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tionThe relations between thermodynami
s and dynami
s aredealt with by statisti
al me
hani
s. For a given dynami-
al system of Hamiltonian type in a 
lassi
al framework,it is usually assumed that a dynami
al foundation forequilibrium statisti
al me
hani
s, namely for the use ofthe familiar Gibbs ensembles, is guaranteed if one 
anprove that the system is ergodi
, i.e. has no integralsof motion apart from the Hamiltonian itself. One ofthe main 
onsequen
es is then that 
lassi
al me
hani
sfails in explaining thermodynami
s at low temperatures(we are thinking of the spe
i�
 heats of 
rystals or ofpolyatomi
 mole
ules, or of the related bla
k{body prob-lem), be
ause the 
lassi
al equilibrium ensembles lead toequipartition of energy for a system of weakly 
oupledos
illators, against the third prin
iple. This is a
tuallythe problem that histori
ally led to the birth of quan-tum me
hani
s, equipartition being repla
ed by Plan
k'slaw. At a given temperature T , the mean energy of anos
illator of angular frequen
y ! is not kBT (with kBthe Boltzmann 
onstant), and thus is not independent offrequen
y (equipartition), but de
reases to zero exponen-tially fast as frequen
y in
reases.Thus, the problem of a dynami
al foundation for 
las-si
al statisti
al me
hani
s would be redu
ed to as
ertain-ing whether the Hamiltonian systems of physi
al interestare ergodi
 or not. It is just in this spirit that manymathemati
al works were re
ently addressed at provingergodi
ity for systems of hard spheres, or more generallyfor systems whi
h are expe
ted to be not only ergodi
but even hyperboli
. However, a new perspe
tive wasopened in the year 1955, with the 
elebrated paper ofFermi, Pasta and Ulam, whi
h 
onstituted the last s
ien-ti�
 work of Fermi.The FPU paper was 
on
erned with numeri
al 
ompu-tations on a system of N (a
tually, 32 or 64) equal par-ti
les on a line, ea
h intera
ting with the two adja
entones through nonlinear springs, 
ertain boundary 
on-ditions having being assigned (�xed ends). The modelmimi
ks a one dimensional 
rystal (or also a string), and
an be des
ribed in the familiar way as a perturbation ofa system of N normal modes, whi
h diagonalize the 
or-responding linearized system. The initial 
onditions 
or-responded to the ex
itation of only a few low{frequen
ymodes, and it was expe
ted that energy would rather
FIG. 1: The FPU paradox: normal mode energies Ej versustime (left) and energy spe
trum, namely time{average of Ejversus j, (right) for three di�erent time{s
ales. The energy,initially given to the lowest{frequen
y mode, does not 
ow tothe high{frequen
y modes within the a

essible observationtime. Here, N = 32.qui
kly 
ow to the high{frequen
y modes, thus estab-
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FIG. 2: The FPU paradox: time{averages of the mode en-ergies versus time for the same run as Fig. 1. The spe
trumhas rea
hed an apparent equilibrium, di�erent from that ofequipartition predi
ted by 
lassi
al equilibrium statisti
al me-
hani
s. An exponential de
ay of the tail is 
learly exhibited.lishing equipartition of energy, in agreement with thepredi
tions of 
lassi
al equilibrium statisti
al me
hani
s.But this did not o

ur within the available 
omputationtimes, and the energy rather appeared to remain 
on-�ned within a pa
ket of low{frequen
y modes having a
ertain width, as if being in a state of apparent equilib-rium of a non standard type. This fa
t 
an be 
alled\the FPU paradox". In the words of Ulam, written as a
omment in Fermi's Colle
ted Papers, this is des
ribed asfollows: \The results of the 
omputations were interestingand quite surprising to Fermi. He expressed the opinionthat they really 
onstituted a little dis
overy in providingintimations that the prevalent beliefs in the universalityof mixing and thermalization in nonlinear systems maynot be always justi�ed."The FPU paper had immediately a very strong impa
tin the theory of dynami
al systems, be
ause it motivatedall the modern theory of in�nite{dimensional integrablesystems and solitons (KdV equation), starting from theworks of Zabusky and Kruskal (1965). But in su
h a waythe FPU paradox was somehow enhan
ed, be
ause theFPU system turned out to be asso
iated to the 
lass of in-tegrable systems, namely the systems having a number ofintegrals of motion equal to the number of degrees of free-dom, whi
h are in a sense the most antithermodynami
systems. The merit of establishing a bridge towards er-godi
ity goes to Izrailev and Chirikov (1966). Making ref-eren
e to the most advan
ed results then available in theperturbation theory for nearly{integrable systems (KAMtheory), those authors pointed out that ergodi
ity, andthus equipartition, would be re
overed if one took ini-tial data with a suÆ
iently large energy. And this wasa
tually found to be the 
ase. Moreover, it turned outthat their work, and its subsequent 
ompletion by She-pelyanski, were often interpreted as supporting the 
on-

je
ture that the FPU paradox would disappear in thethermodynami
 limit (in�nitely many parti
les, with �-nite density and energy density). The opposite 
onje
-ture was advan
ed in the year 1970 by Bo

hieri, S
otti,Bearzi and Loinger, and its relevan
e for the relations be-tween 
lassi
al and quantum me
hani
s was immediatelypointed out by Cer
ignani, Galgani and S
otti. A longdebate then followed. Possibly, some misunderstandingso

urred, be
ause in the dis
ussions 
on
erning the dy-nami
al aspe
ts of the problem referen
e was generallymade to notions involving in�nite times. In fa
t, it hadnot yet been 
on
eived that the FPU equilibrium mighta
tually be an apparent one, 
orresponding to a sort of in-termediate metaequilibrium state. This was for the �rsttime suggested by a group of people around Parisi in theyear 1982. The analogy of su
h a situation with thoseo

urring in glasses was pointed out more re
ently.In the present arti
le the state of the art of the FPUproblem is dis
ussed. The thesis of the present authorsis that the FPU phenomenon survives in the thermody-nami
 limit, in the last mentioned sense, namely in thesense that at suÆ
iently low temperatures there existsa kind of metaequilibrium state surviving for extremelylong times. The 
orresponding thermodynami
s turnsout to be di�erent from the standard one predi
ted bythe equilibrium ensembles, inasmu
h as it presents qual-itatively some quantum{like features (typi
ally, spe
i�
heats in agreement with Nernst's third prin
iple). Thekey point, with respe
t to equilibrium statisti
al me
han-i
s, is that the internal thermodynami
 energy should beidenti�ed not with the whole me
hani
al energy, but onlywith a suitable fra
tion of it, to be identi�ed through itsdynami
al properties, as was suggested more that a 
en-tury ago by Boltzmann himself, and later by Nernst.Here, it is �rst dis
ussed why nearly{integrable sys-tems 
an be expe
ted to present the FPU phenomenon.Then the latter is illustrated. Finally, some hints aregiven for the 
orresponding thermodynami
s.Nearly{integrable versus hyperboli
 systems, andthe question of the rates of thermalizationAs mentioned above, it is usually assumed that the prob-lem of providing a dynami
al foundation to 
lassi
al sta-tisti
al me
hani
s is redu
ed to the mathemati
al prob-lem of as
ertaining whether the Hamiltonian systems ofphysi
al interest are ergodi
 or not. However, there re-mains open a subtler problem. Indeed, the notion ofergodi
ity involves the limit of an in�nite time (time av-erages should 
onverge to ensemble averages as t!1),while intermediate times might be relevant. In this 
on-ne
tion it is 
onvenient to distinguish between two 
lassesof dynami
al systems, namely the hyperboli
 and thenearly{integrable ones.The �rst 
lass, in a sense the prototype of 
haoti
 sys-tems, should in
lude the systems of hard spheres (verymu
h studied after the 
lassi
al works of Sinai), or moregenerally the systems of mass{points with mutual repul-sive intera
tions. For su
h systems it 
an be expe
tedthat the time{averages of the relevant dynami
al quan-



3tities in an extremely short time 
onverge to the 
orre-sponding ensemble averages, so that the 
lassi
al equilib-rium ensembles 
ould be safely used.A 
ompletely di�erent situation o

urs for the dynam-i
al systems su
h as the FPU one, whi
h are nearly{integrable, i.e., are perturbations of systems having anumber of integrals of motion equal to the number ofdegrees of freedom. Indeed, in su
h a 
ase ergodi
itymeans that the addition of an intera
tion, no matter howsmall, makes an integrable system lose all of its integralsof motion, apart from the Hamiltonian itself. And infa
t this quite remarkable property was already provento be generi
 by Poin
ar�e, through a set of 
onsiderationswhi
h had a fundamental impa
t on the theory of dy-nami
al systems itself. In view of its importan
e for thefoundations of statisti
al me
hani
s, the proof given byPoin
ar�e was re
onsidered by Fermi, who added a subtle
ontribution 
on
erning the role of single invariant sur-fa
es. It is just to su
h a paper that Ulam makes referen
ein his 
omment to the FPU work mentioned above, whenhe says: \Fermi's earlier interest in the ergodi
 theory isone motive" for the FPU work.The point is that the pi
ture whi
h looks at the ergod-i
ity indu
ed on an integrable system by the addition of aperturbation, no matter how small, somehow la
ks 
onti-nuity. One might expe
t that, in situations in whi
h thenonlinear intera
tion whi
h destroys the integrals of mo-tion is very small (i.e. at low temperatures), the under-lying integrable stru
ture should somehow be still appre-
iable, in some 
ontinuous way. In fa
t, 
ontinuity shouldbe re
overed by making a question of times, namely by
onsidering the rates of thermalization (to use the veryFPU words), or equivalently the relaxation times, namelythe times needed for the time{averages of the relevant dy-nami
al quantities to 
onverge to the 
orresponding en-semble averages. By 
ontinuity, one 
learly expe
ts thatthe relaxation times diverge as the perturbation tendsto zero. But more 
ompli
ated situations might o

ur,as for example the existen
e of two (or more) relevanttime{s
ales. The point of view that time{s
ales of di�er-ent orders of magnitude might o

ur in dynami
al sys-tems (with the exhibition of an interesting example) andthat this might be relevant for statisti
al me
hani
s, wasdis
ussed by Poin
ar�e himself in the year 1906.The FPU phenomenon: histori
al and 
on
eptualdevelopmentsWe now illustrate the FPU phenomenon, following essen-tially its histori
al development. We will make referen
eto Figs. 1{8, whi
h are the results of numeri
al integra-tions of the FPU dynami
al system. If x1; � � � ; xN de-note positions of the parti
les (of unitary mass), or morepre
isely the displa
ements from their equilibrium posi-tions), and pi denote the 
orresponding momenta, theHamiltonian is H = NXi=1 p2i2 + N+1Xi=1 V (ri) ;

where ri = xi � xi�1 and one has taken a potentialV (r) = r2=2 + �r3=3 + �r4=4 depending on two posi-tive parameters � and �. Boundary 
onditions with �xedends, namely x0 = xN+1 = 0, are 
onsidered. We re
allthat the angular frequen
ies of the 
orresponding normalmodes are !j = 2 sin[j�=2(N + 1)℄, with j = 1; � � � ; N ; itis thus 
onvenient to take as time unit the value �, whi
his essentially, for any N , the period of the fastest normalmode.The original FPU result is illustrated in Figs. 1 and 2.Here N = 32, � = � = 1=4, and the total energy is E =0:05; the energy was given initially to the �rst normalmode (with vanishing potential energy). Three time{s
ales (in
reasing from top to bottom) are 
onsidered, thetop one 
orresponding to the time{s
ale of the originalFPU paper. In the left boxes the energies Ej(t) of modesj are reported versus time (j = 1; � � � ; 8 at top, j = 1at 
enter and bottom). In the right boxes we reportthe 
orresponding spe
tra, namely the time{average (upto the respe
tive �nal times) of the energy of mode jversus j, for 1 � j � N . In Fig. 2 we report, for thesame run of Fig. 1, the time{averages of the energies ofthe various modes versus time; this �gure 
orrespondsto the last one of the original FPU work. The fa
ts tobe noti
ed in 
onne
tion with these two �gures are thefollowing ones: 1) the spe
trum (namely the distributionof energy among the modes, in time average) appears tohave relaxed very qui
kly to some form, whi
h remainsessentially un
hanged up to the maximum observed time;2) there is no global equipartition, but only a partialone, be
ause the energy remains 
on�ned within a groupof low{frequen
y modes, whi
h form a small pa
ket of a
ertain de�nite width; 3) the time evolutions of the modeenergies appears to be of quasiperiodi
 type, sin
e longerand longer quasi{periods 
an be observed as the totaltime in
reases.After the works of Zabusky and Kruskal, by whi
hthe FPU system was somehow assimilated to an inte-grable system, the bridge toward ergodi
ity was madeby Izrailev and Chirikov (1966), through the idea thatthere should exist a sto
hasti
ity threshold. Making ref-eren
e to KAM theory, whi
h had just been formulatedin the frame of perturbation theory for nearly{integrablesystems, their main remark was the following one. It isknown that KAM theory, whi
h essentially guarantees abehavior similar to that of an integrable system, appliesonly if the perturbation is smaller than a 
ertain thresh-old; on the other hand, in the FPU model the naturalperturbation parameter is the energy E of the system.Thus the FPU phenomenon 
an be expe
ted to disap-pear above a 
ertain threshold energy E
. This is indeedthe 
ase, as illustrated in Figs. 3 and 4. The param-eters �, � and the 
lass initial data are as in Fig. 1.In Fig. 3 the total time is kept �xed (at 10000 units),whereas the energy E is in
reased in passing from topto bottom, a
tually 0:1 to E = 1 and E = 10. Onesees that at E = 10 equipartition is attained within thegiven observation time; 
orrespondingly, the motion of
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FIG. 3: The Izrailev{Chirikov 
ontribution: for a �xed obser-vation time, equipartition is attained if the initial energy Eis high enough. Here, from top to bottom, E = 0:1; 1; 10.the modes visually appears to be nonregular. The ap-proa
h to equipartition at E = 10 is 
learly exhibitedin Fig. 4, where the time{averages of the energies arereported versus time.There naturally arose the problem of the dependen
e ofthe threshold E
 on the number N of degrees of freedom(and also on the 
lass of initial data). Certain semianalyt-i
al 
onsiderations of Izrailev and Chirikov were generallyinterpreted as suggesting that the threshold should van-ish in the thermodynami
 limit for initial ex
itations ofhigh{frequen
y modes. Re
ently Shepelyanski 
ompletedtheir analysis by showing that the threshold should van-ish also for initial ex
itations of the low{frequen
y modes,as in the original FPU work (see however the subsequentpaper by Ponno mentioned below). If this were true,the FPU phenomenon would disappear in the thermo-dynami
 limit. In parti
ular, the equipartition prin
iple

FIG. 4: The Izrailev{Chirikov 
ontribution: time{averages ofthe mode energies versus time for the same run as at bottomof Fig. 3.would be dynami
ally justi�ed at all temperatures.The opposite 
onje
ture was advan
ed by Bo

hieri,S
otti, Bearzi and Loinger (1970). This was based onnumeri
al 
al
ulations, whi
h indi
ated that the energythreshold should be proportional to N , namely that theFPU phenomenon persists in the themodynami
 limitprovided the spe
i�
 energy � = E=N is below a 
rit-i
al value �
, whi
h should be de�nitely nonvanishing.A
tually, the 
omputations were performed on a slightlydi�erent model, in whi
h nearby parti
les were intera
t-ing through a more physi
al Lennard{Jones potential.By taking 
on
rete values having a physi
al signi�
an
e,namely the values 
ommonly assumed for Argon, for thethreshold of the spe
i�
 energy they found the value�
 ' 0:04V0, where V0 is the depth of the Lennard{Jonespotential well. This 
orresponds to a 
riti
al tempera-ture of the order of some degrees Kelvin. The relevan
eof su
h a 
onje
ture (persisten
e of the FPU phenomenonin the thermodynami
 limit) was soon strongly empha-sized by Cer
ignani, Galgani and S
otti, who also triedto establish a 
onne
tion between the FPU spe
trum andPlan
k's distribution.Up to this point the dis
ussion was 
on
erned with thealternative whether the FPU system is ergodi
 or not,and thus referen
e was made to properties holding in thelimit t ! 1. Correspondingly, one was making refer-en
e to KAM theory, namely to the possible existen
e ofsurfa
es (N -dimensional tori) whi
h should be dynami-
ally invariant (for all times). The �rst paper in whi
hthe attention was drawn to the problem of estimatingthe relaxation times to equilibrium is the one by Fu
itoet al. (1982). The model 
onsidered was a
tually a dif-ferent one (the so 
alled '4 model), but the results 
anbe extended to the FPU model too. Analyti
al and nu-meri
al indi
ations were given for the existen
e of twotime-s
ales. In a short time the system was found torelax to a state 
hara
terized by a FPU{like spe
trum,



5with a plateau at the low frequen
ies, followed by an ex-ponential tail. This however appeared as being a sort ofmetastable state. In their words: \The nonequilibriumspe
trum may persist for extremely long times, and maybe mistaken for a stationary state if the observation timeis not suÆ
iently long". Indeed, on a se
ond mu
h largertime{s
ale the slope of the exponential tail was found toin
rease logarithmi
ally with time, with a rate whi
h de-
reases to zero with the energy. This is an indi
ation thatthe time for equipartition should in
rease as an exponen-tial with the inverse of the energy.This is indeed the pi
ture that the present authors 
on-sider to be essentially 
orre
t, being supported by veryre
ent numeri
al 
omputations, and by analyti
al 
on-siderations. Curiously enough, however, su
h a pi
turewas not fully appre
iated until quite re
ently. Possibly,the reason is that the s
ienti�
 
ommunity had to waituntil be
oming a
quainted with two relevant aspe
ts ofthe theory of dynami
al systems, namely Nekhoroshevtheory and the relations between KdV equation and res-onant normal form theory.The �rst step was the passage from KAM theory toNekhoroshev theory. Let us re
all that, while in KAMtheory one looks for surfa
es whi
h are invariant (for alltimes), in Nekhoroshev theory one looks instead for akind of weak stability involving �nite times, albeit \ex-tremely long" ones, as they are found to in
rease asstret
hed exponentials with the inverse of the perturba-tive parameter. Thus one meets with situations in whi
hone 
an have instability over in�nite times, while hav-ing a kind of pra
ti
al stability up to exponentially longtimes. Noti
e that Nekhoroshev's theory was formulatedonly in the year 1974, and that it started to be knownin the west only in the early years 80's, just be
ause ofits interest for the FPU problem. Another interestingpoint is that just in those years one started to be
omea
quainted with a related histori
al fa
t. Indeed, the ideathat equipartition might require extremely long times, sothat one would be 
onfronted with situations of a pra
-ti
al la
k of equipartition, has in fa
t a long traditionin statisti
al me
hani
s, going ba
k to Boltzmann andJeans, and later (in 
onne
tion with sound dispersion ingases of polyatomi
 mole
ules) to Landau and Teller.In su
h a way the idea of the existen
e of extremelylong relaxation times to equipartition 
ame to be a
-
epted. The ingredient that was still la
king is the ideaof a qui
k relaxation to a metastable state. The impor-tan
e of this should not be overlooked. Indeed, without itone 
annot at all have a thermodynami
s di�erent fromthe standard equilibrium one 
orresponding to equiparti-tion. This was repeatedly emphasized, against Jeans, byPoin
ar�e on general grounds and by Nernst on empiri
algrounds. The full appre
iation of this latter ingredientwas obtained quite re
ently (although it had been 
learlystated in the quoted paper of Fu
ito et al.). A �rst hintin this dire
tion 
ame from the realization (see Fig. 5) ofa deep analogy between the FPU phenomenon and thephenomenology of glasses. Then there 
ame a strong nu-

meri
al indi
ation by Ber
hialla, Galgani and Giorgilli.Finally, from the analyti
al point of view, there was asuitable revisitation (by Ponno) of the traditional 
on-ne
tion between the FPU system and the KdV equationwith its solitons. The relevant points are the followingones: 1) the KdV equation des
ribes well the solutions ofthe FPU problem (for initial data of FPU type) only ona \short" time{s
ale, whi
h in
reases as a power of 1=�,and so des
ribes only a �rst pro
ess of qui
k relaxation;2) the 
orresponding spe
trum has a well de�nite ana-lyti
al form, the energy being spread up to a maximalfrequen
y �!(�) ' �1=4 and then da
aying exponentially ;3) the relevant formul� 
ontain the energy only throughthe spe
i�
 energy �, and thus 
an be expe
ted to holdalso in the thermodynami
 limit. It should be mentionedhowever that all the results of an analyti
 type mentionedabove have a purely formal 
hara
ter, be
ause up to nowno one of them was proven, in the thermodynami
 limit,in the sense of rigorous perturbation theory. This re-quires a suitable readaptation of the known te
hniques,whi
h is being obtained in the present days both in 
on-ne
tion with Nekhoroshev's theorem (in order to explainthe extreme slowness of a possible �nal approa
h to equi-librium) and in 
onne
tion with the normal form theoryfor partial di�erential equations (in order to explain thefast relaxation to the metaequilibrium state).
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Mode numberFIG. 5: Analogy with glasses: the spe
i�
 energy u of anFPU system is plotted versus temperature T for a 
oolingpro
ess (upper 
urve) and a heating pro
ess (lower 
urve),the FPU system being in 
onta
t with a heat reservoir, whosetemperature is 
hanged at a given rate. At low temperaturesthe system does not time to rea
h the equilibrium 
urve u = T(with kB = 1). From A. Carati, L. Galgani Journ. Stat.Phys. 94, 859 (1999).In 
on
lusion, the situation seems to be the followingone, for the 
ase of initial 
onditions of the FPU type(ex
itation of a few low{frequen
y modes). The �rst phe-nomenon that o

urs in a \short" time (of the order of(1=�)3=4 is a qui
k relaxation to the formation of what
an be 
alled a natural pa
ket of low{frequen
y modesextending up to a 
ertain maximal frequen
y �! ' �1=4.



6This is a phenomenon whi
h has nothing to do with anydi�usion in phase spa
e. In fa
t, it shows up also for anintegrable system su
h as a Toda latti
e (as will be illus-trated below), and should be des
ribed by a suitable res-onant normal form related to the KdV equation. One hasthen to take into a

ount the fa
t that the domain of thefrequen
ies in the FPU model is bounded (! < 2 in the
hosen units). Now, as the fun
tion �!(�) is monotonous,this fa
t leads to the existen
e of a 
riti
al value �
 of thespe
i�
 energy �, de�ned by �!(�
) = 2. Indeed, for � > �
the qui
k relaxation pro
ess leads altogether to equipar-tition. Below threshold, instead, the same qui
k pro
essleads to the formation of a FPU{like spe
trum, involv-ing only modes of suÆ
iently low frequen
y. This shouldhowever be a metastable state (whi
h might be mistakenfor a stationary one), that should be followed, on a se
-ond time{s
ale, by a relaxation to the �nal equilibrium,through a sort of Arnold di�usion requiring extremelylong Nekhoroshev{like times. This is a
tually the wayin whi
h the old idea of a threshold, originally 
on
eivedin terms of KAM tori, is now re
overed even for ergodi
systems, in terms of time{s
ales.The existen
e of a pro
ess of qui
k relaxation, and ofa threshold in the above mentioned sense, is illustratedin Figs. 6 and 7. In Fig. 6 the lower part refers to theFPU model, while the upper one refers to a 
orrespond-ing Toda model. The latter is in a sense the prototype ofan integrable nonlinear system; with respe
t to the FPU
ase, the di�eren
e is that the potential V (r) is now expo-nential. The parameters of the exponential were 
hosenso that the two models 
oin
ide up to 
ubi
 terms in thepotential. With the energy given to the lowest{frequen
ymode, the �gure shows how mu
h time is needed in orderthat energy spreads up to a mode �k, for several values of�k, as a fun
tion of �. It is seen that in the Toda model(top) there is formed a pa
ket extending up to ratherwell de�ned width, and that this o

urs within a relax-ation time in
reasing as a power of 1=�. An analogousphenomenon o

urs for the FPU model (bottom). Theonly di�eren
e is that, below a 
riti
al spe
i�
 energy�
 ' 0:1, there exists a subsequent relaxation time toequipartition, whi
h involves a time growing faster thanany inverse power of �. Su
h a se
ond phenomenon isdue to the nonintegrable 
hara
ter of the FPU model. Inthe next Fig. 7 the width of the natural pa
ket for theFPU model is exhibited, by reporting the frequen
y �! ofits highest mode as a fun
tion of �. As one sees, the nu-meri
al results 
learly indi
ate the existen
e of a relation�! ' �1=4, whi
h holds for a number of degrees of freedomN ranging from 8 to 1023. This is a
tually the law whi
his predi
ted by resonant normal form theory.Boltzmann and Nernst revisitedAll the results illustrated above were referring to initialdata of FPU type, namely with an ex
itation of a fewlow{frequen
y modes. However, from the point of viewof statisti
al me
hani
s su
h initial data are ex
eptional,and one should rather 
onsider initial data extra
ted fromthe Gibbs distribution at a 
ertain temperature. One 
an

FIG. 6: Time needed to form a pa
ket versus spe
i�
 energyfor the FPU model (bottom) and the 
orresponding Todamodel (top). Di�erent symbols refer to pa
kets of di�erentwidth. The existen
e of two times{s
ales below a 
riti
al spe-
i�
 energy in the FPU model is exhibited. For more detailssee L. Ber
hialla, L. Galgani, A. Giorgilli, Dis
r. Cont. Dyn.Systems B (2004), in press.then 
ouple the FPU system to a heat bath at a slightlydi�erent temperature, and look at the spe
trum of theFPU system after a 
ertain time. The result, for the
ase of a heat bath at a higher temperature, is shown inFig. 8. Clearly one has here a situation similar to thato

urring for initial data of FPU type, be
ause only apa
ket of low{frequen
y modes exhibits a rea
tion, ea
hof its modes a
tually adapting itself to the temperatureof the bath, whereas the high{frequen
y modes do notrea
t at all, i.e. remain essentially frozen.This 
apability of rea
ting to external disturban
es(whi
h seems to pertain only to a fra
tion of the me-
hani
al energy initially inserted into the system) 
an be
hara
terized in a quantitative way through an estimateof the 
u
tuations of the total energy of the FPU system.
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FIG. 7: Width of the natural pa
ket versus spe
i�
 energy,for N ranging from 8 to 1023. From L. Ber
hialla, L. Galgani,A. Giorgilli: Dis
r. Cont. Dyn. Systems B (2004), in press.This is indeed the sense of the 
u
tuation{dissipationtheorem, the pre
ursor of whi
h is perhaps the 
ontri-bution of Einstein to the �rst Solvay Conferen
e (1911).Through su
h a method, the spe
i�
 heat of the FPU sys-tem is estimated (apart from a numeri
al fa
tor) by thetime average of [E(t)�E(0)℄2, where E(t) is the energy,at time t, of the FPU system in dynami
al 
onta
t with aheat bath (at the same temperature from whi
h the ini-tial data are extra
ted). Usually, in the spirit of ergodi
theory one looks at the in�nite{time limit of su
h a quan-tity. But in the spirit of the metastable pi
ture des
ribedabove, one 
an 
he
k whether the time{average presentsa previous stabilization to some value smaller than theone predi
ted at equilibrium. Su
h a result, whi
h is inqualitative agreement with the third prin
iple, has indeedobtained (by Carati) in these days.In 
on
lusion, in situations of metaequilibrium su
h as
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ase of an FPU system initially at equilibriumand thus in equipartition. Spe
trum of the FPU system afterhaving been in 
onta
t with a heath reservoir at a highertemperature. From A. Carati, P. Cipriani, L. Galgani, Journ.Stat. Phys. 115, 1119 (2004).

those existing in the FPU model at low temperatures, athermodynami
s 
an still be formulated. Indeed, just invirtue of the qui
k relaxation pro
ess des
ribed above,the time{averages of the relevant quantities are foundto stabilize in rather short times. In su
h a way oneover
omes the 
ritique of Poin
ar�e to Jeans, namely thatone 
annot have a thermodynami
s at all if referen
e ismade only to the existen
e of extremely long relaxationtimes to equilibrium. The di�eren
e with respe
t to thestandard equilibrium thermodynami
s relies now in theme
hani
al interpretation of the �rst prin
iple. Indeedthe internal thermodynami
 energy is identi�ed not withthe whole me
hani
al energy, but just with that fra
tionof it whi
h is 
apable of rea
ting in short times to theexternal perturbations.This is the way in whi
h the old idea of Boltzmann(and Jeans) might perhaps be presently implemented.For what 
on
erns the fra
tion of the me
hani
al energywhi
h is not in
luded in the thermodynami
 internal en-ergy, as not being able to rea
t in relatively short times,this should somehow play the role of a zero{point en-ergy. This was suggested in the year 1971 by C. Cer-
ignani. But in fa
t, su
h a 
on
eption was put forwardby Nernst himself in an extremely spe
ulative work ofthe year 1916. In su
h a work Nernst also advan
ed the
on
eption that, for a system of os
illators of a givenfrequen
y, there should exist both dynami
ally ordered(geordnete) and dynami
ally 
haoti
 (ungeordnete) mo-tions, the latter ones being prevalent above a 
ertain en-ergy threshold. A

ording to him, this fa
t should berelevant for a dynami
al understanding of the third prin-
iple and of Plan
k's law.Everyone knows that the modern theory of dynami
alsystems made people be
ome a
quainted with the (some-times abused) notions of order and 
haos and of a tran-sition between them. One might say that the FPU workjust for
ed the s
ienti�
 
ommunity to take into a

ountsu
h notions in 
onne
tion with the prin
iple of equipar-tition of energy. It is really moving to see that the samenotions, with the same words, had already been intro-du
ed mu
h before on purely thermodynami
 grounds,in 
onne
tion with the relations between 
lassi
al andquantum me
hani
s.See alsoStatisti
al me
hani
s. Quantum statisti
al me
hani
s;introdu
tory arti
le. Ergodi
 theory. Perturbations ofintegrable Hamiltonian systems. Stability theory/KAM.Theory of weakly 
oupled os
illators. Introdu
tioon tointegrable systems. Soliton equations. Toda latti
es.Further ReadingE. Fermi, J. Pasta, S. Ulam, in E. Fermi, Colle
ted Pa-pers, University of Chi
ago Press (Chi
ago, 1965): see
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