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Abstract. We revisit some results of perturbation theories by a method of successive elimina-

tion of harmonics inspired by some ideas of Delaunay. On the one hand, we give a connection
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1. Introduction

In recent times, some interest arose on the possible application of the methods of KAM
theory and of the Nekhoroshev like results to problems in celestial mechanics. However,
a direct application of these methods in practical problems is generally an hard task,
since they are based on iteration schemes well suited for analytical estimates, but not
for an explicit computation. The present paper follows this research line, by trying to
justify from a quantitative viewpoint a perturbation method inspired by some ideas of
Delaunay (1867). The advantage of this method is that it can actually, and effectively,
be applied, at least for systems of low dimension, as illustrated in a recent paper by
Morbidelli (1991). Here, we give a quantitative analysis of the method, with the aim of
giving it a complete theoretical support. Precisely, we show that a suitable adaptation
of the method of Delaunay can be used to recover, in a common environment, both
the KAM theorem and part of the Nekhoroshev theorem. Although from a strictly
mathematical viewpoint the results are not new, we believe that the most interesting
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aspect of the present paper is that, at least in the present case, we are filling the gap
between practical computations and theoretical results in perturbation theory.

Let us recall in some more details the main ideas. A direct use of the perturba-
tion methods underlying the KAM and the Nekhoroshev theories is often impossible,
unless one considers very simple cases. The main reason is that in the traditional
approach to both the theories one has to deal with different kinds of expansion of
a near to integrable Hamiltonian system, and to apply all the known apparatus of
canonical transformations. Doing such a work explicitly is usually an hard task. In-
deed, the number of terms in the expansion becomes soon so large that it is often
almost impossible to perform the computation in a reasonable time. The usual way
out of this difficulty is to consider only local expansions; for example, one considers a
neighbourhood either of a periodic orbit or of an equilibrium point (Giorgilli et al.,
1989; Simó, 1989; Celletti and Giorgilli, 1991). The latter method usually allows to
reach interesting results, but it is nevertheless hard to obtain a global description of
the dynamics.

We follow here a different approach. Precisely, we perform a process of successive
elimination of harmonics in the Fourier expansion of the Hamiltonian: this is indeed
the idea of Delaunay. How to actually perform such an elimination is suggested by the
Arnold’s construction of the action–angle variables (Arnold, 1963b). First, one ignores
all the harmonics in the perturbation but a single one. This is an integrable system,
and the introduction of the action–angle variables requires only the evaluation of an
integral. Such an operation allows a complete elimination of the considered harmonic
without remainder terms. Next, one has to compute the expansion of the till now
ignored terms in the new variables, and to iterate the process. How to practically
perform such a procedure is illustrated in the quoted paper by Morbidelli. However,
from a theoretical viewpoint, it seems not immediately evident that the method is
based on a sufficiently established mathematical background. For instance, the choice
of the order of elimination of the harmonics is rather arbitrary, and is justified only in a
qualitative fashion. Moreover, there is no evidence a priori that the already eliminated
harmonics do not reappear with bigger and bigger coefficients: this is indeed a major
problem in classical expansions.

As already anticipated, we show here that the method can be fully justified. In
particular, we obtain the following results.
(i) For a sufficiently small perturbation and for an arbitrary time T , there exists a

large open region of the phase space which is foliated in n–dimensional tori; these
tori are almost invariant up to time T , in the sense that an orbit starting on a
torus remains in a small neighbourhood of it for |t| < T . This is stated by our
theorem 1 below.

(ii) In the limit of the time T going to infinity, the region above shrinks to a set of
invariant tori (which is neither open nor dense). This set could be identified with
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the invariant tori of the KAM theory; we refer in particular to the formulation of
the results in the paper of Arnold (1963a). We do not include an explicit proof of
this statement, since it is nothing but the Arnold’s result.

(iii) If one requires that the open region above contains open balls of a given (small)
radius ε, then the time T must be finite. However, T can be as large as exp(1/ε)a,
with a suitable exponent a. This result looks as a bridge between the KAM theory
and the Nekhoroshev theory, at least for what concerns the nonresonant region.
The formal statement is given in theorem 2 below.

The possible relevance of these facts from a practical viewpoint is that we are able to
deal with an open set of initial conditions. The unpleasant aspect, is that such a set
contains holes, due to resonances, that we are unable to describe.

Understanding these facts requires a more technical discussion. Instead of looking
for invariant tori, like in KAM theory, we look for quasi invariant tori which lie on
neighbourhoods of the set of KAM tori. To this end, we perform a finite number of
perturbation steps. At each step we introduce new action–angle variables which are
close to, but do not coincide with, the original unperturbed ones; the difference is
usually referred to as “deformation”. As a function of the new action angle variables
the Hamiltonian has an integrable part, depending only on the actions, and a small
remainder depending on all variables. The construction of these action–angle variables
above cannot be performed unless one removes from phase space the resonant regions
—the holes in the final domain. At each step of the procedure one has the following
picture: the new action variables parameterize a set of tori filling up an open region; we
call these tori quasi invariant because the time derivative of the corresponding action
is small; thus, an orbit stays in a small neighbourhood of a quasi invariant torus for a
long time —roughly, at least the inverse of the size of the remainder.

The connection with the KAM theory shows that things are much more compli-
cated. Indeed, we could in principle perform any number of perturbation steps, thus
getting a better and better confinement of the orbits for longer and longer times. In
the limit of infinite steps one would get the set of KAM tori. This result is implicitly
contained in the Arnold’s proof of the existence of invariant tori, and we limit ourselves
in stressing this usually non considered content of the theorem. However, as is well
known, the set of invariant tori has a large measure, but its complement is open, dense
and connected. Thus, the KAM result is meaningful from a probabilistic viewpoint,
but could hardly be compatible with the experimental errors in determining the initial
data.

From the latter viewpoint, the connection with Nekhoroshev theory is perhaps
more interesting. To this end, we just stop our perturbation procedure when the set of
quasi invariant tori is not guaranteed to contain open balls of a given radius. In such
a way, we get a confinement of orbits for times which are exponentially large with the
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inverse of the radius of the ball. We stress here the following points.

(i) Our statement holds in an open set of large measure. In contrast, Nekhoroshev’s
theorem holds in the whole phase space.

(ii) The distance of the orbit from a quasi invariant torus is estimated to be exponen-
tially small over an exponentially large time interval.

(iii) The possibility of an exponential bound on the speed of the diffusion process is
strictly related to the request that the set of quasi invariant tori contains balls of
a suitable size.

Let us add a few comments. On the one hand, point (i) means that our result is weaker
than the Nekhoroshev’s one. On the other hand, point (ii) gives a statement which
looks much stronger than the usual Nekhoroshev’s estimate. In fact, the locality of
our result, as opposed to the globality of the Nekhoroshev’s one, is due to the fact
that we are considering only nonresonant regions. In such regions (and only in such
regions) we find quasi invariant tori which are close to the unperturbed ones. This
explains also why our estimate in (ii) is definitely better than the Nekhoroshev’s one.
Indeed, our estimate concerns action variables which are constant up to a small term
due to the remainder. In the usual Nekhoroshev’s approach instead one always refers
to the unperturbed action variables describing the unperturbed tori. Thus, the main
contribution to his estimate is due to the deformation introduced by the perturbation
procedure. The size deformation is in fact rather big, being of order εb, with b < 1.

A comparison with some previous works is also interesting. A first reference should
be made to a very interesting paper by Escande (19xx). In that paper, a similar method
of successive elimination of harmonics was used. The idea of Escande was to locate
an invariant torus (in his case the so called golden torus) with a method strictly
related to the renormalization group in Physics. In particular, he makes essential use
of the strict relation existing between the golden number and the Fibonacci’s sequence.
This allowed him to give the first perturbation steps an explicit form. In contrast, we
consider generic nonresonance conditions, and give only estimates on the effect of
the transformations. Thus, our treatment is less detailed, but can be applied to any
nonresonant region of the phase space. In addition, we are also able to give quantitative
estimates, in contrast with the formal approach of Escande.

A second reference concerns a recent work of Lochak (1989); see also Pöschel
(1991). His approach is based on consideration of completely resonant unperturbed
tori, i.e., tori which are foliated into strictly periodic orbits. In the neighbourhood of
such a torus one can give a local stability result, in the spirit of Nekhoroshev theory.
The global result is based on a theorem coming from number’s theory: roughly, every
unperturbed invariant torus can be approximated by a completely resonant one. This
can be considered as a clever use of the fact that the completely resonant regions
are, in some sense, the most stable ones. Our approach complements the Lochak’s
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one. Indeed, we restrict our attention to regions with nonresonant tori, thus getting
a very good confinement of the orbits. The basis of our approach is that the non-
resonant regions occupy a large fraction of the phase space. Thus, one is confronted
with the paradoxical situation that the most stable regions are the less relevant from
a probabilistic viewpoint.

The paper is organized as follows. In section 2 we formulate our results as math-
ematical theorems. In section 3 we illustrate the method of elimination of a single
harmonic. In section 4 we show how the successive elimination of harmonics connects
with the quadratic method commonly used in KAM theory. Finally, in section 5, we
give the proofs of the theorems. The technical sections 6 and 7 contain the proofs of
the main lemmas and a few technical statements.

2. Formulation of the results

We start with some definitions and notations.

In Cn we introduce the distance |p− p′| = maxj |pj − p′j |.
For an open subset G of Cn we shall denote by G − δ, with positive δ, the subset

of G of the points which are contained in G together with a δ–neighbourhood; a δ–
neighbourhood is an open ball of radius δ in the distance above.

Considering the immersion of Tn in Cn, with coordinates q, we shall denote by
Tn
σ the strip | Im q| ≤ σ.

The basic domain of our construction will be D = G × Tn
σ. Moreover, we shall

denote by D − (δ1, δ2) = (G − δ1)×Tn
σ−δ2

. By abuse of notation we shall also denote
D − δ = (G − δ)×Tn

σ.

We are also interested in the volume of the real part of either D or G. By VolD
and VolG we shall denote such a volume. We remark that, from D = G × Tn

σ, the
relation VolD = (2π)nVolG holds.

Finally, if f(p, q) is an analytic function defined on D, we shall denote with ‖f‖D
the supremum norm, i.e., ‖f‖D = supD |f(p, q)|. For a vector function g = (g1, . . . , gn),
the norm ‖g‖D will be defined as the maximum of the norms of the components. For
vectors v ∈ Cn the notation ‖v‖ will instead denote the Euclidean norm.

With these settings we can state our

Theorem 1: Let the Hamiltonian

H(p, q) = H0(p) + εH1(p, q)

be real analytic in D = G × Tn
σ, the set G being open in Cn; assume that, for some

positive constants Λ, ϑ, Θ, ε, and σ with 0 < ϑ ≤ Θ < +∞, the Hamiltonian H
satisfies:
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a)
∥

∥

∥

∂H0

∂p

∥

∥

∥

D
≤ Λ

b) ϑ‖v‖ ≤ ‖A(p)v‖ ≤ Θ‖v‖ for any v ∈ C, where A(p) =
(

∂2H0

∂pi∂pj

)

c) ‖H1‖D ≤ ε

d)
∥

∥

∥

∂H1

∂p

∥

∥

∥

D
≤ ε3/4

Assume moreover that, for some positive constants ̺, and DV , the domain G satisfies:
e) Vol(G \ (G − d)) ≤ dDV VolG for 0 < d < ̺.

Then there exist constants ε, C∗, C∗
σ, V and a positive function T∗(ε) such that the

following statement holds true:
For any ε < ε and for any T > T∗(ε), having defined η = ε1/4(T∗/T )

1/3, there exists
an open domain D′(ε, T ) ⊂ D such that:
1) D′(ε, T ) is made up of n–dimensional tori T parameterized by action variables P

canonically conjugated to angles Q, with p = P + f(P,Q), q = Q+ g(P,Q) and

‖f‖D′ ≤ 2C∗ε1/2 , ‖g‖D′ ≤ 2C∗
σε

1/4 ;

2) Vol(D′ − η) ≥
{

1− V ε1/16
[

1−
(

T∗

T

)1/6
]}

VolD
3) ∀(P0, Q0) ∈ D′ − η, the orbit P (t), Q(t) with initial data P0, Q0 satisfies

|P (t)− P0| ≤ η for |t| ≤ T

The existence of quasi invariant tori stated in theorem 1 suggests a possible con-
nection with the Nekhoroshev’s theorem. The key point here is that Nekhoroshev’s
result is global in the action space, while our theorem, like the KAM theorem, gives
results on a quite strange subset of the phase space. A minimal connection between
Nekhoroshev and KAM theory requires that the open domain D′(ε, T ) of theorem 1
also does contain balls of a suitable radius. From a practical viewpoint this could be
considered as a request of compatibility with the errors in experimental data. As a
matter of fact, such a request produces an upper bound on the time T in our state-
ment, which turns out to be essentially the exponential time appearing in Nekhoroshev
theory. We remark, on the one hand, that our result is still local, in the sense that it
is only valid in a neighbourhood of the set of the invariant tori of KAM theory; on the
other hand, we are able to work in action angle variables adapted to the perturbation.

We now state the following

Theorem 2: In the same hypotheses of theorem 1 there exist a constant ε1 ≤ ε,
with ε as in theorem 1, and a constant α not dependent on ε such that for any ε < ε1
the domain

D′(ε, T ) with T =
2

σε3/4
exp

[

3

8

(α

ε

)1/(3n−2)
]

contains balls of radius ε.
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3. Elimination of a single harmonic

The basic step in our perturbation method is the elimination of a single harmonic
in the Fourier expansion of the Hamiltonian. This is performed via the construction
of suitable action–angle variables according to the known framework established by
the Arnold–Liouville theorem. Our scheme is inspired by the effective presentation of
Henrard (1990); we just show that all the operations can be consistently performed in
a complex domain, and that we can produce quantitative estimates.

To start with, we consider the integrable Hamiltonian system

(1) H(p, q) = H0(p) + h1(p) cos(k · q) ,

where p ∈ G ⊂ Cn and q ∈ Tn
σ. We also assume that the domain G is non–resonant,

namely that the quantity k · ω(p) is bounded away from zero. The first step we make,
is to transform the Hamiltonian to the form

(2) H̃(I, ϕ) = H̃0(I) + h̃1(I) cos(λϕ1) ;

this is obtained by a linear canonical transformation defined by a unimodular matrix,
i.e., a matrix with integer entries and determinant 1. The coefficient λ turns out to be
the greatest common divisor among the components of k. This amounts to consider a
system which is essentially one–dimensional, which makes the extension to a complex
domain straightforward. For such a system, the new action variables J1, . . . , Jn turn
out to be Jl = Il for l = 2, . . . , n, and

(3) J1 =
1

2π

∮

Γ

I1 dϕ1 ,

where I1 has to be expressed as a function of E,ϕ1 and the remaining actions I2, . . . , In
by inverting the relation H̃(I, ϕ) = E. The extension of this definition to the complex
domain is straightforward. Indeed: the inversion can be performed also for complex
variables and for complex values of E; the cycle Γ on the real torus is nothing but the
interval [0, 2π], and can be continuously deformed into an arbitrary closed curve on
a complex neighbourhood of the real torus; the value of the integral (3) clearly turns
out to be independent of the curve.

Finally, we introduce the last set of action–angle variables R, r by performing the
inverse of the linear canonical transformation above. The variables R, r are close to
p, q in the sense that they are defined by the relations

(4) p = R+ f(R, k · r) , q = r + g(R, k · r) ,

where f and g turn out to be roughly of the same size as h1.

A precise statement involving quantitative estimates is given by the following
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Lemma 1: Let

(5) H(p, q) = H0(p) + h1(p) cos(k · q) ,
with 0 6= k ∈ Zn, be real analytic in the domain D = G ×Tn

σ for some positive σ, and
assume that for positive constants γ,Λ, C,M,Θ, ϑ, with M < γ/(|k| exp(|k|σ)) and
0 < ϑ ≤ Θ < +∞, one has

a) infp∈G

∣

∣

∣
k · ∂H0

∂p

∣

∣

∣
≥ γ > 0;

b)
∥

∥

∥

∂H0

∂p

∥

∥

∥

G
≤ Λ;

c) ϑ‖v‖ ≤ ‖A(p)v‖ ≤ Θ‖v‖ for any v ∈ Cn, where A(p) is the Hessian matrix of H0

with respect to p, namely A(p) =
(

∂2H0

∂pj∂pi

)

;

d) ‖h1‖G ≤ C ,
∥

∥

∥

∂h1

∂p

∥

∥

∥

G
≤M .

Define

δ0 = 2(π + |k|σ) |k|Ce|k|σ
γ − |k|Me|k|σ

δ1 =
4e|k|σ(π + |k|σ)
γ − |k|Me|k|σ

(

2
√
nΘ|k|(π + |k|σ)C
γ − |k|Me|k|σ

+M

)

and assume moreover that G−2δ0 is non–empty and that δ1 < σ/2. Then, there exists
a real analytic canonical transformation C : D − (δ0, δ1) → D such that the following
holds:
1) D − 2(δ0, δ1) ⊂ C(D − (δ0, δ1)) ⊂ D,
2) denoting by R, r the new variables, the transformation can be given the form

(6)
p = R+ f(R, k · r) ,
q = r + g(R, k · r) ,

with functions f and g periodic in ψ1 = k · r satisfying

‖f‖D−(δ0,δ1)
≤ δ0 , ‖g‖D−(δ0,δ1)

≤ δ1 ;

3) the transformed Hamiltonian H ′ = H ◦ C is independent of the new angles r,
namely one has H ′ = H ′(R); moreover, for any positive δ2 such that G−(2δ0+δ2)
is non empty, the transformed Hamiltonian H ′ satisfies (b) and (c) with new
constants Λ′, ϑ′ and Θ′ defined by

(7)

Λ′ =Λ+Me|k|σ ,

ϑ′ =ϑ− nΛδ0 + Ce|k|σ

δ22
,

Θ′ =Θ+
nΛδ0 + Ce|k|σ

δ22
.
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4. Iterative elimination of harmonics and quadratic step

The aim now is to use the result of Lemma 1 as a base for the successive elimination
of harmonics from the Fourier expansion of the Hamiltonian.

We consider the complete Hamiltonian

(8) H(p, q) = H0(p) +H1(p, q) ,

and expand H1 in Fourier series of the angles q. For simplicity we assume that the
expansion contains only cos terms, namely it has the form

(9) H1(p, q) =
∑

k∈Zn

hk(p) cos(k · q) .

Pick now an arbitrary k, for instance by looking for the largest coefficient hk, and
perform the transformation of lemma 1. To do this it is clearly necessary to reduce the
domain G, where the original actions are defined, by removing a strip of a suitable size
around the resonant manifold k ·ω(p) = 0; actually, we remove the strip |k ·ω(p)| < γ
with a suitable γ. Under that canonical transformation the new Hamiltonian takes the
form

(10) H ′(R, r) = H ′
0(R) +H ′

1(R, r) +R(R, r) ,

where H ′
1 has the same Fourier expansion as H1 but without the harmonic k which

has been eliminated, and R contains all the terms generated by the introduction of
the new variables in each term of the original Fourier expansion of H1. The problem
here is to estimate the size of R. To this purpose we state the following

Lemma 2: Consider a real analytic function

h(p, q) = h1(p) cos(m · q)
defined on a domain D = G ×Tn

σ and assume that
a)
∥

∥h1
∥

∥

G
≤ C1 < +∞,

b)
∥

∥

∥

∂h1

∂p

∥

∥

∥

G
≤M1 < +∞,

where C1,M1 are positive constants. Consider now the canonical transformation
p(R, r), q(R, r) the existence and the properties of which are proved in Lemma 1.
Consider moreover the function h′(R, r) = h(p(R, r), q(R, r)) defined on D − (δ0, δ1);
then h′(R, r) can be written as

h′(R, r) = h1(R) cos(m · r) +Rk,m(R, r)

with an analytic function Rk,m satisfying

‖Rk,m‖D−(δ0,δ1)
≤ ne|m|σ(M1δ0 + |m|C1δ1 + n|m|M1δ0δ1) .
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This lemma shows on the one hand that if the perturbation H1 is of size ε, then R
turns out to be roughly of size ε2 (apart from non–negligible coefficients that have to
be taken into account in a quantitative statement); on the other hand the analyticity
of the Hamiltonian implies that the coefficients hk(p) decay exponentially fast, namely
that |hk| ∼ e−|k|σ for some σ. Thus, we can proceed with the elimination of harmonics
disregarding all the new terms in R generated by the transformation until |k| reaches
a value K0 roughly of size | ln ε|. At that point we are left with the part of H1 of size
ε2, namely of the same size as R. Thus, we expand also R in Fourier series, reorder all
the terms, and start the game again with a perturbation of size ε2. The elimination
of all the harmonics satisfying |k| ≤ K0 is what we call a quadratic step, because of
it’s evident connection with the quadratic method commonly used in the proof of the
KAM theorem.

The main problem here is concerned with the elimination of the resonant strips.
As in Arnold’s formulation of the KAM theorem, here we look for a region in the phase
space of large volume where our results hold. In principle one is interested in regions in
the real action space; however, the canonical transformations introduce deformations
of the action variables depending on the angles, and this makes the estimates of the
volumes of the resonant strips impractical. As suggested by Arnold, the way out of
this difficulty is to consider domains in the real part of the whole phase space. Indeed
the canonical transformation is known to preserve volumes in phase space, so that the
estimate of a volume is independent of the set of canonical variables used.

The quantitative analysis of a single quadratic step leads to the following iterative

Lemma 3: Let

H(p, q) = H0(p) +H1(p, q)

with
∫

Tn H1(p, q)dq = 0 be real analytic on a domain D = G × Tn
σ for some positive

σ. Assume that for some positive constants ε,Λ, ϑ,Θ, DV , with 0 < ϑ ≤ Θ < +∞ the
following hypotheses hold:

a) ‖H1‖D ≤ ε;

b)
∥

∥

∥

∂H1

∂p

∥

∥

∥

D
≤ ε3/4;

c)
∥

∥

∥

∂H0

∂p

∥

∥

∥

D
≤ Λ < +∞;

d) ϑ‖v‖ ≤ ‖Av‖ ≤ Θ‖v‖ for any v ∈ Cn, where A(p) ≡
(

∂2H0

∂pj∂pi

)

;

e) for some positive ̺ the domain G has the following property:

Vol(G \ (G − d)) ≤ dDV Vol(G) for all 0 ≤ d ≤ ̺.

Then, there exist positive constants CH , CΛ, Cϑ, Cσ, CG , C∆, A,B, ε dependent on
n, σ, ϑ,Θ,Λ such that for any δF satisfying ε1/16(n+1) ≤ δF < 1/4, and for any ε < ε
there exist a domain D′ and a canonical transformation C : D′ → D with the following
properties:
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1) D ⊃ D′ − ε1/4 6= ∅;

2) W ′ := Vol(D \ (D′ − ε1/4)) ≤
[

DV C∆ +A
(B − ln ε)n−1

δn−1
F

]

ε1/4

δn+2
F

Vol(D);

3) D′ admits a foliation G′ ×Tn
σ′ with

σ′ ≥ σ(1− δF )− Cσε
1/4 > σ/2 ,

Vol(G′ \ (G′ − d)) ≤ dD′
V Vol(G) for all 0 ≤ d ≤ ̺′ with

̺′ = ̺− C∆ε
1/8 ,

D′
V = DV + 2nCG

(

Θ′

ϑ′

)n(
B − ln ε

σδF

)n−1

,

ϑ′ = ϑ− Cϑε
1/8 ,

Θ′ = Θ+ Cϑε
1/8 ;

4) |p− p′| ≤ C∆ε
1/2 , |q − q′| ≤ Cσε

1/4;
5) the Hamiltonian H ′ in the variables p′, q′ ∈ D′ can be written in the form

H ′(p′, q′) = H ′
0(p

′) +H ′
1(p

′, q′) with
∫

Tn H
′
1(p

′, q′)dq′ = 0, and

‖H ′
1‖D′ ≤ ε′ ,

∥

∥

∥

∥

∂H ′
1

∂p′

∥

∥

∥

∥

D′−ε1/4
≤ (ε′)3/4 with ε′ = ε5/4CH

∥

∥

∥

∥

∂H ′
0

∂p′

∥

∥

∥

∥

D′−ε1/4
≤ Λ′ ≡ Λ + CΛε

1/2

moreover, for p ∈ G′ − ε1/4 one has

ϑ′‖v‖ ≤ ‖A′v‖ ≤ Θ′‖v‖ ∀v ∈ Cn

where Θ′ and ϑ′ are as above, and

A′ ≡
(

∂2H ′
0

∂p′j∂p
′
i

)

.

5. Iteration and proofs of the theorems

The proof of theorem 1 requires the iteration of quadratic steps and an estimate of the
total loss of volume. The rough argument we use is as follows. According to lemma 3,
after a number N of quadratic steps the Hamiltonian has the form

(11) H(N)(p, q) = H
(N)
0 (p) +H

(N)
1 (p, q) ,
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where the remainderH
(N)
1 turns out to be of size CNε

2N , with a non negligible constant
CN . As a matter of fact, CN grows so fast that the actual size of the remainder is
εN . This suffices to ensure that the diffusion is slower and slower with increasing N .
Having fixed the time T , we determine N as a function of T and ε, and compute all
the quantities entering the statement of the theorem.

For what concerns the proof of theorem 2, we ask the domain to contain at least
a ball of radius ε like in the local version of the Nekhoroshev theorem. This gives an
upper bound to N and, in turn, to T .

Proof of theorem 1. We prove the theorem iterating the results of lemma 3. We

construct sequences of constants ε(s),Λ(s), ϑ(s), Θ(s), σ(s), ̺(s), D
(s)
V ,W (s) for s ≥ 1, to

be used in place of the primed constants in lemma 3. A straightforward use of lemma 3
shows that the constants are determined via the recursive system

ε(s) = (ε(s−1))5/4CH ,(12)

Λ(s) = Λ(s−1) + CΛ(ε
(s−1))1/2 ,(13)

ϑ(s) = ϑ(s−1) − Cϑ(ε
(s−1))1/8 ,(14)

Θ(s) = Θ(s−1) + Cϑ(ε
(s−1))1/8 ,(15)

σ(s) = σ(s−1)(1− δ
(s)
F )− Cσ(ε

(s−1))1/4 ,(16)

̺(s) = ̺(s−1) − C∆(ε
(s−1))1/8 ,(17)

D
(s)
V = D

(s−1)
V + 2n

(

Θ(s)

ϑ(s)

)n

CG

(

B − ln ε(s−1)

σ(s−1)δ
(s)
F

)n−1

,(18)

W (s) =W (s−1) +

[

D
(s−1)
V C∆ +A

(B − ln ε(s−1))n−1

(δ
(s)
F )n−1

]

(ε(s−1))1/4

(δ
(s)
F )n+2

VolD ,(19)

starting with ε(0) = ε, . . . , D
(0)
V = DV , and W

(0) = 0. Moreover, denoting by p(s), q(s)

the canonical coordinates at step s, from lemma 3 we have

(20) |p(s) − p(s−1)| ≤ C∆(ε
(s−1))1/2 , |q(s) − q(s−1)| ≤ Cσ(ε

(s−1))1/4 .

Here we have to remark that the constants CH , CΛ, Cϑ, Cσ, C∆, A,B depend on
σ(s−1), ϑ(s−1),Θ(s−1),Λ(s−1). We assume the condition (to be checked later) that, for
ε small enough one has

(21) σ(s) > σ/2 , ϑ(s) > ϑ/2 , Θ(s) < 2Θ , Λ(s) < 2Λ ∀s .

Then we can define new constants C∗
H , C

∗
V , C

∗
ϑ, C

∗
σ, C

∗
∆, A

∗, B∗ as the maximum of
CH , CΛ, Cϑ, Cσ, C∆, A,B over the range of allowed variation of σ(s), ϑ(s),Θ(s),Λ(s).

We look now for a closed non recursive expression for ε(s). This readily follows
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from the assumption (21) and from the condition on ε

(22) ε <

(

1

eC∗
H

)4

.

Indeed, we remark that equation (12) reads

ε(s) ≤ (ε(s−1))5/4C∗
H ,

and that defining

(23) ε∗ = ε1/4C∗
H

we get
ε(s) ≤ εεs∗ .

Now we show that the uniform estimates (21) hold. Assuming that ε satisfies

(24) C∗
V

ε1/2

1− ε
1/2
∗

< Λ , C∗
ϑ

ε1/8

1− ε
1/8
∗

< ϑ/2 ,

and using equations (13), (14) and (15) we get

Λ(s) ≤ Λ + C∗
V ε

1/2
∑

0≤l≤s

ε
l/2
∗ ≤ Λ + C∗

V ε
1/2 1

1− ε
1/2
∗

< 2Λ ,

ϑ(s) ≥ ϑ− C∗
ϑε

1/8
∑

0≤l≤s

ε
l/8
∗ ≥ ϑ− C∗

ϑε
1/8 1

1− ε
1/8
∗

> ϑ/2 ,

Θ(s) ≤ Θ+ C∗
ϑε

1/8
∑

0≤l≤s

ε
l/8
∗ ≤ Θ+ C∗

ϑε
1/8 1

1− ε
1/8
∗

< 2Θ .

For what concerns σ(s), one has to discuss the equation (16). First of all we choose

δ
(s)
F such that

(25) δ
(s)
F ≥ (εεs∗)

1/16(n+1) ,
∑

s

δsF < 1/4 .

This is a non empty condition provided that

(26) ε1/16(n+1)
∑

s

(

ε
1/16(n+1)
∗

)s

≤ ε1/16(n+1)

1− ε
1/16(n+1)
∗

< 1/4 ,

which gives a further condition on ε. Then we estimate

σ(s) ≥ σ



1−
∑

0≤l≤s

δ
(s)
F



− C∗
σε

1/4
∑

s

ε
s/4
∗ ;
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this is larger than σ/2 provided the further condition on ε

(27) C∗
σε

1/4
∑

s

ε
s/4
∗ ≤ C∗

σ

ε1/4

1− ε
1/4
∗

< σ/4

is satisfied.

For what concerns ̺(s) in (17) one has just to prove ̺(s) > 0, ∀s. This is satisfied
for any ε such that

(28) C∗
∆ε

1/8
∑

s

εs/8 ≤ C∗
∆

ε1/8

1− ε
1/8
∗

< ̺ .

We come now to the estimate of D
(s)
V and W (s) in (18) and (19). Here one needs

estimates explicitly dependent on s. For D
(s)
V we have:

(29)

D
(s)
V ≤ DV +

∑

0≤l≤s−1

(

Θ

ϑ

)n

24nCG

(

B − ln ε− l ln ε∗

σδ
(l)
F

)n−1

≤ DV +

(

Θ

ϑ

)n

24nCGs

(

B − ln ε− s ln ε∗

σδ
(s)
F

)n−1

.

Concerning W (s), by (19), (25) and (29), we get:

(30) W (s) ≤







∑

0≤l≤s−1

[

DV C
∗
∆ + βl(B∗ − ln ε− l ln ε∗)

n−1
]

(εεs∗)
1/8







VolD

where β = 2max
(

(

Θ
ϑ

)n
24nCGC

∗
∆/σ

n−1, A∗
)

. We now use

(31) B∗ − ln ε− l ln ε∗ = (l + 4 +B∗ + 4 lnC∗
H)| ln ε∗| ≡ (l +D∗)| ln ε∗| ;

with this we can estimate

(32)
∑

0≤l≤s−1

l(B∗ − ln ε− l ln ε∗)
n−1ε

l/8
∗ ≤ | ln ε∗|n

∑

0≤l≤s−1

(l +D∗)nε
l/16
∗ ε

l/16
∗ .

Using now the inequality

(α+ s)nxs/2 ≤ αn for 0 < x ≤ e−2n/α ,

and imposing the new condition on ε

(33) ε
1/16
∗ ≤ e−2n/D∗

,
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we get from (32) and (30)

W (s) ≤
[

DV C
∗
∆

1− ε
s/8
∗

1− ε
1/8
∗

+ β(D∗)n| ln ε∗|n
1− ε

s/16
∗

1− ε
1/16
∗

]

ε1/8 VolD

≤ Ṽ | ln ε∗|n
1− ε

s/8
∗

1− ε
1/16
∗

ε1/8 VolD ,

with Ṽ = 2max(DV C
∗
∆, β(D

∗)n). We now impose further conditions on ε

(34) ε
1/16
∗ ≤ 1/2 , ε1/8

∣

∣

∣

∣

1

4
ln ε+ lnC∗

H

∣

∣

∣

∣

n

< ε1/16

and define V = 2Ṽ thus getting the final formula

(35) W (s) ≤ V ε1/16(1− ε
s/8
∗ )VolD ∀s .

Clearly, one has W (s) ≤ VolD for

(36) ε ≤
(

1

V

)16

.

Equation (20) gives, for all s:

|p(s) − p| ≤ C∗
∆

ε1/2

1− ε
1/2
∗

≤ 2C∗
∆ε

1/2 , |q(s) − q| ≤ C∗
σ

ε1/4

1− ε
1/4
∗

≤ 2C∗
σε

1/4 ,

namely the statement 1, identifying P and Q with any of the p(s), q(s).

The last step of this proof is to connect the time of diffusion T to the order of
iteration s. Since

(37)
∥

∥

∥H
(s)
1

∥

∥

∥

D(s)
≤ ε(s) ≤ εεs∗ ,

one has that the diffusion from D(s)− εεs∗1/4 to D(s) can not occur in a time |t| ≤ T (s)

where

(38) T (s) =
2

σ

1

(εεs∗)
3/4

;

here, the factor 2/σ comes from Cauchy estimates on the angle domain. So we get

εs∗ =
( σ

2T

)4/3 1

ε
,
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which means s = 4/3(lnσ − ln2− lnT − 3/4 ln ε)/ ln ε∗. If one defines now T = T ′T∗
with T∗ such that lnσ − ln2− 3/4 ln ε = lnT∗, then one has

s = − 4

3 ln ε∗
ln

(

T

T∗

)

.

In view of (37), we get the statements 2 and 3 with the function η defined as

η(ε, T ) = (εεs∗)
1/4 = ε1/4

(

T∗
T

)1/3

,

as stated in the theorem. As a last remark, one could compute an explicit value for ε
by collecting all the conditions (22), (24), (26), (27), (28), (33), (34), (36). Q.E.D.

Proof of theorem 2. We have just to modify the proof of theorem 1 above. We
follow that proof up to formula (29), and at that point we impose that the domain
D(s) contains balls of radius ε. For this purpose, we define ∆V as

∆V = (1− V ε1/16)VolD ;

then the condition that D(s) contains balls of radius ε translates into the inequality

(39) D
(s)
V ε ≤ ∆V ;

indeed, this means that a further restriction of ε can be made without reducing the

volume to zero. We choose δ
(s)
F = 1/(8s2). This definition of δ

(s)
F satisfies

∑

s δ
(s)
F ≤ 1/4;

moreover the condition δ
(s)
F ≥ (εεs∗)

1/16(n+1) is clearly satisfied for ε small enough, for
example with the implicit condition

(40) ε∗ ≤ 1

e32(n+1)
.

Replacing this in (29), the inequality (39) then gives

(41)

[

DV +

(

Θ

ϑ

)n
27nCG

σn−1
s2n−1(B∗ − ln ε− s ln ε∗)

n−1

]

ε ≤ ∆V

VolD .

We now use (31) and impose the further condition on ε

(42) ∆V ′ ≡ ∆V

VolD −DV ε > 0 ;

then, from (41) we get

s ≤ s∗ :=
(α

ε

)1/3n−2 1

| ln ε∗|(n−1)/(3n−2)
−D∗
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with

α =
∆V ′σn−1

(Θ/ϑ)n27nCG
.

Use now s = s∗ − 1 in formula (38), with a last condition on ε, namely

(43) | ln ε∗|(D∗ + 1) ≤ 1

2

(α

ε

)1/(3n−2)

;

one gets

T ≥ 2

σε3/4
exp

[

3

8

(α

ε

)1/(3n−2)
]

,

as claimed. The condition (43) has to be considered together with (40) and (42) and
with ε < ε of theorem 1 for the definition of the upper limit ε1 for ε). This concludes
the proof of theorem 2 is completed. Q.E.D.

6. Proofs of the main lemmas

Proof of lemma 1. We first perform a linear canonical transformation (p, q) → (I, ϕ)

ϕ = Uq , I = (UT )−1p ,

where U is a unimodular matrix and the upper index T denotes transposition. The
matrix U is so defined that ϕ1 = k̃ ·q, where k̃ is defined by k = λk̃, with λ the greatest
common divisor among the components (k1, . . . , kn) of k. It is well known that such a
matrix can be found. With the unimodular transformation U the Hamiltonian takes
the form

H̃(I, ϕ) = H̃0(I) + h̃1(I) cos(λϕ1) ,

and using hypothesis (d) and the results of Lemma 4 reported in section 7 it is straight-
forward to get the inequality

∥

∥

∥

∥

∥

∂h̃1
∂I

∥

∥

∥

∥

∥

D̃

≤ |k|
λ
M ≤ |k|M ,

where D̃ is the transformed of the domain D under the canonical transformation. We
now introduce new action angle variables J, ψ for H̃ in order to remove the dependence
on the angles. This means that the new Hamiltonian H̃ ′(J, ψ) = H̃(I(J, ψ), ϕ1(J, ψ))
does not depend on ψ, i.e., H̃ ′ = H̃ ′(J). The Arnold Liouville theorem can be easily
applied to the Hamiltonian H̃(I, ϕ1) leading directly to the definition of the action
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variables, which are

(44)
J1 =

1

2π

∮

Γ

I1(I2, . . . , In, ϕ1, E)dϕ1 ,

Jl =Il (l = 2, . . . , n) ,

where I1(I2, . . . , In, ϕ1, E) is implicitly defined by the equation

(45) H̃(I1, I2, . . . , In, ϕ1) = E

and Γ is an arbitrary closed curve on the torus (I1(ϕ1, E), ϕ1) obtained by continuously
deforming in the complex space the real cycle [0, 2π]. The existence of the solution of
the implicit equation (45) is ensured by the hypotheses (a) and (d), by the condition
M < γ/(|k| exp (|k|σ)), and by the fact that

(46) inf
D̃

∣

∣

∣

∣

∣

∂H̃

∂I1

∣

∣

∣

∣

∣

≥ γ − |k|Me|k|σ > 0 .

We now write the solution of (45) in the form I1(ϕ1, E) = I
(0)
1 + w(ϕ1, E) where

I
(0)
1 , ϕ

(0)
1 is the starting point of the curve Γ and w(ϕ1, E) is a function to be deter-

mined. However, for our purposes it is enough to find an upper bound for w. To this
end, we differentiate (45) with respect to ϕ1 and get

∂H̃0

∂I1
(I

(0)
1 + w)

∂w

∂ϕ1
+
∂h̃1
∂I1

(I
(0)
1 + w)

∂w

∂ϕ1
cosλϕ1 − λh̃1(I

(0)
1 + w) sinλϕ1 = 0

which gives

(47)
∂w

∂ϕ1
= λh̃1 sinλϕ1

(

∂H̃0

∂I1
+
∂h̃1
∂I1

cosλϕ1

)−1

.

In view of (46) and the hypothesis (d) we get directly
∥

∥

∥

∥

∂w

∂ϕ1

∥

∥

∥

∥

D̃

≤ λCe|k|σ

γ − |k|Me|k|σ
,

so that we also get

|w(ϕ1, E)| ≤ 2(π + |k|σ) λCe|k|σ

γ − |k|Me|k|σ

which holds for any ϕ1 ∈ Tn
|k|σ/λ and for any value E ∈ C. Therefore, from (44) one

has

(48)
∥

∥

∥
J1 − I

(0)
1

∥

∥

∥

D
≤ 1

2π

∮

Γ

|w|dϕ1 ≤ 2(π + |k|σ) λCe|k|σ

γ − |k|Me|k|σ
.
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Still using the unimodular matrix U we now introduce the new actions R by R = UTJ .
From (48) and using also lemma 4 one readily gets the estimate

(49) ‖p−R‖D ≤ 2(π + |k|σ) |k|Ce|k|σ
γ − |k|Me|k|σ

≡ δ0 ,

namely the first estimate in the statement (2).
We now build up the new angles r conjugated to R and look for an estimate of

|r − q|. To this end, we first remark that, by Arnold’s theorem, there exist angles
ψ1, . . . , ψn conjugated to the actions J1, . . . , Jn above. The angles ψ have a constant
frequency as H̃ ′ depends only on J and moreover one has

ϕl = ψl + dl(J, ψ1) l = 1, . . . , n

with functions dl satisfying dl(J, ψ1) = dl(J, ψ1+2π). We now complete the unimodular
canonical transformation by defining r = U−1ψ. Also the new angles r turn out to
have constant frequencies, and, moreover, the transformation from q to r is readily
seen to be of the form

ql = rl + gl(R, k · r) .
The aim now is to estimate |gl|. By the trivial identity gl = rl +

∫

ġl dt−
∫

ṙl dt, and
using Hamilton equations one gets

gl = rl +

∫ t

0

∂H

∂pl
dτ −

∫ t

0

∂H ′

∂Rl
dτ ;

substituting now dτ = (∂H̃ ′/∂J1)
−1dψ1, and using lemma 5 we get the identity

ql = rl +

(

∂H̃ ′

∂J1

)−1
∫

Γ(0,ψ1)

∂H

∂pl
dψ1 −

ψ1

2π

(

∂H̃ ′

∂J1

)−1
∮

Γ(0,2π)

∂H

∂pl
dψ1 ,

where with Γ(a, b) we denote any curve on the torus with extremes in ψ1 = a, ψ1 = b.
From this identity we obtain with a little algebra

|ql − rl| ≤ 4(π + |k|σ)
∣

∣

∣

∣

∣

∂H̃ ′

∂J1

∣

∣

∣

∣

∣

−1

|Bl|

where Bl =
∂H
∂pl

(p, q)− ∂H
∂pl

(R, 0). From (49) and hypotheses (c) and (d) we get

|Bl| ≤
√
nΘδ0 +Me|k|σ .

Moreover by lemma 5, the hypotheses (a) and (d), and recalling the condition M <
γ/(|k| exp |k|σ) one gets

∣

∣

∣

∣

k · ∂H
′

∂R

∣

∣

∣

∣

≥ inf
G×Tn

σ

∣

∣

∣

∣

k · ∂H
∂p

∣

∣

∣

∣

≥ γ − |k|Me|k|σ > 0 ,
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so that, using the definition of δ0 we finally prove the second estimate of statement 2.
Statement 1 readily follows from statement 2.

We finally come to the proof of statement 3. From Lemma 5 and hypotheses (b)
and (d) one has

∣

∣

∣

∣

∂H ′

∂R

∣

∣

∣

∣

≤
∥

∥

∥

∥

∂H

∂pl

∥

∥

∥

∥

D

≤ Λ +Me|k|σ ,

so that
∥

∥

∥

∥

∂H ′

∂Rl

∥

∥

∥

∥

D−(δ0,δ1)

≤ Λ′ ≡ Λ +Me|k|σ ,

namely the first of (7). To prove the remaining inequalities we first remark that, by
the canonical transformation, one has:

H ′(R) = H0(R+ f(R, k · r)) + h1(R+ f(R, k · r)) cos(r+ g(R, k · r)) ≡ H0(R) +F (R)

with a suitable function F . Using hypotheses (b) and (d) and the definition of δ0, a
straightforward estimate gives

‖F‖D−(δ0,δ1)
≤ nΛδ0 + Ce|k|σ .

Consider now the restriction of the domain D − (δ0, δ1) to D − (δ0 + δ2, δ1); by the
Cauchy estimate one gets

(50)

∥

∥

∥

∥

∂2F

∂Ri∂Rj

∥

∥

∥

∥

D−(δ0+δ2,δ1)

≤ 2
nΛδ0 + Ce|k|σ

δ22
.

Denoting now A′ as the hessian matrix of H ′ with respect to R and Ã as the hessian
matrix of F , one has A′ = A+ Ã with (from (50))

∥

∥

∥
Ãv
∥

∥

∥
≤ 2

nΛδ0 + Ce|k|σ

δ22
‖v‖ .

The last two inequalities of (7) are then straightforward, and this concludes the
proof. Q.E.D.

Proof of lemma 2. The thesis is a direct consequence of the fact that

h1(p) = h1(R+ f(R, r)) = h1(R) + ∆h1(R, r) ,

cos(m · q) = cos[m · (r + g(R, r))] = cos(m · r) + ∆c(R, r) ,

with

‖∆h1‖D−(δ0,δ1)
≤ nM1δ0 , ‖∆c‖D−(δ0,δ1)

≤ n|m|e|m|σδ1 .

Here, the estimates of ‖f‖ and ‖g‖ of lemma 1 have been used. Q.E.D.
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Proof of lemma 3. Consider the Fourier expansion of the perturbation H1, namely

H1(p, q) =
∑

k∈Zn

hk(p) cos(k · q)

(as explained in sect. 4 we restrict for simplicity to the case of expansion with only the
cos terms). By the known properties of analytic functions, and in view of hypotheses
(a) and (b) one has

(51) ‖hk‖D ≤ εe−|k|σ ,

∥

∥

∥

∥

∂hk
∂p

∥

∥

∥

∥

D

≤ ε3/4e−|k|σ .

We now split H1 as:

H1(p, q) = H≤K0

1 (p, q) +H>K0
1 (p, q) ,

where H≤K0

1 and H>K0
1 contain the Fourier components with |k| ≤ K0 and |k| > K0

respectively. In order to choose K0 we impose the condition

(52)
∥

∥

∥H>K0
1

∥

∥

∥

D−(0,σδF )
≤ ε5/4

with a positive δF satisfying

(53) ε1/16(n+1) ≤ δF <
1

4
;

this gives a first condition on ε, namely

(54) ε < 4−16(n+1) .

We also remark that the estimate (52) holds in a domain G ×Tn
σ(1−δF ). By (52) and

the technical lemma 6 and also using (53), one sees that one can choose

K0 =
B − ln ε

σδF
− 1 ,

where B = 2n(2 ln 2− lnσ) + (n+ 1)σ/4. The number N of harmonics with |k| ≤ K0

can be overestimated by

(55) N ≤ 2n(K0 + 1)n−1 = 2n
(

B − ln ε

σδF

)n−1

.

We now start the process of successive elimination of harmonics with |k| ≤ K0. To
this end, we apply N times lemma 1, starting from a domain G × Tn

σ(1−δF ) (that is,

everywhere in the statement of lemma 1 we replace σ with σ(1−δF )). Furthermore we
associate to every k a positive γk to be used in hypothesis (a) of lemma 1 by choosing

γk = ε1/4e−|k|σδF /4(1 + ε1/2|k|e−3|k|σδF /4) .
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Next we remark that, in view of (51), the constants C and M in the hypothesis (d)
of lemma 1 can be replaced by

(56) Ck = εe−|k|σ , Mk = ε3/4e−|k|σ .

It is straightforward to check that the condition

Mk <
γk

|k|e|k|σ(1−δF )
,

required by lemma 1, is satisfied. Now, the iteration of lemma 1 requires sequences of

constants Λ(s), ϑ(s), Θ(s), σ(s), δ
(s)
0 , δ

(s)
1 and δ

(s)
2 to be used in hypotheses (b), (c) and

in statement 3 of lemma 1. We start with

Λ(1) = Λ , ϑ(1) = ϑ , Θ(1) = Θ , σ(1) = σ(1− δF ) ,

and choose δ
(s)
2 depending on k as

(57) δ
(s)
2 = ε1/4e−|k|σδF /4 .

(Here and in the following we recall that at the step s we eliminate a single harmonic
k). Using now statements 2 and 3 and the definition of δ0, δ1 in lemma 1, and in view
of (56) one finds the recursive formulas:

δ
(s)
0 = 2(π + |k|σ)|k|ε3/4e−3|k|σδF /4 ,(58)

δ
(s)
1 = 4(π + |k|σ)[2√nΘ(s−1)|k|(π + |k|σ) + 1]ε1/2e−|k|σδF /2 ,(59)

Λ(s) = Λ(s−1) + ε3/4e−|k|σδF ,(60)

ϑ(s) = ϑ(s−1) − 2
nΛ(s−1)δ

(s)
0 + εe−|k|σδF

(δ
(s)
2 )2

,(61)

Θ(s) = Θ(s−1) + 2
nΛ(s−1)δ

(s)
0 + εe−|k|σδF

(δ
(s)
2 )2

,(62)

σ(s) = σ(s−1) − δ
(s)
1 .(63)

All the quantities Λ′, ϑ′, . . . in the statement, are clearly to be identified with
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Λ(N), ϑ(N), . . .. Considering (60) one readily gets, for 1 ≤ s ≤ N

(64)

Λ(s) ≤ Λ + ε3/4
∑

k∈Zn

e−|k|σδF

≤ Λ + ε3/42n
∑

m∈N

mn−1e−mσδF

≤ Λ +
2n+1(n− 1)!

(σδF )n
ε3/4

≤ Λ +
2n+1(n− 1)!

σn
ε1/2 .

Here we have used the fact that the number of vectors k ∈ Zn satisfying |k| = m does
not exceed 2nmn−1; moreover the technical inequality of lemma 7 and the condition
δF > ε1/16(n+1) > ε1/4 have been used. This gives

(65) Λ(s) ≤ Λ +
CΛ

2
ε1/2

for 1 ≤ s ≤ N , with

CΛ =
2n+2(n− 1)!

σn
.

We impose now the condition on ε

(66) ε <

(

2Λ

CΛ

)2

,

which implies in particular Λ(s) ≤ 2Λ for 1 ≤ s ≤ N . Making use of this inequality,
and proceeding as in the estimate for Λ(s) above, we get

(67) Θ(s) ≤ Θ+
Cϑ
2
ε1/8 , ϑ(s) ≥ ϑ− Cϑ

2
ε1/8

for 1 ≤ s ≤ N , with

Cϑ =
23n+10(n+ 1)! Λeπ/16

σn+1
.

With the further condition on ε

(68) ε <

(

ϑ

Cϑ

)8

one also gets ϑ(s) ≥ ϑ/2, Θ(s) ≤ 2Θ for 1 ≤ s ≤ N . Using this in (59), we estimate

N
∑

s=1

δ
(s)
1 < Cσε

1/4
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with

Cσ =
22n+9

√
n(n+ 2)!Θeπ/8

σn+1
.

This is given as follows: use

(π + |k|σ)[4Θ√
n|k|(π + |k|σ) + 1] < 8Θ

√
nσ2

(π

σ
+ |k|

)3

;

then estimate
∑

k∈Zn

(π

σ
+ |k|

)3

e−|k|σδF /2 ≤ 2n
∑

m∈N

(π

σ
+m

)n+2

e−mσδF /2 ,

and use the technical lemma 7 and the inequality (53) to estimate the sum. We now
estimate σ(s) as given by (63). It is an easy matter to get

σ(s) ≥ σ(1− δF )− Cσε
1/4 for 1 ≤ s ≤ N

and, identifying σ′ with σ(N), to get the first estimate of statement 3.
We now prove statement 4. To this end, we denote by p(s), q(s) the canonical

variables introduced at step s, so that p′, q′ are to be identified with p(N), q(N). The
total deformation |p−p′| and |q−q′| is then estimated by adding up all the contributions

due to δ
(s)
0 and δ

(s)
1 respectively, and one gets

|p− p′| ≤
N
∑

s=1

δ
(s)
0 < C∆ε

1/2 , |q − q′| ≤
N
∑

s=1

δ
(s)
1 < Cσε

1/4

with

C∆ =
23n+8(n+ 1)! eπ/16

σn+1
+ 1 .

We now come to the conditions and the statements concerning the domains. We first

check that the condition δ
(s)
1 < σ(s−1)/2 of lemma 1 is satisfied; to this end we impose

the further condition on ε

(69) ε <

(

σ

4Cσ

)4

,

and, in view of (53) we get σ(s) > σ/2 for 1 ≤ s ≤ N . This, in turn, implies the
required condition.

The conditions on δ
(s)
0 and δ

(s)
2 of lemma 1 at each step trivially follow from

statement 2 on the volumes that we are now going to prove. First, we ignore for a
moment the resonances inside the domain D, and consider only the loss of volume
due to the restrictions at the border of the domain, as seen in lemma 1. At each step,

the domain D(s−1) is restricted to D(s−1) − (δ
(s)
0 + δ

(s)
2 , δ

(s)
1 ). The loss of volume can
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be estimated by observing that the backward image of the domain D − (
∑

l≤s 2δ
(l)
0 +

δ
(l)
2 ,
∑

l≤s 2δ
(l)
1 ) via the sequence of canonical transformations which lead from p, q to

p(s), q(s), is contained in D(s−1) − (δ
(s)
0 + δ

(s)
2 , δ

(s)
1 ) for 1 ≤ s ≤ N . This is readily

checked by iterating the statement 1 of lemma 1. This in turn gives

Vol(D \ (D(N) − ε1/4)) ≤ Vol
(

D \
(

D −
∑

l≤N

(2δ
(l)
0 + δ

(l)
2 )− ε1/4

))

,

Here, recalling that at each step we remove a single harmonic and that δ
(l)
0 , δ

(l)
2 depend

on |k| by (58) and (57), we can overestimate
∑

l≤N

(2δ
(l)
0 + δ

(l)
2 ) + ε1/4 ≤ ∆

where ∆ is defined as the sum of the explicit expressions (58), (57) for k ranging over
Zn; this readily gives, (still using lemma 7)

(70) ∆ ≤ C∆ε
1/4δ

−(n+2)
F .

By imposing ∆ < ̺, which is true provided the condition on ε

(71) ε ≤
(

̺

C∆

)8

holds, one gets from (e) that the loss of volume at the border of the domain is bounded
by a quantity Wb satisfying

(72) Wb ≤ DV C∆ε
1/4δ

−(n+2)
F Vol(D) .

We come now to the estimate of the loss of volume due to the elimination of
resonant strips. With the notations above for p(s), q(s), we consider the resonance
corresponding to the harmonic k which is eliminated passing from p(s−1), q(s−1) to
p(s), q(s). First we remove a strip around the resonant surface. The width of the strip
is γk in the space of frequencies ω(s−1) associated to p(s−1). Then the strip is enlarged,
at every step, passing from p(s−1), q(s−1) to p(N), q(N). By the same considerations
above, one sees that the projection of the image of this enlarged strip onto G(s−1) is
contained in the strip of width γk further enlarged by

∑

s≤l≤N

(2δ
(l)
0 + δ

(l)
2 ) + ε1/4 ≤ ∆ .

Therefore we can estimate the loss of volume around a resonant surface as the volume
of the original strip γk enlarged by ∆. From (d) one sees that the image of such a strip
in the space of frequencies ω(s−1) is contained in a larger strip of width

γ̃k = γk +
√
nΘ(s−1)|k|∆ ≤ γk + 2

√
nΘ|k|∆ .
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Denoting by Ω(s−1) the image of G(s−1) in the frequency space, the volume of the
latter strip is bounded by

WΩ(s−1) ≤ 2
√
n(diamΩ(s−1))n−1 γ̃k

|k| .

Remarking now that diamΩ(s−1) ≤ Θ(s−1) diamG(s−1) ≤ Θ(s−1) diamG, and denoting
CG = [2

√
n(diamG)n−1]/VolG one has finally that the volume of this strip in the space

D(s−1) can be estimated by

Wk ≤ (Θ(s−1))n−1

(ϑ(s−1))n
CG

γ̃k
|k| VolD .

The last step is to add up the volumes Wk over |k| ≤ K0. With easy computations,
where we use γk ≤ 2ε1/4, ϑ(s−1) ≥ ϑ′,Θ(s−1) ≤ Θ′ and (70), we get that the loss of
volume due to the resonances is bounded by a quantity WR defined as

(73) WR = 2n
(

Θ′

ϑ′

)n

CG(2
√
nC∆ + 2)

(

B − ln ε

σδF

)n−1
ε1/4

δn+2
F

Vol(D) .

Defining now

A = 2n
(

Θ′

ϑ′

)n

CG(2
√
nC∆ + 2)/σn−1 ,

and adding to WR the value Wb given by (72) the statement 2 is proved. The proof
of statement 1 just requires a condition on ε, namely

(74) [DV C∆ +A(B − ln ε)n−1]ε1/8 ≤ 1 ,

where we have used δ
(n+2)
F ≥ ε1/8.

We complete now the proof of statement 3. With the same argument applied for
the estimation of Wb and WR, one easily sees that a further restriction of D′ ≡ D(N)

by any quantity d < ̺−C∆∆ ≤ ̺−C∆ε
1/8 ≡ ̺′ causes a loss of volume estimated by

[

DV + 2n
(

Θ′

ϑ′

)n

2
√
nCG

(

B − ln ε

σδF

)n−1
]

dVolD ;

this gives the values of ̺′ and D′
V used in the statement.

We finally come to the estimates of the statement 5. After the elimination of the
harmonics up to K0, the Hamiltonian has the form

H̃0(p
′) + H̃1(p

′, q′) +R(p′, q′) ,

where H̃1 = H≥K0

1 , and R(p′, q′) is generated by the sequence of transformations.
Thus, denoting by R(p′) the average of R(p′, q′) over the angles, we define

H ′
0(p

′) = H̃0(p
′) +R(p′) , H ′

1(p
′, q′) = H̃1(p

′, q′) +R(p′, q′)−R(p′) .
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We use now the result of lemma 2. In view of (51) the constants C1 and M1 in the
hypotheses (a) and (b) of lemma 2 assume now the values

C1 = εe−|m|σ , ε3/4e−|m|σ .

By substitution of (58), and (60) and using Θ(s) ≤ 2Θ, after a little algebra the result
of lemma 2 reads

(75) ‖Rk,m‖D(s) ≤ 88n5/2ε3/2e−|m|σδF e−|k|σδF /2|m|Θσ3

(

|k|+ π

σ
+

1

4
√
nΘσ

)5

.

As the canonical transformations do not change the supremum norms adopted here,
the norm of H ′

1 can be estimated by simply adding to the norm of H>K0
1 the norms

of each term Rk,m for any k such that 0 < |k| ≤ K0 and for any m with |m| ≤ K0

related to an harmonic not yet eliminated. A rough estimation of ‖H ′
1‖ is then given

by ‖R‖+ ε5/4, with

‖R‖D′ ≤
∑

k∈Zn

∑

m∈Zn

‖Rk,m‖D′ .

By using twice the technical inequality of lemma 7 and δ2n+6
F > ε1/4 one easily gets

‖H ′
1‖D′ ≤ CHε · ε1/4

with

CH =
23n+7A1(n+ 3)! (n+ 1) !eσ(A2+1/2)/4

σ2n+6
+ 1 ,

A1 = 88n5/2Θσ3 , A2 =
π

σ
+

1

4
√
nΘσ

.

We now impose the last condition on ε, i.e.,

(76) ε <

(

1

2CH

)4

;

by which ε1/4CH < 1/2; by defining ε′ = εε1/4CH < ε one gets the first inequality of
statement (5). The second inequality follows directly from the Cauchy estimates on
the derivatives of H ′

1 in the restricted domain D′ − ε1/4. The third inequality follows
from (65), with the remark that

∥

∥R
∥

∥

D′
≤ ‖R‖D′ ≤ ε′, and using the Cauchy inequality

to get
∥

∥

∥

∥

∂R
∂p′

∥

∥

∥

∥

D′−ε1/4
≤ ε′3/4 < ε1/2 .

A similar computation, using (67), gives the estimate for ϑ, Θ′.
Thus, the lemma is true for every ε < ε, where ε could be explicitly determined

using all the conditions (54), (66), (68), (69), (71), (74), (76). Q.E.D.
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7. Technical lemmas

Lemma 4: Let k ∈ Zn with gcd (k1, . . . , kn) = 1 and with ki 6= 0 for i = 1, . . . , n.
Then there exist a unimodular matrix U = {ui,j} such that

i) u1,l = kl
ii) |uj,l| ≤ |kl| for 1 ≤ j ≤ n , 1 ≤ l ≤ n.

Proof. We prove this lemma by construction. We build U as

U =
∏

i=1,n−1

Ui

with Ui such that, denoting by uij,l its entries one has u
i
i,i = ki/λi−1, u

i
i,i+1 = λi/λi−1,

uii+1,i = ai, u
i
i+1,i+1 = bi, u

i
j,j = 1 for j 6= i, i+1, and 0 wherever else. The coefficients

λ are such that λ0 = 1, λn−1 = kn, λi−1 = g.c.d.(ki, λi), while ai and bi are integers
such that detUi = 1. Evidently, from these settings, U is the unimodular matrix we
look for in order to satisfy statement i).

We prove now that one can always choose ai, bi in such a way that

|ai| ≤ |ki/λi−1| , |bi| ≤ |λi/λi−1| .

This is a direct consequence of the fact that ki/λi−1 and λi/λi−1 are prime integers.
Indeed, we consider two relative prime integers j1, j2 and we look for two integers
m1,m2 such that

(77) m1j2 + 1 = m2j1 .

The set of integers

{(j2 + 1)modj1, . . . , (j1j2 + 1)modj1}
is composed of j1 integers the values of which belong to the interval [0, j1 − 1]. These
integers are all different as j1, j2 are relatively prime. Hence, one of them must be
equal to 0, which means that there exist two integers m1,m2 such that (77) holds.
This implies also that one can always choose m1 such that |m1| ≤ |j1|. Considering
now (77) one has

m2 =
m1j2
j1

+
1

j1
.

If |j1| 6= 1 this is enough to prove that |m2| ≤ |j2|. On the contrary, if |j1| = 1 one can
always choose m1 = sign(j2),m2 = −(|j2| − 1), so that, again, |m1| ≤ |j1|, |m2| ≤ |j2|.

It is now a matter of a little algebra to write the product of the so defined matrices
Ui and verify that U also satisfies statement ii). Q.E.D.
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Lemma 5: For the Hamiltonian (5) and with the canonical transformation C of
lemma 1, one has

∂H ′

∂Rl
=

1

2π

∮

Γ

∂H

∂pl
dψ1 ,

with ψ1 = k · r and Γ a cycle on the complex torus parameterized by the angle ψ1.

Proof. Take ql = rl + gl(R,ψ1) and differentiate it with respect to time:

q̇l = ṙl +
∂gl
∂ψ1

ψ̇1 .

Using now Hamilton equations we have

∂H

∂pl
=
∂H ′

∂Rl
+

(

k · ∂H
′

∂R

)

∂gl
∂ψ1

.

Integrate now this equation over the cycle Γ on the torus, and get

1

2π

∮

Γ

∂H

∂pl
dψ1 =

∂H ′

∂Rl

1

2π

∮

Γ

dψ1 +

(

k · ∂H
′

∂R

)

1

2π

∮

Γ

∂gl
∂ψ1

dψ1 .

Recalling now that g is periodic in ψ1 the last term does vanish and the statement
follows. Q.E.D.

Lemma 6: Let

f =
∑

k∈Zn

fke
ik·q

be such that the inequality

|fk| ≤ εe−|k|σ

is satisfied for some positive ε and σ. Denote

f≥K =
∑

|k|>K

fke
ik·q .

Then, for any positive δ < 1, for any q satisfying | Im q| < σ(1 − δ) and any positive
integer K one has

∣

∣f≥K(q)
∣

∣ ≤ ε
22nenσδ/2

(σδ)n
e−Kσδ/2 .
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Proof. We use the estimate
∑

|k|≥K

εe−|k|σδ ≤ εe−Kσδ/2
∑

|k|≥0

e−|k|σδ/2

≤ εe−Kσδ/2





∑

j∈Z

e−|j|σδ/2





n

= εe−Kσδ/2
(

1 + e−σδ/2

1− e−σδ/2

)n

.

By using now the fact that 1 − e−x = e−x(ex − 1) > xe−x and e−σδ/2 < 1 one gets
the thesis. Q.E.D.

Lemma 7: For any A ≥ 0 and α > 0, and for any non negative integer p one has

∑

s≥1

(s+A)pe−αs ≤ p! eαA

αp+1
.

Proof. Taking into account that the function xpe−αx has a maximum for x = p/α,
one has

∑

s≥1

(s+A)pe−αs = eαA
∑

s≥1

(s+A)pe−α(s+A)

< eαA

[

∫ p/α+1

A+1

xpe−αxdx+

∫ +∞

p/α−1

xpe−αxdx

]

< 2eαA
∫ +∞

0

xpe−αxdx

= 2
eαA

αp+1

∫ +∞

0

ϕpeϕdϕ

= 2
p!eαA

αp+1
.

Q.E.D.
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