

with T (ε) large, in a sense to be made precise, and with some positive b < 1.
In the case of an elliptic equilibrium the role of the perturbation parameter ε is played
by the size ̺ of the neighbourhood of the equilibrium.

The latter formulation is particularly suited to the case of the Solar System. The
actions are (in rough but essentially correct terms) the semimajor axes, the eccentricities
and the inclinations of the orbits. The angles are the mean anomaly (related to an area
according to the second Kepler’s law), the argument of the perihelion and the argument
of the node. For the development of life it is essential that the semimajor axes, the
eccentricities and the inclinations do not change too much for a substantial fraction of
the life of the Solar System itself. The question is: Does our model of the Solar System
account for such a long stability time?

5.1 A note on the concept of stability

Different approaches to the problem of stability of perturbed, near to integrable systems
have been developed. The basic question is expressed by (16). The dependence of T (ε)
on the size of the perturbation makes the difference.
(i) T (ε) ≃ 1/ε: adiabatic invariants. This is essentially the theory of Lagrange for

the Solar System, related to the method of averaging. It could be noted that this
concept has played a major role in the development of Quantum Mechanics.
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(ii) T (ε) ≃ 1/εr with r > 1: complete stability. It was introduced by Birkhoff [6] for the
dynamics around an equilibrium, as we have said in sect. 4.8. It is based on a bound
of type Cr̺

r+3 on the noise, with some undetermined constant Cr depending on r.

(iii) T (ε) ≃ exp(1/εa) with 0 < a ≤ 1: exponential stability. It has been proposed by
Moser [53] and Littlewood [47][48] for an elliptic equilibrium. Its general form has
been developed by Nekhoroshev [55][56].

(iv) T (ε) ≃ exp
(
exp(1/εa)

)
with 0 < a ≤ 1: the superexponential stability. It has been

investigated by Morbidelli and the author [52][22].

(v) T (ε) = ∞: perpetual stability. It has been the dream of many mathematicians and
astronomers of the XIX–th century: to prove that the Newtonian model of the Solar
System is integrable. It is also the guiding idea of the theory of Lyapounov [51].

5.2 Adiabatic theory and complete stability

Let us recall that having fixed r ≥ 1 we may construct the normal form of the Hamil-
tonian truncated at order r, namely.

H(r) = 〈ω, p〉+ Z1(p) + . . .+ Zr(p) + F (r)(p, q) , F (r) = O(εr+1) .

We may also construct truncated first integrals, e.g.,

Φ(r) = pl +Φ1(p, q) + . . .+Φr , Φ̇(r) = O(εr+1) .

Taking into account both the deformation and the noise we conclude

∣
∣p(t)− p(0)

∣
∣ = O(ε) for |t| ∼ 1

εr
.

For r = 1 this corresponds to applying the averaging method. The result is the
typical estimate of adiabatic theory: the actions remain almost constant for a time of
order 1/ε.

The concept of complete stability corresponds essentially to performing a higher
order averaging. The result is qualitative. For instance, in the case of a neighbourhood
of size ̺ of an elliptic equilibrium it may be reformulated as

∣
∣p(t)− p(0)

∣
∣ = O(̺3) for |t| ∼ 1

̺r
,

adding the usual claim that this is true for ̺ small enough. In slightly more precise
terms, the size of the remainder should be estimated as

∣
∣F (r)

∣
∣ < Cr̺

r+3 ,

with a constant Cr strongly affected by accumulation of small divisors and growing very
fast with r. Birkhoff did not try to estimate the dependence of Cr on r. The natural
question is: Can we make more precise and possibly improve the complete stability of
Birkhoff?
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5.3 Exponential stability

In order to be definite, let us assume a condition of non resonance. The resonant case
may be treated in a similar manner.

An estimate of the constant Cr may be found by implementing a scheme of analytic
estimates, as we did for the theorem of Kolmogorov. However, let us avoid technical and
boring calculations. The interested reader may find a detailed exposition in [18] or [19].
In the case of Kolomogorov we have seen that the crucial problem is the accumulation
of small divisors coming both from the solution of the homological equation and from
Cauchy’s estimates for Lie derivatives. As we have already remarked in sect. 4.6 the
function χr of the generating sequence is expected to have a product α1 · · ·αr of divisors,
with the sequence of α’s defined by (13). Let us assume a diophantine condition on the
frequencies, i.e., αr ∼ r−τ with τ > n − 1. Hence we may guess that the constant Cr

may be replaced by Cr(r!)a with a constant C not depending on r and with a > τ , in
order to account for the estimate of Lie derivatives. So it is, indeed, and one may also
find a = τ + 1.

Accepting the argument above, the remainder of the normal form (forgetting
unessential constants) is estimated as

F (r) ∼ (r!)aεr+1 .

The estimate depends on two quantities: (i) ε, given by Nature, and (ii) r, which is our
choice. It would be desirable to remove our arbitrary choice of r. To this end, for a given
ε let us look for the best choice of r, in the sense that the remainder F (r) is reduced
to a minimum. Write the right hand side as (r!)aεr = raε ·

(
(r− 1)!

)a
εr−1, and remark

that it clearly takes a minimum for

r = ropt = (1/ε)1/a .

Using Stirling’s formula calculate

(ropt!)
aεropt ∼

(ropt
e

)aropt
εropt ∼ exp

[

−a
(
1

ε

)1/a
]

.

The latter estimate depends only on ε, as wanted. Hence for a given ε we get the estimate

∣
∣p(t)− p(0)

∣
∣ = O(ε) for |t| ∼ exp

[

a

(
1

ε

)1/a
]

,

a time exponentially long with a power of 1/ε. This is the exponential stability. Little-
wood commented: “If not eternity, this is a considerable slice of it.”

5.4 Using computer algebra
The argument of the previous section may be implemented numerically using a suitable
package of algebraic manipulation. The aim is to obtain good stability estimates by
using the truncated first integrals explicitly constructed. I will illustrate the procedure
for the case of an elliptic equilibrium, also giving an explicit example.

Suppose that we have constructed the normal form according to the algorithm of
formulæ (11) and (12), up to some order r. Then we may also construct truncated first
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Dr(̺0, ̺)

̺

Φ̇
(r)

̺

̺opt(r) ̺

τr(̺0, ̺)

T ∗
r
(̺0)

ropt r

T ∗(̺0)

Figure 8. Illustrating the scheme of calculation of the optimal stability time.

integrals Φ(r) = Il + Φ1 + . . . + Φr , with Il = (x2l + y2l )/2, which are polynomials of
degree r+2. All this may be done, e.g., with the same program used for figures 5 and 6.

The aim is to perform a numerical optimization of the order r. Consider a domain

∆̺ =

{

(x, y) ∈ R
2n : Il(x, y) ≤

̺2

2
, l = 1, . . . , n

}

,

namely a polydisk of radius ̺ centered at the origin (the equilibrium). A preliminary
problem is to evaluate the supremum norm of polynomials in such a domain. This can
be done in different ways: the simplest one is to add up the absolute values of the
coefficients and multiply by a power ̺s if the polynomial is homogeneous of degree s.
A better method will produce better estimates of the time of stability, of course.

Take an initial point (x0, y0) ∈ ∆̺0 . The orbit is subject to the combined effect of
deformation and noise, and can possibly escape from a larger disk ∆̺ after some time.
We want to establish an estimate such as φt(x0, y0) ∈ ∆̺ for |t| ≤ τ(̺0, ̺) for ̺0 < ̺.
To this end let us recall the inequality

∣
∣I(t)− I(0)

∣
∣ ≤

∣
∣I(t)− Φ(r)(t)

∣
∣

︸ ︷︷ ︸

δr(̺)

+
∣
∣Φ(r)(t)− Φ(r)(0)

∣
∣+
∣
∣I(0)− Φ(r)(0)

∣
∣

︸ ︷︷ ︸

δr(̺0)

,

δr(̺) = sup
∆̺

∣
∣Φ(r)(x, y)− Il(x, y)

∣
∣ ,

which holds true provided I(t) < ̺2/2. The quantities δr(̺0) and δr(̺) measure the
deformation, of order ̺3, that can be determined using the estimate of the supremum
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norm, since we know the expansion. The quantity
∣
∣Φ(r)(t)−Φ(r)(0)

∣
∣ is the contribution

of the noise, that is estimated as
∣
∣Φ(r)(t)− Φ(r)(0)

∣
∣ < |t| sup

(x,y)∈∆̺

∣
∣Φ̇l(x, y)

∣
∣ .

For given ̺0, ̺ let

Dr(̺0, ̺) =
̺2 − ̺20

2
− δr(̺)− δr(̺0) .

This is the quantity left for diffusion. In view of δr(̺) ∼ ̺3, the qualitative behaviour
of the function Dr(̺0, ̺) is as represented in the upper left panel of fig. 8. The allowed
interval for ̺ is determined by the compatibility condition Dr(̺0, ̺) ≥ 0.

Using all the first integrals available, the escape time from ∆̺ is then estimated to
be not less than

(17) τr(̺0, ̺) = min
l=1,...,n

Dr(̺0, ̺)

sup(x,y)∈∆̺

∣
∣Φ̇(r)(x, y)

∣
∣

The qualitative graph of the denominator of the latter expression is represented in the
right upper panel of fig. 8: it grows as fast as r!̺r+3, thus strongly depending on r.

The estimate (17) depends on r, ̺0 and ̺, and we want to optimize it against r and
̺. That is: to look for an optimal estimate

T ∗(̺0) = max
r

sup
̺
τr(̺0, ̺) .

depending only on the initial radius ̺0.
The qualitative behaviour of the function τr(̺0, ̺) for a fixed r is represented in

the left lower panel of fig. 8. It has a maximum in the allowed interval of ̺ at a point
̺opt with a corresponding value T ∗

r (̺0) which represents the best estimate of the time
for a given r. The last step is the optimization against r. In view of the asymptotic
character of the series the values T ∗

r (̺0) are expected to distribute as in the right lower
panel of fig. 8, thus allowing us to select an optimal value ropt for r corresponding to
the maximum and depending only on ̺0, as requested. The wanted value T ∗(̺0) is the
maximum so found, to which an optimal value ̺opt is associated.

The qualitative behaviour of T ∗(̺0) is represented in fig. 9, in log–log scale. Accord-
ing to the behaviour of a function such as r!̺r it is expected that there is a decreasing
sequence ̺1, ̺2, ̺3, . . . of values of ̺ which mark an increase of the optimal order ropt.
Here, ̺1 plays the role of a threshold above which nothing useful is provided by pertur-
bation methods: the perturbation is too big. Conversely, in every interval [̺r, ̺r−1] the
estimated stability time grovs as ̺−r, as represented in fig. 9. The resulting graph is a
sequence of segments with increasing slope for ̺→ 0. The exponential behaviour of the
estimated stability time is actually a lower bound to the sequence of segments.

The method illustrated here can be adapted to the study of stability in a neighbour-
hood of an invariant torus: it is just matter of using a scheme of algebraic manipulation
adapted to that case. Once the generating sequence of the normal form is constructed,
the procedure is the same. As a last remark, the numerical estimates of the stability
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ρ2ρ3. . .

ln ρ0

ρ1

lnT*(ρ0)

Figure 9. The expected behaviour of the optimal stability time as a function of

the initial radius ̺0 , in log–log scale.

time may be increased if one accepts to work in the coordinates of the normal form. This
removes the need of taking into account the deformation of coordinates. The domain of
stability turns out to be a deformed disk, but the procedure is correct.

5.5 An application to the Sun-Jupiter-Saturn-Uranus system

Some applications of the method above are available in the literature. E.g., applications
to the case of the triangular Lagrangian equilibria in the case of the Sun–Jupiter system
have been worked out in [7], [21] and [17]; while applications to the Sun-Jupiter-Saturn
system can be found in [50], [24] and in [61], where also Uranus is considered. Here I re-
port the results for the case of the Sun-Jupiter-Saturn-Uranus system [25], investigating
the long time stability in a neighborhood of an invariant KAM torus which approxi-
mates very well the secular orbits. Specifically, we consider a planar secular model that
can be regarded as a major refinement of the Lagrange-Laplace theory.

Hereafter, I only sketch the procedure, referring to [25] for a detailed exposition.
First the the Hamiltonian is expanded in Poincaré variables. In our calculations we
truncate the expansion as follows. The Keplerian part is expanded up to the quadratic
terms in the fast actions, while the perturbation, due to the mutual interactions betwwen
the planets, include: (i) the linear terms in the so-called fast actions, (ii) all terms up
to degree 18 in the secular variables, (iii) all terms up to the trigonometric degree 16
with respect to the fast angles. Our choice of the limits allows to include the effects of
near mean-motion resonances (5:2 Jup.-Sat., 7:1 Jup.-Uran., 7:5:3 Jup.-Sat.-Uran.).

Then, following the approach described in [50], we perform two “Kolmogorov-like”
normalization steps so as to remove the main perturbation terms depending on the fast
angles. This allows us to improve the classical circular approximation, by replacing it
with a solution that is invariant up to order two in the masses.
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Figure 10. The optimal normalization order (left panel) and the estimated stabil-

ity time (right panel) for the planar Sun–Jupiter–Saturn–Uranus system. (Figure

from [25].)

The secular Hamiltonian is then obtained just by averaging over the fast angles.
After the diagonalization of the quadratic part, the Hamiltonian essentially describes
a system of three perturbed harmonic oscillators. Thus, we can construct a secular
invariant KAM torus near an elliptic equilibrium and compute the estimated stability
time in a neighborhood of that torus. The actual implementation consists in the explicit
computation of the Kolmogorov normal form (up to order 5), followed by a high-order
Birkhoff normalization via an iterative scheme of estimates. Finally the stability time
is numerically estimated.

The result is reported in fig. 10. In the left panel the value of ropt is reported as a
function of ̺0. In the right panel we report the estimated stability time as a function of
the initial distance ̺0 from the invariant KAM torus.

The ideal goal is to show that there is a neighborhood of that torus for which the
estimated stability time is larger than the lifetime of the Solar System. In our result, the
actual size of such a neighborhood, compared with the uncertainties of the astronomical
observations, is about ten times smaller.

6. A considerable slice of eternity

The last section is devoted to an informal exposition of the theorem of Nekhoroshev on
exponential stability and of its extension named superexponential stability.

The theorem of Nekhoroshev may be seen as the global version of the exponential
stability discussed in sect. 4 and 5. The results in the previous sections are local, being
concerned with a neighbourhood of either an elliptic equilibrium or an invariant torus.
The theory of Nekhoroshev investigates the stability of dynamics in a possibly large
open set of the phase space; more precisely in an open set of the actions domain.
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Figure 11. The dynamics inside a non resonance domain.

The theory of superexponential stability aims at showing that the stability time
may be much longer than exponential.

6.1 Back to the general problem of dynamics

Let us consider a Hamiltonian

H(p, q) = h(p) +H1(p, q) +H2(p, q) + . . . , (p, q) ∈ G × T
n ,

where Hs = O(εs) is a trigonometric polynomial of degree sK for some K > 0. As
already observed, every holomorphic perturbation may be cast in this form.

We have learned that for such a system first integrals do not exist (the theorem
of Poincaré), because the divisors 〈k, ω(p)〉 are not constant, and resonances are dense.
However, the example of sect. 2.3 shows that truncated first integrals may be constructed
in suitable domains. On the other hand, the local theory of normal form applies also in
case of resonance. These ideas are exploited in the theory of Nekhoroshev.

We proceed in two steps, named analytic part and geometric part. In the analytic
part a local result in a region around given resonances is found; it sheds some light on the
local behaviour of orbits, but is unable to provide a global description. The geometric
part makes the picture global by introducing a clever geography of resonances.

6.2 Local analytic results

We need a definition. A non–resonance domain is an open subset V of the action space
G characterized by:
(i) a given resonance module M ⊂ Z

n, with 0 ≤ dimM < n;
(ii) a non resonance condition on V: for some r ≥ 1 we want

|〈k, ω(p)〉| > α for all p ∈ V , k ∈ Z
n \M and |k| ≤ rK .

The non resonance condition assures that a normal form up to order r can be
constructed in the domain V. The normal form will be either the non resonant or the
resonant one, depending on the resonance module M. Therefore we may construct a
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V

V ′

p

ΠM′ΠM

Figure 12. Illustrating the mechanism of overlapping of resonances that may drive

an orbith through different non resonance domains, thus causing diffusion.

Hamiltonian in normal form

H(r)(p, q) = h(p) + Z1(p, q) + . . .+ Zr(p, q) + F (r)(p, q) ,

Zs(p, q) =
∑

k∈M , |k|≤sK

zk(p)e
i〈k,q〉 , F (r) = O(εr) .

The construction is the same as for a neighbourhood of an invariant torus, the only
difference being that the frequencies ω(p) = ∂H0

∂p do depend on the actions. However,
the presence of zero divisors is excluded in the non resonance domain V.

The Hamiltonian H(r) −F (r) possesses n− dimM independent first integrals

Φ(p) = 〈λ, p〉 with λ ⊥ M .

The intersection ΠM of the planes 〈λ, p〉 = c, that we name resonant plane, is invariant
for the flow of H(r)−F (r). However we must take into account the deformation induced
by the transformation to normal form, and also the (very slow) noise induced by the
perturbation. Thus we formulate a local stability lemma: the orbit lies in a cylinder of
radius δ(ε) around the resonant plane for a time O(1/εr) unless it leaves the domain V
through a base of the cylinder (the intersection with the border of V).

The meaning is illustrated in fig. 11. The initial point p determines the resonant
plane ΠM(p) that is invariant in the coordinates of the normal form. Due to deformation,
in the original coordinates the orbit is confined in a small neighbourhood of the invariant
plane; call it a cylinder. The flow due to H(r) −F (r) causes a fast drift along the plane;
the noise induces a slow drift, possibly transversal to the plane, that makes the size of
the cylinder to grow during time: see the description of dynamics in sect. 4.8.

An escape due to noise may occur only after a long time. However, an escape due
to fast drift may well occur in a time 1/ε. The question is: what happens if the orbit
leaves V? An escape could cause a diffusion of the orbit inside the action domain G.

Diffusion may actually be generated by two different mechanisms. The first one
is due to a channel of diffusion, which may appear if a resonant plane coincides or
is too close to the manifold 〈k, ω(p)〉 = 0. The second mechanism is the so called
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ZM′

ZM

ZM∪M′

ΣM′

ΣM

Figure 13. Resonant manifolds and resonant zones. For two resonance modules

M and M′ of dimension 1 the resonant manifolds are actually two curves. The

intersection between the two curves (a point in the figure) is the resonant manifold

associated to the resonance module M∪M′. The resonant zones of multiplicity 0

is the whole domain G. The resonant zones of multiplicity 1 associated to M and

M′ are the light grey strips around the corresponding resonant manifolds. The

resonant zone of multiplicity 2 associated to M∪M′ is the dark grey square.

overlapping of resonances, illustrated in fig. 12. The fast drift along the resonant plane
may drive the orbit inside a different non resonance domain, where it can follow a
different resonant plane, and so on. The latter mechanism has been identified a long
time ago as the responsible of chaos [12] [10]. Nowadays it can be observed in many nice
figures representing some parameter that characterizes chaos or diffusion. A stability
result should avoid such situations, at least for resonances of not too high order.

6.3 Geography of resonances

My aim now is to illustrate in a not too technical form the geometric part of the theorem
of Nekhoroshev. The definitions here are of a general character. What is omitted is the
part concerning the choice of parameters that determine the size of different parts. A
reader who is looking for a detailed proof in a reference that uses the same scheme and
language of the present notes may see, e.g., [20] or [23].

The backbone of the geography of resonance is provided by the resonant manifolds
(see fig. 13) Pick a positive integer N , and select all resonance modules M, of any
dimension s = dimM, that contain s independent integer vectors with |k| ≤ N . To
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B{0}
BM′

B{0}

B{0}
BM′

B{0}

BM

B{0} ∩ ZM∪M′

ΣM

ΣM′

BM

ZM∪M′

Figure 14. Resonant blocks. From every zone of multiplicity s subtract the part

belonging to a zone of multiplicity s+1. E.g., B{0} is the whole domain minus the

light grey cross of the zones of multiplicity 1 in fig. 13; BM is the zone ZM minus

the dark grey square of multiplicity 2; BM∪M′ is the dark grey square. The dashed

region belongs to both B{0} and BM∪M′ , but not to a zone of multiplicity 1.

every resonance module associate a resonant manifold

ΣM =
{
p : 〈k, ω(p)〉 = 0 for k ∈ M

}
.

The number of resonance modules satisfying the condition above is clearly finite; there-
fore the structure of resonant manifolds is not dense. Around a resonant manifold we
select a strip of width βs increasing with s = dimM. The increase of βs with the multi-
plicity allows us to avoid overlapping of resonances, as will be explained later. We define
a resonant zone associated to M as

ZM =
{
p : |〈k, ω(p)〉| ≤ βs for k ∈ M , |k| ≤ N

}
.

Let us say that the resonant zone has multiplicity s = dimM.

A resonant block of multiplicity s is constructed by taking out from a zone every-
thing that belongs to a zone of multiplicity s+ 1. I.e., if s = dimM then

BM = ZM \ Z∗
s+1 , Z∗

s+1 =
⋃

dimM′=s+1

ZM′ .

Remark that a block of multiplicity s has empty intersection with every block of multi-
plicity s+ 1, but its intersection with blocks of multiplicity larger than s+ 1 may well
be non empty (see fig. 14).
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ΣM

ΣM′

ZM∪M′
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B{0}

B{0}
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ΠM′(p′)

ΠM′(p′′)

ΠM(p)

p′

p′′

p

Figure 15. Resonant planes, cylinders and extended blocks. Through every point

of the domain we draw the resonant plane parallel to the resonance module M.

Next we add a strip of width δs around the resonant plane and intersect it with the

corresponding zone. This makes a cylinder. E.g., the cylider around a point inside

the non resonant block B{0} is actually disk. The union of cylinders constructed

around all points of a block makes an extended block.

The structure of the resonant block is a good basis for constructing the non res-
onance domains requested by the analytic part of the theory. For, we know exactly
which resonances are inside the block, by construction of the zones, and resonances not
belonging to the module M associated to the block have been excluded. However, the
clean structure of the blocks conflicts with the dynamics (and with the restrictions of
domains requested by analytic estimates, that I do not take care of here). Hence we
should continue our construction making the structure of blocks somehow fuzzy.

Let p ∈ BM be a point of an orbit. The analytic lemma tells us that we should take
into account the fast drift along the plane, with a possible creation of diffusion channels.
This is what can not be excluded and is likely to happen if the resonant plane and the
resonant manifold are too close. In order to avoid such a situation the unperturbed
Hamiltonian H0 must satisfy a suitable condition that guarantees a separation between
the two manifolds (see fig. 15). In the original paper of Nekhoroshev such a condition
was identified with steepness (roughly: a tangency of finite order between ΣM and
ΠM(p).) Other proofs require the more manageable condition of convexity, that implies
transversality, or at least convexity on the energy surface.

This is not enough, however. The analytic lemma also claims that in the original
coordinates (that we are using in our construction) we must take into account the
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deformation and the noise. Therefore we enlarge the plane with a strip of width δs,
depending on the multiplicity of the resonance, and associate to every point p ∈ BM of
a given block a cylinder of width δs defined as

CM,δs(p) = ΠM,δs(p) ∩ ZM , ΠM,δs(p) =
{
p′ ∈ R

n : dist
(
p′,ΠM(p)

)
≤ δs

}
.

Remark that the cylinder lies inside a single resonance zone, due to the intersection:
the bases coincide with the border of the zone. However, it may overlap a zone of
higher multiplicity (see fig. 15). The latter case is harmless provided the condition of
non overlapping of resonances holds true: cylinders with different resonant modules and
same multiplicity should have empty intersection. This is assured by the property of
convexity (or steepness) together with a suitable choice of the parameters βs and δs,
that should be increasing fast enough with s. I will not enter the details of such a choice,
that may be found in published papers.

Finally, all cylinders around every point of a given block are collected together in
an extended block. Formally, we define

BM,δs =
⋃

p∈BM

CM,δs(p) .

The extended blocks are the domains of non resonance required by the analytic part of
the theory: inside an extended block there are known resonances, and the intersection
of blocks of the same multiplicity is empty. The fact that blocks of different multiplicity
may have a non empty intersection makes the painting definitely fuzzy, but this is
unavoidable due to the dynamics.

Thus, we should exploit the property of convexity (or steepness) making a choice of
the parameters βs (the width of the resonant zones) and δs (the width of the cylinders)
so as to satisfy the request of non overlapping of resonance. All parameters must be
defined in terms of the perturbation ε, and decrease to zero with it.

6.4 Confinement of orbits and exponential stability

Let us now come to the final argument of the proof, that I illustrate making reference
to fig. 16. As stated by the analytic lemma, an orbit with initial point on a block moves
inside the corresponding cylinder, thus wandering inside the extended block. Recall that
the fast drift has velocity O(ε). Conversely, the motion due to the noise is slow, with
velocity O(εr). Therefore the orbit may leave a cylinder in a time less that O(1/εr) only
through a base, but in that case it must enter a zone of lower multiplicity.

The latter remark has far reaching consequences: an orbit remains confined in a
cylinder for an exponentially long time. Let me illustrate the trace of the argument.

An orbit may visit different zones, but there is a point p′ belonging to a zone of
minimal multiplicity. Now: the orbit with initial point p′ remains in the corresponding
cylinder up to a time ∼ 1/εr. The proof relies on a simple argument by contradiction:
assume that the orbit leaves the cylinder; then it must exit through a base of the
cylinder, thus entering a zone with lower multiplicity. This contradicts the hypothesis
that p′ was in the zone with minimal multiplicity. Thus we come to the conclusion:
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B{0}

BM

ΠM

Figure 16. An orbit may visit zones of different multiplicity, but it remains con-

fined inside a cylinder of minimal multiplicity.

For every orbit we have

∣
∣p(t)− p(0)

∣
∣ < δ up to |t| ∼ 1

Crεr

where δ is the diameter of the largest cylinder.
The claim follows from analytical estimates according to which the size of the remainder
is ∼ Crε

r with Cr growing as a (power of a) factorial with r, as in the case of an
equilibrium.

It remains to make an optimal choice of a common normalization order r for all
extended blocks. Here we exploit the asymptotic character of the series, as in the case
of an elliptic equilibrium. Recalling that every extended block has his own parameters
βs and δs and a corresponding value of r, take the worst values among them. Then the
process of optimization is similar to that we have made for an elliptic equilibrium.

Theorem 7: Let H = h(p)+εf(p, q, ε) be analytic in all variables in a domain G×T
n,

with G ⊂ R
n open, and let h(p) be a convex function. Then there exist positive constants

µ∗ and T ∗ such that the following statement holds true: if

µ∗ε < 1

then for every orbit p(t), q(t) satisfying p(0) ∈ G one has the estimate

dist
(
p(t)− p(0)

)
≤ (µ∗ε)

1/4

for all times t satisfying

|t| ≤ T ∗

ε
exp

[(
1

µ∗ε

)1/a
]

,

for some positive a depending on n, e.g., a ∼ 2n2.



Perturbation methods in Celestial Mechanics 47

6.5 Superexponential stability

The stability of an invariant torus of Kolmogorov has been discussed in sect. 4, together
with the stability of an elliptic equilibrium, using the normal for of Poincaré–Birkhoff.
The conclusion there was that one can prove exponential stability in Nekhoroshev’s
sense. My aim now is to show that the stability of an invariant torus of Kolmogorov (or
a strongly non resonant elliptic equilibrium) may be definitely stronger than exponential.
For definiteness, I will focus on the case of a torus.

First, we should remind the theorem of Kolmogorov. Assuming that the frequencies
are diophantine, namely

∣
∣〈k, ω〉

∣
∣ > γ|k|−τ , 0 6= k ∈ Z

n , γ > 0 , τ ≥ n− 1 ,

the Hamiltonian is given a holomorphic normal form in the neighbourhood of the torus

H(p, q) = 〈ω, p〉+R(p, q) , R(p, q) = O(p2) .

The second step is the construction of the normal form of Poincaré–Birkhoff in the
neighbourhood of the torus. We should make a suitable expansion of the Hamiltonian

H(p, q) = 〈ω, p〉+H1(p, q) +H2(p, q) + . . .

where Hs(p, q) is small of order εs in some norm. Moreover Hs(p, q) is at least quadratic
in p and a trigonometric polynomial of degree sK in the angles q. As we have already
seen, this can be done. The Poincaré–Birkhoff normal form up to a finite order r is
written as

H(r)(p, q) = 〈ω, p〉+ Z(r)(p) + F (r)(p, q) .

With analytic estimates and an optimal choice of r one finds that if
∣
∣R(p, q)

∣
∣ ∼ ε then

the perturbation becomes exponentially small, i.e.,
∣
∣F (r)(p, q)

∣
∣ ∼ exp

(
−1/ε1/n

)
.

The third step is the application of the theorem of Nekhoroshev in its general form.
Rewrite the Hamiltonian as

H(p, q) = h(p) + F(p, q) , h(p) = 〈ω, p〉+ Z(r)(p) .

Here we must assume that h(p) satisfies the convexity condition. If so, then the Hamil-
tonian has the form required by the theorem of Nekhoroshev, but with an exponentialy
small perturbation. Thus, from the theorem of Nekhoroshev we conclude

∣
∣p(t)− p(0)

∣
∣ ∼ exp

(
−1/ε1/n

)
for |t| ∼ exp

(
exp
(
1/ε1/n

))
.

This is a local result of superexponential stability, first stated in [52].
A stronger version of the theorem may be found in [22]. The proof in this case is

definitely longer, and is inspired by the proof of the theorem of Kolmogorov due to
Arnold [3]. In [3] it is proved that in the phase space there exists a set of invariant tori
which are deformations of strongly non resonant unperturbed tori. The difference with
respect to the proof illustrated in the present lectures is that the result is global, since
it applies to an open set of the action space, and the existence of a set of invariant tori
with large measure is proved at once.
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Superexponential stability follows by replacing the quadratic scheme used by Arnold
with the analytic part of the theorem of Nekhoroshev for a non resonant domain. The
starting point is, again, the general problem of dynamics, namely a Hamiltonian system
H(p, q) = h(p) + εF (p, q).
(i) Excluding from the action space all resonant zones of a finite order, less than some

N > 0, one is left with an open non resonant domain where the Hamiltonian can
be given a normal form similar to the one above, but with a perturbation of size
ε′ ∼ exp(−1/εa) with some positive a < 1. Thus, in the open non resonant domain
one has stability for a time ∼ exp(1/εa).

(ii) The step (i) is iterated infinitely many times by suitably increasing N , so that at
every step the perturbation is exponentially small with respect to the previous step.
Accordingly, the domain is reduced at every step by subtracting the resonant zones
created by the new resonances. Thus one finds a sequence of boxed domains where
one has stability for a time which is successively estimated as

exp
(
∼ exp(1/εa)

)
, exp

(

exp
(
exp(1/εa)

))

, . . .

adding an exponential at every step.
(iii) In the limit of infinitely many steps one finds a set of invariant tori (similar to the

one found by Arnold) wich has an open dense complement.
Thus, with respect to the result of Arnold, one adds the remarkable information that
the dynamics around the tori is frozen much more than exponentially.

7. A final question

In these notes I have presented a series of results from perturbation theory, organized in
a personal picture that starts from the discoveries of Kepler and ends with very recent
and current research. I included in particular the theorem of Kolmogorov on persistence
of invariant tori and the theories of exponential and superexponential stability.

There is a big question that remains unanswered: does all this matter have some
significance for the stability of the Solar System or, more generally, of a planetary
system?

The theorem of Kolmogorov is hardly applicable to the whole Solar System, even
including only the giant planets and the internal planets: numerical simulations have
shown that a chaotic behaviour actually occurs [42][43]. However, it constitutes the
skeleton that lies behind the flesh of theories about long time stability.

The theorem of Nekhoroshev is much more robust. First, the theorem does not
exclude a chatic behaviour: it says that chaos is confined for a long time in a small
region. Second, one can prove a version where a small time dependent perturbation is
allowed, not even periodic or quasi periodic [20]. Therefore, one may attempt to take
into account the action of small bodies as a generic and small time dependence.

Thus, a possible question is: can we prove that the theory of Nekhoroshev — or some
variant of it — is meaningful for a planetary system, possibly with suitable limitations
on its configuration? We have some suggestions in a few particular cases. If we ask more
then the answer, I think, is only: there is still a lot of work to be done.
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Oritur sol, et occidit, et ad locum suum revertitur,
ibique renascens gyrat per meridiem, et flectitur ad
aquilonem . . .
. . . et proposui in animo meo quaerere et investigare
sapienter de omnibus quae fiunt sub sole. Hanc oc-
cupationem pessimam dedit Deus filiis hominum, ut
occuparentur in ea.

(Qohelet)

A. A short overview on Lie series methods

Here I recall a few notions concerning Lie series and Lie transforms that are used in the
text. Throughout the appendix all functions will be assumed to be holomorphic.

A.1 Lie series

For a given generating function χ(p, q) the Lie series operator is defined as the expo-
nential of the Lie derivative Lχ· = {·, χ}, namely

(18) exp(εLχ) =
∑

s≥0

εs

s!
Ls
χ .

This is actually the autonomous flow of the canonical vector field generated by χ(p, q).
The flow at time ε is used in order to produce a one–parameter family of canonical
transformations that is written as

p = exp(εLχ)p
′= p′ − ε

∂χ

∂q

∣
∣
∣
∣
p′,q′

+
ε2

2
Lχ

∂χ

∂q

∣
∣
∣
∣
p′,q′

− . . .

q = exp(εLχ)q
′= q′ + ε

∂χ

∂p

∣
∣
∣
∣
p′,q′

+
ε2

2
Lχ

∂χ

∂p

∣
∣
∣
∣
p′,q′

+ . . . ;

As an operator acting on holomorphic functions the exponential operator is linear and
invertible, and has the remarkable properties of distributing over the products and
the Poisson brackets of functions, i.e., exp(Lχ)(f · g) =

(
exp(Lχ)f

)
·
(
exp(Lχ)g

)
and

exp(Lχ){f, g} = {exp(Lχ)f, exp(Lχ)g}. The inverse of exp
(
εLχ

)
is exp

(
εL−χ

)
, for the

flow is autonomous.
The most useful property of the exponential operator has been named exchange

theorem by Gröbner [28]. It is stated (in a somehow puzzling form) as

f(p, q)
∣
∣
∣
p=exp(εLχ)p′,q=exp(εLχ)q′

= exp(εLχ)f
∣
∣
∣
p′,q′

.

The meaning is that an operation of substitution of a near the identity transformation
followed by an expansion on the parameter (left side) is replaced by a direct application
of the exponential operator to the function (right side): substitutions are avoided.

The application of the operator to a function f(p, q) = f0(p, q) + εf1(p, q) +
ε2f2(p, q) + . . . expanded in power series of the parameter ε is nicely represented by
the triangular diagram for Lie series of table 4. Terms of the same order in ε are aligned
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Table 4. The triangular diagram for Lie series.

g0 f0

↓
g1 Lχ1f0 f1

↓ ↓
g2

1
2L

2
χ1
f0 Lχ1f1 f2

↓ ↓ ↓
g3

1
3!L

3
χ1
f0

1
2L

2
χ1
f1 Lχ1f2 f3

↓ ↓ ↓ ↓
g4

1
4!L

4
χ1
f0

1
3!L

3
χ1
f1

1
2L

2
χ1
f2 Lχ1f3 f4

↓ ↓ ↓ ↓ ↓
...

...
...

...
...

...
. . .

on the same row. Remark that the triangle is generated by columns: every column may
be calculated separately once the upper term is known. If the function f is known,
then the coefficients of the ε expansion of the transformed function g = exp(Lχ)f are
calculated by adding up all terms on the same line. The result may be expressed by the
formula

g0 = f0 , gs =
s∑

j=0

1

j!
Lj
χ1
fs−j , s ≥ 1 .

A generating function χ2 of order ε2 generates a similar triangle, which, however, will
contain many empty cells, as represented in table 5.

A general formula for the transformation of a function with a generating function
of order εr is

g0 = f0 , . . . , gr−1 = fr−1 ,

gs =

k∑

j=0

1

j!
Lj
χr
fs−jr , k =

⌊s

r

⌋

, s ≥ r

Remark that the first change occurs at order r + 1.

Lie series operators of increasing order may be formally composed as follows. Let
χ = {χ1(p, q), χ2(p, q), . . .} be a sequence of generating functions of increasing orders
ε, ε2, . . . ; the composition is formally defined as

Sχ = . . . ◦ exp
(
Lχ3

)
◦ exp

(
Lχ2

)
◦ exp

(
Lχ1

)

We may also use the recursive definition of a sequence of operator S1, S2, S3, . . .

S1 = exp
(
Lχ1

)
, Sr = exp

(
Lχr

)
◦ Sr−1 ,

considering Sχ as the limit (in formal sense) of the latter sequence for r → ∞.
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Table 5. The triangular diagram for a generating function of order ε2.

g0 f0

↓
g1 · f1

↓ ↓
g2 Lχ2f0 · f2

↓ ↓ ↓
g3 · 1

2Lχ2f1 · f3

↓ ↓ ↓ ↓
g4

1
2L

2
χ2
f0 · Lχ2f2 · f4

↓ ↓ ↓ ↓ ↓
...

...
...

...
...

...
. . .

Compositions of Lie series are unavoidable in view of the following property: every
near the identity canonical transformation of coordinates

p = p′ + ϕ1(p
′, q′) + ϕ2(p

′, q′) + . . . , q = q′ + ψ1(p
′, q′) + ψ2(p

′, q′) + . . .

may be represented by a composition of Lie series. In general this is untrue for a single Lie
series. For this reason the composition of Lie series is often replaced by the algorithm of
Lie transform, introduced independently by Hori [32] and Deprit [15]. The two methods
are formally equivalent. However, the composition of Lie series is in definitely better
position as regards the convergence question (for instance in the case of Kolmogorov’s
theorem). If the reader tries to reformulate the control of small divisors in the present
notes using the Lie transform he or she will likely fail.

A.2 An algorithm for Lie transform

Contrary to Lie series, Lie transform can be constructed in a number of different ways.
Here I present one of the formulations. Given a sequence {χ1, χ2, . . .} of generating
functions define the Lie transform operator as

(19) Tχ =
∑

s≥0

Es

with the sequence Es of linear operators recursively defined as

(20) E0 = 1 , Es =
s∑

j=1

j

s
LχjEs−j .

The operator may be seen as a generalization of the exponential operator of Lie series.
A straightforward remark is that if we choose the generating sequence χ = {χ1, 0, 0, . . .}
then Tχ = exp(Lχ1). Moreover Tχ has the same properties of the exponential operator of
Lie series: it is linear and invertible, and distributes over products and Poisson brackets,
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Table 6. The triangular diagram for Lie transform.

g0 f0

↓
g1 E1f0 f1

↓ ↓
g2 E2f0 E1f1 f2

↓ ↓ ↓
g3 E3f0 E2f1 E1f2 f3

↓ ↓ ↓ ↓
g4 E4f0 E3f1 E2f2 E1f3 f4

↓ ↓ ↓ ↓ ↓
...

...
...

...
...

...
. . .

i.e., Tχ(f · g) = Tχf · Tχg and Tχ {f, g} = {Tχ f, Tχ g} for any pair f, g of functions.
The inverse requires some care: it has an elaborate expression which requires a second
sequence of operators:

(21) T−1
χ =

∑

s≥0

Gj , G0 = 1 , Gs = −
s∑

j=1

j

s
Gs−jLχj .

However, using the latter formula for an actual calculation is not recommended: we shall
see in a short a more effective method. The formula is useful for analytical convergence
estimates. It should be remarked that the inverse is not elementary because the Lie
transform may be interpreted as generated by the flow of a non autonomous vector
field, which can not be inverted by a mere change of sign of the vector field (as it
happens for Lie series). Precisely the latter idea is developed in the paper of Deprit [15].

Finally, Tχ possesses the property expressed by the exchange theorem, namely

f(p, q)
∣
∣
∣
p=Tχp′,q=Tχq′

= Tχf
∣
∣
∣
p′,q′

.

The scheme of application of Tχ may also be represented by a triangular diagram
similar to that of Lie series, as represented in table 6. Here too the triangle is filled in by
columns, and a function g = Tχf is found by adding up all contributions on the same
line. The diagram also provides a straightforward method for calculating the inverse
f = T−1

χ g. Just proceed as follows: from the first line get f0 = g0 , and fill the column
for f0 ; from the second line get f1 = g1 − E1f0 , and fill the column for f1 ; from the
third line get f2 = g2 − E1f1 − E2f0 , and fill the column for f2 , and so on.

A.3 Analytical tools

Here I introduce some basic tools that allow us to discuss the convergence of Lie series
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2π

Im q

σ

−σ

̺

d̺

(1− d)̺

(1− d)σ

−(1− d)σ)

0
0

∆̺

Tσ

Re q

Figure 17. Construction of the family of complex domains.

and of composition of Lie series. I shall restrict my attention to the case of a phase
space endowed with action–angle variables p ∈ G ⊂ R

n and q ∈ T
n, as considered in

the present notes. However, the whole argument is based on the theory of holomorphic
functions.

The first step requires introducing a family of complex domains

D(1−d)(̺,σ) = ∆(1−d)̺ × T
n
(1−d)σ

with fixed ̺, σ > 0 and 0 ≤ d < 1; here

(22) ∆̺ =
{
p ∈ C

n : |p| ≤ ̺
}
, T

n
σ =

{
q ∈ C

n : | Im q| ≤ σ
}
.

In the case of one degree of freedom the domain is represented in fig. 17. The action
domain here is a polydisk ∆̺ centered at the origin of Cn, which is enough for the proof
of the theorem of Kolmogorov. However, the whole argument may be extended to the
case of a complex domain G̺ =

⋃

p∈G ∆̺(p) constructed by making the union of all
complex disks of radius ̺ centered at every point of the real domain G of the actions.

The second step is concerned with the extension of Cauchy’s estimates for the
derivatives of holomorphic functions to the case of Lie derivatives. For a function f(p, q)
which is holomorphic in D(̺,σ) we shall use the supremum norm

(23)
∣
∣f
∣
∣
(̺,σ)

= sup
(p,q)∈D(̺,σ)

|f(p, q)| .

We assume that
∣
∣f
∣
∣
(̺,σ)

is finite. Following Cauchy, the derivatives of the function f(p, q)

are estimated as
∣
∣
∣
∣

∂f

∂p

∣
∣
∣
∣
(1−d)(̺,σ)

≤ 1

d̺

∣
∣f
∣
∣
(̺,σ)

,

∣
∣
∣
∣

∂f

∂q

∣
∣
∣
∣
(1−d)(̺,σ)

≤ 1

dσ

∣
∣f
∣
∣
(̺,σ)

.

Higher order derivatives can be estimated, too. However, for our purposes, it is better to
obtain estimates for Lie derivatives. An appropriate approach is the following. Assume
that we know the norm |χ|̺,σ of a generating function χ on the whole domain and the
norm ‖f‖(1−d′)(̺,σ) in a possibly smaller domain, with 0 ≤ d < 1. Then for d′ < d < 1
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φ−1

̺

φ

d̺ d̺

d̺

d̺

d̺

Figure 18. The deformation induced by the near the identity transformation of

lemma 8. The flow is denoted by φ, with inverse φ−1.

one gets generally an estimate such as

(24)
∣
∣Lχf

∣
∣
(1−d)(̺,σ)

≤ C

d(d− d′)̺σ
|χ|̺,σ|f |(1−d′)(̺,σ) .

with some constant C ≥ 1 depending on the choice of the norm (and on the method
of estimate). In the present case of the supremum norm a straightforward calculation
gives C = 2n, because the Poisson bracket is expressed by the sum of 2n products of
derivatives. However, a more careful estimate, using the fact that we are performing a
derivative in a given direction, provides the better value C = 1.

The estimate of multiple Lie derivatives is more delicate. Suppose we know |χ|̺,σ
and |f |̺,σ on the common domain D̺,σ. If we want the evaluate

∣
∣Ls

χf
∣
∣
(1−d)(̺,σ)

in a

restricted domain we can define δ = d/s and estimate, in sequence,

∣
∣Lχf

∣
∣
(1−δ)(̺,σ)

,
∣
∣L2

χf
∣
∣
(1−2δ)(̺,σ)

, . . . , ,
∣
∣Ls

χf
∣
∣
(1−sδ)(̺,σ)

.

To this end we apply by recurrence the estimate (24) for a single derivative, setting
step by step d′ = 0, δ, . . . , (s− 1)δ. With some calculations we end up with the estimate
(setting C = 1)

1

s!

∣
∣Ls

χf
∣
∣
(1−d)(̺,σ)

≤ 1

e

(
e

d2̺σ

)s

|χ|s̺,σ|f |(1−d′)(̺,σ) .
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A.4 Convergence of Lie series and of the composition of Lie series

Substituting the latter estimate in the expression of Lie series we prove

Lemma 8: Let χ(p, q) be holomorphic and bounded in D(̺,σ) . If the convergence
condition

|χ|(̺,σ) <
d2̺σ

2e
, d < 1/2

is satisfied, then the near the identity canonical transformation

p′ = exp
(
Lχ

)
p , q′ = exp

(
Lχ

)
q

is holomorphic in D(1−d)(̺,σ) , and

|p− p′| < d̺ , |q − q′| < dσ .

By the way, the lemma is actually a reformulation of Cauchy’s theorem on existence
and uniqueness of a local flow in the analytic case. The implications of the lemma can be
understood looking at fig. 18 and recalling that the transformation is defined through the
flow generated by χ(p, q). The transformation is essentially a deformation of coordinates.
Therefore if we consider it as defined on a domain D(1−d)(̺,σ), with d < 1/2 then the
relation

(25) D(1−2d)(̺,σ) ⊂ D(1−d)(̺,σ) ⊂ D̺,σ

holds true, so that there is a domain where the transformation is well defined.

Coming to the composition of Lie series, we may intepret it as a composition of
flows. Therefore we should check that the relations (25) are still satisfied. The final
result is expressed by

Proposition 9: Let the sequence of generating functions χ = {χ1, χ2, . . .} be holomor-
phic and bounded in D(̺,σ) . If the convergence condition

∑

j≥1

|χj |(̺,σ) <
d2̺σ

4e
, d < 1/2

is satisfied, then the near the identity canonical transformation

p′ = Sχp , q′ = Sχq

generated by the infinite composition of Lie series

Sχ = . . . ◦ exp
(
Lχ3

)
◦ exp

(
Lχ2

)
◦ exp

(
Lχ1

)

is holomorphic in D(1−d)(̺,σ) , and

|p− p′| < d̺ , |q − q′| < dσ .

Similar results may be obtained also for the algorithm of Lie transform. However,
they are not needed for the purposes of the present notes, thus I omit them.
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[14] C. Delaunay: Théorie du mouvement de la lune, Mem. 28 Acad. Sci. France,

Paris (1860).
[15] A. Deprit: Canonical transformations depending on a small parameter, Cel. Mech.

1, 12–30 (1969).
[16] C. Efthymiopoulos, G. Contopoulos and A. Giorgilli: Non-convergence of formal



Perturbation methods in Celestial Mechanics 57

integrals of motion II: Improved Estimates for the Optimal Order of Truncation,
J. Phys. A: Math. Gen. 37, 10831-10858 (2004).

[17] C. Efthymiopoulos, Z. Sándor: Optimized Nekhoroshev stability estimates for the
Trojan asteroids with a symplectic mapping model of co–orbital motion, Mon.
Not. R. Astron. Soc., (2005).

[18] A. Giorgilli: Rigorous results on the power expansions for the integrals of a Hamil-

tonian system near an elliptic equilibrium point, Ann. Ist. H. Poincaré, 48, 423–
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