REPRESENTATION OF A 2-POWER AS SUM OF k&
2-POWERS: A RECURSIVE FORMULA

A. GIORGILLI AND G. MOLTENI

Abstract. For every integer k, a k-representation of 2¥~! is a string n =
(nq,...,n) of non-negative integers such that Z?Zl 2m = 281 and W(1, k)
is their number. We present a powerful recursive formula for W(1, k); as a
byproduct we prove the interesting congruence W(1,k) = 4 + (—=1)* (mod 8)
for k > 3.
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1. INTRODUCTION AND MAIN RESULT

A k-representation of an integer ¢ is a string n = (n, . .., ny) of non-negative
integers such that 25:1 2™ = (, strings differing by the order being considered
as distinct. We denote by U(¢, k) the number of k-representations of ¢:

UL E) =t{n=(n1,...,m) eENF: D 2 = ¢},

j=1

It is also interesting to consider the constants max,{U(¢,k)}. E.g., in the
paper [8] of the second author the latter constants have been used in order
to prove the existence of a cancellation in exponential sums of type >, _, CZk
where ( is ¢g-th primitive root of unity, ¢ is and odd integer and 7 is the order
of 2 modulo ¢, in the short range 7 < log q. Actually, as it will be seen below,
the calculation of max,{U(¢,k)} may be reduced to that one of the values of
UL k) for £ = 2k,

In the present paper we obtain a recursive formula which allows us to com-
pute the sequence U (2871, k) in a very effective manner. For instance, we could
calculate the latter sequence up to k£ =< 500 in less than 10 seconds of CPU time
on a conventional PC, and we could reach k£ =< 2000 in a little more than one
hour. Actually, the quality of the results in [8] has been greatly affected by our
ability to calculate such constants. The formula will be stated in Theorem 1
below.

Let us begin with a few considerations. For every fixed k, the sequence
U(l, k) as depending on ¢ exhibits a very chaotic pattern. However, a more
regular behaviour shows up if one considers the related quantities W(o, k) =
maxy. o(¢)=o{U(, k)} where o(¢) is the Hamming weight of £, i.e. the number of
digits 1 appearing in the binary representation of . Actually, the calculation

of the double indexed sequence W(o, k) for ¢ > 1 is an easy matter if the
1
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sequence W(1, k) is known thanks to the formula (see [8] for a proof)

T W(L,kj)
(1) W(o k) =k Y HT
Eyeko>1 =1 J
b+t ko =k
An equivalent way to state the latter identity is by saying that L,(x) =

(L1(x))?, where L, () is the formal series >, w x¥. The recursive iden-

tity Ly (z) = Li(x)L,_1(z) immediately gives the formula

k-1
Wi k) =3 R TR

n=1

which is a very quick formula to compute W(o, k) iteratively from a given set
of values for W(1, k).

Thus, we need a way to calculate the sequence W(1, k). Now, the definition
of W(1, k) as max,,{U(2¥, k)} is not satisfactory unless we can determine for
which w = w(k) the maximum is reached. Luckily this can be done simply. In
fact, let n be a k-representation of 2%, then n’ :=n + (1,...,1) is a k-repres-
entation of 2¢*1. This proves that U(2%, k) < U2, k) for every w, i.e. that
the sequence U(2", k) increases with w. When w > k — 1 the argument can
be reversed, because in this case each entry in any k-representation of 2¢+! is
strictly positive (see Lemma 1 of [8]). It follows that U(2*, k) = U(2“ ", k)
for w > k — 1. We conclude that W(1,k) = U(2*"! k). We emphasize that
the naive approach, namely calculating the latter quantity by searching all
k-representation of 2!, is definitely impractical in view of the fact that the
number of such representations grows as C* k! with some C' > 1. Theorem 1
below provides an effective way to do the job. As a byproduct, we will also be
able to prove in Theorem 2 a curious arithmetical property of these numbers.

Theorem 1. Let Mj,; be the two indexes sequence defined as

(2&) Mk,l =0 ’Lfl Z ]C,
(Qb) Mk:,k:—l =1 Zf]{? > 1,
21
k+1—1
2 My, = My s f1<l<k-—1.
(2¢) k.l ;(21—3> k-1, if1 <1<

Then W(1,k) = M1 for all k > 1.

2. PROOF OF THEOREM 1

The proof requires several definitions and lemmas. Let Rj; be the set of
vectors of nonnegative integers where the first entry is [, each further entry is
two times the previous one at most, and whose sum is £ — 1; in other words

Ry :=A{r ENFL o =1, 0<r, <2y Vs, 1 +7To+ 415 =k— 1}.
Moreover, let the weight of a vector r € Ry, be the integer
(k+1-1)!

2ry — o)l (2rp_g — Tp_g) ! (2rk—1)!

Vk,l(’r‘) = (
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Lemma 1. For k > 1 let My, = ZTGRM v (r); the sequence My, satisfies
the recursive laws in (2).

Proof. The definition of Ry, shows that Ry; = 0 when [ > k, proving (2a);
besides, Ry k-1 contains the unique vector (k —1,0,...,0) whose weight is 1,
hence also (2b) is proved. At last, the set Ry, can be recursively generated,
because

Ry = U {(,7"), v € Ry_14}-

1<5<2l
This formula gives

My, = Z Vea(7) :Z Z Vk,l((lvrl))

TERK, s=1 P"€Rk_1,s
B z”: 3 (k+1—1)
2o 2 @l @, — )
_QZZ (k+1—1) 3 (k—1+s—1)!
— (20— s)l(k—1+s—1)! vem 2ry = i) (2 — 1 )N (27, )]
20 2
k+1-1 E+1-1
R
s=1 T ERK—1,s s=1
which is (2¢). O

For every s € Nand n = (ny,...,n,) € Z™ with m > s, we define ¢y(n) :=
n while for s > 0 we set

¢S(n) = (nl_17”1_1an2_1an2_1a"'7n8_1;”8_17n8+1a"'7nm);

in other words, ¢, subtracts one to the first s entries of n and double them in
number. The following facts have an immediate proof:

(a) ¢s(n) € ZmT;
(b) if the string n is not decreasing, then ¢(n) is not decreasing, too;
(€) Sty 2 = S 2
For every r € Ry 1, we define the map ¢, := ¢,,_, 0 ¢y, _, -0 @, At last, let
N, be the set of ordered k-representations of 2¢~! i.e.
k
Ne={neN:n <ny<--- <y, 22”1 = 211,

j=1
Lemma 2. When k > 1 the map ¢ sending r to .((k — 1)) is a bijection
between Ry 1 and Nj.

Proof. The definition of ¥,. as ¢,, _,0¢y,_, - - -0¢,, and (a) show that 1,.((k—1))
is a vector in Z'*257 = ZF. Each map ¢, decreases the entries of its argument
of a unity, at most, hence the map 9, for r € Ry 1 decreases the entries of its
argument of k£ — 1, at most: this implies that the entries of ¥,.((k — 1)) are
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nonnegative. Finally, by (¢) we conclude that ,.((k—1)) is a k-representation
of 281 which is in A} by (b).
It is not difficult to convince ourself that

() eelh-1)=( O . L ... k=3 . k=2 ),
2rp_q times 2ri_o — ri_1 times 2rg9 — r3 times 2r; — ro times

an identity proving that v is one to one.

We prove that v is surjective by giving an explicit algorithm to generate r €
R such that ¢,.((k — 1)) = n, for every n € Nj. Let n € N be given,
thus n € NF with Z?Zl 27 = 281 and ny; < ny < -+ < ng. If ng is not

0, we take 1,1 = T2 = ... = Tp_,, = 0; this is the unique choice for
these components of r which accords with (3). Let m be the index such
that ny = no = -+ = n,, < nyue1, where the last inequality is meaningful

only if m < k. Under the assumption £ > 1 the number n, is strictly lower
than k — 1, therefore the equality 2?:1 2" = 21 considered modulo 2™+!
produces the congruence m2™ = 0 (mod 2™*1), proving that m is even. We
set 7g—n,—1 = m/2 and substitute n with a new and shorter vector

n=(ni+1,nm41,...,0).

m/2 times

The previous arguments prove that n = (¢,,_, 0---0 ¢, _ 0o, _ )(n').
A congruence modulo 272 shows that the number m’ of entries in n’ with
value ny + 1 is even, therefore we can set ry_,,_o = m//2, obtaining that
n = ¢rk_n1_2(n”) for a suitable n”. This process can be repeated k —n; times
and produces the required vector 7 in Ry . 0

Now we can conclude the proof of Theorem 1. We say that two k-repres-
entations of 2*~! n and n’ are equivalent when there exists a permutation
such that m(n) = n’. This relation is evidently an equivalence and N}, is a set
of representatives. Denoting by p(m) the number of k-representations of 21
which are equivalent to m, we have therefore that W(1,k) = >, _\. u(n). By
Lemma 2 we know that n = ¢(r) for some r € Ry, and by (3) we see that
(n) = vy,1(r), therefore we conclude that W(1,k) = > . vg1(r) which is
Mj. 1, by definition. 7

3. A CONGRUENCE

Let 7 be the infinite matrix defined as the limit of the matrices T,, with

To=(1), Ty = (;Z jgn) = (i (1)> ® T, forn >0,

where the limit is taken with respect to the evident inclusion T, C T,1.
The matrix 7 is the prototype of a discrete self-similar set and is strictly
connected to the “Sierpinski’s gasket”. In a seminal paper, Lucas [7] proved a
very efficient way to compute the residue of the binomial coefficients modulo
any fixed prime p (for an elegant alternative proof of his result see also [3]).
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When p = 2 his result says that

g (ntin) = () ()

for every a,b € N, for every ag, by € {0,1}. An equivalent statement says that
(Z) is odd iff a dominates b, in symbols a > b, where ‘a dominates b’ means
that if « = 3. a;2/ and b = 37, b;27 are the binary representations of a and
b, then a; > b; for every j. This result proves that if we take the residues of
the entire Pascal’s triangle modulo 2 we get exactly the self-similar set 7 (see
also [4]).

The interest of this result for the present paper comes from the fact that, quite
surprisingly, the set 7" appears also when our matrix My, is reduced modulo 2.
In view of the different normalization of the indexes this remark can be stated
by saying that M, = (z 12) (mod 2) for every k,l with k > 2.

Recently also the residues of the binomial coefficients modulo prime powers
have been enquired by many authors [1, 2, 5, 6]. The following congruences
are simple consequences of the result in [1]:

(5) @ZE) (1)) (Z) (mod 4), (ZZ) _ (Z) (mod 4).

The analogy between our matrix Mj,; and the binomial coefficients is preserved
also at higher powers of 2: in fact, in this section we prove the following result
Theorem 2. For k > 3,

My, = (—1)M (k -2 )

[—1

An immediate consequence of this result is that W(1,k) = My, = 4 +
(—=1)* (mod 8) for k > 3, a fact that we were unable to prove in a more direct
way.

The pattern shown by Mj; modulo 2™ with m > 3 is very complicated,
much more complicated than that one of the binomial coefficients; nevertheless
a some kind of regularity is still preserved; for example, the values of W(1, k) =
Mj,; modulo 2™ seem to be definitively periodic even for m > 3. At present
we are unable to prove this fact.

Our numerical calculations show that any regularity disappears when the
residues of Mj,; are considered modulo powers of odd primes: the analogy
between M;,; and the binomial is therefore limited to the powers of 2.

) +4(7T ® A)g—2; (mod8), where A:= (

=

0
0
0
1

[l le]
[evlelenlen)

For the proof of Theorem 2 we need some preliminary lemmas.

Lemma 3. Let F;; = Z?lzl (k;gl:sl)(—l)(k_l)s (ks_iz) ; the following equality
holds modulo 8:

(e ifk—1=0 (mod2)
Frg = (22((]lC 12)111) (];:12) if k—1=23 (mod4)
~(Goi) =207 + (LL;JJ) ifk—1=1 (mod4).
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Proof. The proof is an elementary calculation using the Vandermonde identity
> s (w"jj) (") = (™) and Congruences (4)-(5). In fact, suppose k — 1 =

J

0 (mod2), then Fy; = 231;01 (flflf_ls) (kiiﬁ) that by Vandermonde equals

(2;:;’) Suppose now k — [ =1 (mod 2), then
211
s(k+1=1\[(k—=1-2

fk’l:_z(_n (2[—1—3)( S )
s=0
211 o1

—1 — =2 1 _]_9
:_E:(k+l )Crl ) 2§:<k+l )(k z )

Za\2l—1-s 20 —1-s s

sodd

that by Vandermonde becomes

ok — - 2k+171 k—1-3
_ 3 L9 Z e 27— +1 '
20—1 l—l—u) 2u+1
Recalling that we are computing modulo 8 and using the congruences in (5)
we conclude that

-1
2k — 3 ktl k—1-3 k—i-3
— — 2 1 2 (u+1) 2 .
6)  Fr (2[—1)+ Z(—l—u) ) u

Suppose k — | = 3 (mod4), then we have

-1
2k — 3 S kelos 2k — 3 k—2
f’“’l__<2l—1)+22< —1—u)< u )—_(2l—1>+2<l—1>

by Vandermonde, again. On the contrary, suppose k —[ =1 (mod 4), then (6)
gives

-1
2k — 3 k+l-1 k—1-3
Frd (25—1) (—1—u) ) ( u )
2k — 3 - k4i—1 k—1-3 -1 kti—1 k—1—3
— -9 2 2 4 2 2
(2[—1) O(Z—l—u)( u )+ ;(l—l—u)( u )’
ie.

ok _ 3 5] k-1 kl=3
(7) }—kvl:_(%_1> <l_1>+4z<—2—2v><2v+1)'

Suppose | = 2I', then k = 2k’ + 1 with ¥’ — " = 0 (mod 2) (because we are
assuming k — [ =1 (mod4)) and from (7) we have

2% — 3 Lk i k’+l’ -1 —1
f’“’l__(Ql—l)_Quz%(z_1) 42( v))( 20 + 1 )

2% — 3 i it QR+ pLE |
- _9 4 2 .
(G I () R o O S | G

~:
L o
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Since we are computing modulo 8, using the congruences in (4) we have

V-1 K+l K —1'—2
2k —3 ==
= — 4 2
Fy (2[—1) (l—l)jL Z(l’—l—v)( v )
that by Vandermonde gives
2k —3 k—2 kK —1
= — -2 4
Ae=~(a 1) 20 21) (1)
which agrees with the claim, since [?J = k' — 1 and [l 2J =0 -1

Finally, suppose [ = 2l 4+ 1, then k = 2k’ with ¥’ — ' = 1 (mod 2) and from (7)
we have

-1 U1
2k —3 k K+ K —1 -2
= — -2 4
Fd (21—1) 2(1—1)+ Z<2l’—1—2v>< 20+ 1 )
-1 k’+l’—1 K z -3
2k — -2 2=/F—= 41 2——41
_(2k-3 _2kz "’42 + +1)
20— 1 1—1) &\ 1o+ 2w
As before, using the congruences in (4) we have
U'—1 7t g1
o2k — 3 E—2 i | K'-lU'-3
S —9 4 2 2
(2[—1) (l—l)+ ;(l’—l—v)( v )

that by Vandermonde gives

2k — 3 k—2 kK —2
__(21—1)_2(1—1)+4<z/—1)

which agrees with the claim, since [%J =k —2and [%J =0'-1 OJ

Lemma 4. For k > 3 and | > 1 we have modulo &:

(k=2 10
Frg— (— )(l—1>:4(T®B)k2’l where B 1= (é%

Proof. By Lemma 3 we must prove that

(~1)* (2(125 1+)1+ 1) 2601y (— 1) <z k 1) AT <LL%JJ>

— (=)™ (l k ) = 4(7 ® B)k,; (mod8) Vk > 1.

-1

In this equality the indexes k, [ are > 1; since the entries (7 ® B)j,; depend on
the binary representation of £k —1 and [ — 1, only in this proof it is convenient
to shift the indexes by setting k «— &k — 1, [ «+ [ — 1. After this shift the claim
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becomes

() 2 () Q—D

1
— (_1)(k+1)(l+1) (k_l'_ ) = 4(T X B)k,l (mod 8) VEk,l >0,

where now in 7 ® B the indexes start by 0. The claim is evident for [ > k +1
because both LHS and RHS are zero; in particular both LHS and RHS are
triangular matrices and we can assume [ < k. The proof splits in four cases,
according to the parities of k£ and .

o k=2 and [ = 2"+ 1. Since (7 ® B)ap 2r+1 = 0, the congruence modulo
8 becomes

4k' 4+ 3 W1l 2K +1 K
— —(2(—1 1 Adpr _y— = 0.
© (1) - v (G ) e () <0

e Suppose k = 2k’ and | = 2I'. Since (T ® B)awor = (T @ ({3))ww, the
congruence modulo 8 becomes

4K + 3 2k 4+ 1
(9) + = 45k’,l’ even *
4 +1 2 v 2=k /2
e Suppose k = 2k’ +1 and [ = 2"+ 1. Since (7 ® B)ag12r+1 = 0, the
congruence modulo 8 becomes

4K +5 2K 42
1 - - —0.
10 (is) - (Grir)=e
e Suppose k = 2k' + 1 and [ = 2I'. Since (7 ® B)agr+1.20 = (T ® (1 9))wrrs

the congruence modulo 8 becomes
(11)

4k' 4+ 5 Wl 2K +2 K
— 2(—1 —1 A6y _pr— =40 Jeven -
(4l’+1) @) ) or ) TRy v 55T

Congruences (8)—(11) can be proved using the result in [1], since it allows to
write (2261;125) as Cob.ag bo (Z) modulo 8 where Cyp a0, 1S explicitly given and
depends only on ag, by and the residues modulo 4 of a and b. For example,
using this result we can reduce (8) to a congruence where to LHS we have
Corw (l;,l) with an explicit C}, ,, depending only on residues modulo 4 of k" and
I'. A new application of [1] allows us to prove that in any case LHS is divisible
by 8. A similar approach can be used for (9) and (10). For (11) we also use
the relation (klff 1) = klff L (l,k:l). We leave to the reader the (very tedious) task
to verify all the details of this proof. OJ

Now we study the behaviour of

2l
E+1-1
gk’l :Z( 9 — g )(T®A)k—l—2,s (mod2), ]{324, 1§l§]€—3

s=1
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)

Proof. In other words, we have to prove that for k > 1, Gyio; = (7 ® C)iy
where

Lemma 5. For k > 4 we have

Gy = (7T @ C)j—ay, where C' = (

oO—OO
—OOO
[e]lelelo]
[e]lelelen)

2

kE+1+1

Oryo, = g ( o _ )(T@A)k_l,s (mod 2).
s=1

We prove this equality by considering separately the different classes of k — [
modulo 4.

e Suppose k—[ odd. Then (7 ®A),_; s = 1 only for odd values of s; assuming
s odd we have

k+1+1 2itltl )
<2l—s> <2(1—%)+1 ( )

where (4) has been used for the last equality. It follows that under this
assumption Ggio; = 0, which is also the value of (7 ® C)g,; under this
hypothesis.

e Suppose k—[ = 0 (mod 4). Then the set of integers s where (7 ®A)_;s = 1
is made of couples a,a + 1, for suitable odd integers a. We have

k+1+1 k+1+1 28 41 28 11
+ = +
2l —a 20—a—1 2(1 — £y 4+ 1 2(1 — )

kit ket
- <z —QG—H) i (z —2ﬂ> =0 (mod2)
2 2

where (4) has been used for the second equality. It follows that also in this
case G2y = 0. It is easy to verify that also (7 ® C)g, is null under the
assumption k£ = [ (mod4), hence the congruence is proved in this case, as
well.

e Suppose k—[ = 2 (mod 4). Then the set of integers s where (7 ®A)_;s = 1
istheset {s: s—1<k—-1—-2}. Weset k—1l—2=4uand—1=:m.
The condition s — 1 < 4u implies that s — 1 is a multiple of 4, s — 1 =: 4v
say, with v < u. In terms of u,v and m we have

Lm/2] Lm/2]
du+2m+5 Z u+|[m/2] +1
Gri2i Zv—o (Qm +1-— 4v> — ( |m/2| —wv (mod2),

v=u v=u

where for the last equality the congruence in (4) has been applied twice.
The restriction v < u can be included in the sum by multiplying the terms
by (Z) In this way we have

o B (0 ()
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where for the last equality we used the Vandermonde identity. The equality
we have to verify is therefore

2u+ |m/2 1

< +LEn//2 JJ ' ) =78 Outmrsmar (mod2).
In this equality both sides assume the same value for m = 2m’ and m =
2m’ 4 1, hence we can confine ourself to verify it only for even m. We do
it by distinguishing two subcases:

e m = 4m/. Then (2U+L%/22JJ+1) = () = (P (mod 2), and

(T®C)3y m 2u+n,

(T ® O)4u+m+3,m+1 - (T 0%y C’)4(u—|—m’)—&-3,4771’—‘,—1 - .
0 otherwise.

Since (7 ®C)s1 = 1, we see that (T @ C)sytmt3,m+1 = O/ <utmy that is
also the value of residue of (“jf/) modulo 2, thus the claim is proved.

e m = 4m’ + 2. Then (Q“JFLEZ”/;JJ“) = (2“;W2Lffrlfr2) =0 (mod2), and
(T®C)173 1fm’ju+m’+1,

0 otherwise.

(TRC) sutrm+3m+1 = (T OC) auim’+1)+1,4m/+3 = {

Since (7 ® C')1,3 = 0, the claim is proved in this case as well.

Now we can complete the proof of Theorem 2.

Proof. Let k > 3. We prove directly the cases [ > k — 2. The claim holds for
[ > k since under this assumption Mj; = 0, (’;:12) =0and (7 ® A)g_2; = 0.
The claim holds for | = k — 1 since M1 = 1, (—1)k(k_1)((kfz)2_1) =1 and
(7T @ A)g—2%-1 = 0. Finally, the claim holds for [ = k — 2 since

2k—4
2k — 3 2k — 3
Myp—z=)_ <2k Cal 8) My, = (Qk i 5) My, = (2k — 3)(k — 2);

s=1

besides, (—1)F*=2) ((kS)QA) = (=1)*(k—2) and (7 ® A)j—2—2 = dg—3 1), thus
the congruence becomes (2k — 3)(k — 2) = (=1)F(k — 2) + 404—3(4) (mod8),
which is true.

Suppose k > 4 and | < k — 3. Then the recursive identity in (2c) gives

My.1 = Fiy + Gk, so that the congruence we must prove becomes

k—2
Fri+Gry = (=DM (l B 1) +4(7 ® A)g—2; (mod8),
which holds by Lemmas 4-5, because B + C = A. OJ
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