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Abstract. It is shown that a Hamiltonian system in the neighbourhood of an equilibrium may
be given a special normal form in case four of the eigenvalues of the linearized system are of
the form A1, —A1, A2, —A2, with A1 and A2 independent over the reals, i.e., A1 /A2 ¢ R. That is,
for a real Hamiltonian system and concerning the variables x1,¥y1, 2, y2 the equilibrium is of
either type center—saddle or complex—saddle. The normal form exhibits the existence of a four—
parameter family of solutions which has been previously investigated by Moser. This paper
completes Moser’s result in that the convergence of the transformation of the Hamiltonian to
a normal form is proven.

1. Introduction

Consider a canonical system of differential equations in a neighbourhood of an equilib-
rium, with Hamiltonian

(1) H(zx,y) = Ho(x,y) + Hi(z,y) +... , (x,y) € C*",

where the unperturbed quadratic part of the Hamiltonian is
(2) H()(iL‘,y> = Z)\jxjyj , ()\17---7)\n) e C" ,
j=1

and Hg(x,y) for s > 1 is a homogeneous polynomial of degree s + 2. The form (2) is a
typical one for the quadratic part of a Hamiltonian system in the neighbourhood of an
equilibrium, as under quite general conditions the system may be given that form via a
(complex) linear canonical transformation: see, e.g., [10], §15.

The Hamiltonian is assumed to be analytic in some neighborhood of the origin
of C?". Moreover \i, Ao will be assumed to be independent over the reals, and to
satisfy the non-resonance condition A\, # k1 A1 + koo for all integers ki, ko and v > 3.
Independence over the reals of A\; and Ay means that the ratio A /A2 is not a real number.
Concerning the variables x1, y1, €2, y2 this covers the case of a real Hamiltonian system
with an equilibrium of either type center—saddle or complex—saddle.

In a 1958 paper!®! Moser proved that under the conditions above there exists a four
parameter family of solutions of the form

(3) r; = p;i(€1,82,m1,m2) 5, Y5 = (&1, 82,m1,m2)
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written as convergent power series in the arguments
(4) & =§e© | g =pe @ =12,

where al(é’) =A+..., ag(f) = Ao + ... are convergent power series in fl = {Olﬁl. In
the case n = 2 this actually describes all solutions of the system. The case n = 2 had
been previoulsy investigated by Cherry[?!. However, according to Moser, Cherry’s paper
is not error free.

From a formal viewpoint the statement above looks equivalent to the existence of
a canonical transformation that gives the system (1) the normal form

() L& n) = Z(C1,¢) + R(En) ,

where Z(Cl,CQ) = )\1617’]1 + )\252’[’]2 + ... is a power series, Ql = 61771, CQ = 52772, and
R(&,n) is at least quadratic in &3,...,&y, M3, ..., Mn. For, if one sets a; = g_CZz then (4)
together with £&3=...=¢&, =n3 =... =n, = 0 is a four parameter family of solutions
for the system (5), which via the canonical transformation produces a corresponding
family of solutions of the form (3) for the system (1).

However, two remarks are in order. The first remark is that the formal algorithm
leading to the power series (3) does not use the canonical structure of the equations, and
so it has no direct relation with the existence of a canonical transformation reducing
the Hamiltonian to a normal form. The second remark is that neither the series (3)
nor the canonical transformation are uniquely determined: a full discussion concerning
the relations among different determinations is reported in Moser’s paper. What Moser
actually proves is that there exists a particular determination of the series in (3) which
is convergent in a neighbourhood of the origin.

It seems then interesting to investigate whether a convergent normal form (5) may
be constructed via a convergent canonical transformation. This question is proposed,
indeed, in Moser’s paper. However, his conclusion is that to establish directly the con-
vergence of the generating function W of the canonical transformation seems to be
impossible, since W occurs in the argument of the unknown function I'.

The aim of this paper is precisely to produce a proof of convergence of the trans-
formation to normal form:

Theorem 1: With the hypotheses above on Ay, ..., \,, there exists a canonical, near
the identity transformation in the form of a power series convergent in a neighbourhood
of the origin, which gives the Hamiltonian (1) the normal form (5).

The proof is worked out by using the composition of Lie series as a basic tool for
constructing canonical transformation (see, e.g., [3]). This makes the algorithm explicit,
thus avoiding the difficulty pointed out by Moser. It must be stressed that this problem
does not involve small divisors. Rather, the possible source of divergence is due to the
use of Cauchy’s estimates for the derivatives required by the normalization algorithm.
The global effect of accumulation of derivatives is controlled here with a technique
introduced by the author and U. Locatelli in order to achieve a proof of KAM theorem

using classical expansions in a perturbation parameter(* 5671,
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2. Formal algorithm

The algorithm based on composition of Lie series may be stated as follows. Write the
Hamiltonian after r normalization steps as

(6) H") (z,y) = Ho(x,y) + Z1(z,y) + ...+ Zp(w,y) + > H (2,y)
s>r
where Z1(x,y),...,Z.(z,y) are in normal form, and are homogeneous polynomials of

degree 3,...,r + 2. For = 0 the Hamiltonian (1) is already in this form, with no
functions Z.

Assume that the Hamiltonian has been given a normal form (6) up to order r — 1,
so that H("~V is known. The generating function Y, and the normal form Z, are
determined by solving the equation

(7) LHOXT + 7, = Hﬁr—l) .

where the common notation L := {-, ¢} has been used. The solution of this equation
depends on what is meant by “normal form”. Assume for a moment that a method of
solution has been found. Then the transformed Hamiltonian is expanded as follows

Hs(izrm— LSZ +Z Lp H((g:;))r+m forr>2, s>1land1<m<r,
p= 0
(8) 1 1 1
(r) _ s—1( = P (r—1)
Ha' = (3_1)!Lxr (sZT—{— >+Z o H s pye
p= 0
forr>1and s> 2.

Justifying this algorithm is just matter of rearranging terms in the expansion of
exp(L,, )H 1. Considering first Hy and gy together, one has

_ 1 s
exp(LXT)(HO —+ H’,(T 1)) = HO +LXTHO +Z gLXrHO
s>2

1
(r—1) i (r—1)
+HD 4y Ly HIY
s>1

Here, Hy is the first term in the transformed Hamiltonian H (") in (6). In view of (7) one

has L, Hy + Hﬁr_l) = Z,, which kills the unwanted term var_l) and replaces it with
the normalized term Z,.. The two sums may be collected and simplified by calculating

1 1 _
> L3, Ho + > EL;TH,ET D

s>2 s>1

L5 [1 (LXTHO“f’H(T 1)) H(r 1):|
S

1 s—1

-7, (r=1)
Zs_l XT(S + = H| )
s>2
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Here, both L;:IZT and L;:lH,gr_l) are homogeneous polynomials of degree sr+2, that

are added to H{} in the second of (8).
Proceed now by transforming the functions 71, ..., Z,._; that are already in normal
form. Recall that no such term exists for » = 1. For » > 1 calculate

1
exp(Ly,) Zm = Zm + E ;L;er , forl1<m<r.
s>1

The term Z,, is copied into H) in (6). The term LS, Zm is a homogeneous polynomial
of degree sr +m + 2 that is added to H) in the first of (8).

sr+m
Finally, consider all terms ng_l) with s > r, that may be written as H l(:;i) with
[ >1and 0 <m <r, the case [ =1, m = 0 being excluded. One gets

r—1 1 r—1
exp(LXr)Hl(r+m) = Z ELZ)OCTHZ(T—i—m)
p>0""

where LY H, l(:;;) is a homogeneous polynomial of degree (p + [)r + m. Collecting all
s—2 1 (r—1)
dp

homogeneous terms with m = 0,1 > 2 and p+ 1 = s > 2 one gets szo PR & (e

that is added to H{" in the second of (8). Similarly, collecting all homogeneous terms

withO<m<r, [ >1and p+1=s>1 one gets Z;;é Z%L&Hg__;))wm, that is added
to H

srpm i the first of (8). The latter case does not occur for r = 1. This completes
the justification of the formal algorithm.

Thus, the problem is how to solve the equation (7) for the generating function
and the normal form. A suitable method is the following. Let P, denote the linear
space of homogeneous polynomials of degree s in the complex variables x,y. Let also

P = U,>q Ps, so that a formal power series is an element of P. A basis in P is given

by the monomials z7y* := 9" - .. .. x%”ylfl -...-ykn where j, k are integer vectors with

non-negative components. The linear operator Ly, maps every space Ps into itself. If,
due to the choice of the coordinates, the unperturbed Hamiltonian Hy has the form (2)
then the operator Ly, is diagonal, since

The kernel and the range of Ly, are defined as usual, namely N = Lﬁi (0), the inverse
image of the null vector in P, and R = Ly, (P). Both N and R are actually subspaces
of the same space P, and it turns out that they are complementary subspaces, i.e.,
N NR = {0}, the null vector, and N &R = P. A consequence of the properties above is
that Ly, restricted to the subspace R is uniquely inverted, i.e., the equation Ly, x = 9
with 1 € R admits an unique solution x satisfying the condition y € R. That unique
solution will be denoted by y = L;I(l)w. It’s easy to identify the subspaces N and R
using the coordinates. Thanks to the diagonal form of Ly, one has

N =span{2?y* : (j —k,\) =0} ,

9 .
) R:span{aﬂyk D (j— kA £0} .
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Given v € R and writing ¢ = Zj’k Vi xxly®, with 1, = 0 for 27y* € N, one has
% k i k

The case n = 2 is rather Simple. A function Z € P is said to be in normal form
if Z e N, ie., if Ly,Z = 0. This is the well known Birkhoff’s normal form (see [1]).
The case n > 2 together with the particular requirements for the normal form in sect. 1
requires a more complicated setting. Consider the disjoint subsets of Z"

Ké={kecZ" : ks=...=k, =0},
(11) Ki={keZ" : |ks|+...4 |kn| =1} ,
K> ={keZm : |ks|+...+|kn| >1} .

One has Z" = K' U K% U K°, of course. Considering only integer vectors j, k with
non—negative components, introduce the subspaces of P

P! = span {xjyk i+ ke /Cﬁ}
(12) % :span{xjyk : j-l-kElCu}
P = span {xjyk cJ+ke ICI’}
These subspaces are clearly disjoint, and moreover one has P = P @ P! ¢ P”. Finally,
let Nt = N NPF and R¥ = RN P!, and define the subspaces Z and W of P as
(13) Z=NtaP K W=R'qP.

It is an easy matter to check that Z N = {0} and Z & W = P. The construction of
bases for Z and W is quite straightforward: a monomial 27" belongs to Z in either case
(j+k € K and (j—k,\) = 0) or (j+k € K°); else it belongs to W. The hypotheses on
formulated at the beginning of the introduction mean that the non-resonance condition

(14) (k,\) #0 for 0 # k€ KFUK®

is satisfied. This implies W C R, so that for every ¥ € VW the unique solution y = L;Ih/},
X € W of the equation Ly, x = v exists. With this setting, the equation

(15) Ly x+2Z=Y,

with U known, admits a simple solution. Split ¥ = Uz + Uy, with Uz € Z and ¥y, €
W, such a decomposition exists and is unique, because Z and WV are complementary
subspaces. Then set Z = ¥z, and determine y = Ll_ii U,y according to (10).

3. Estimates of the generating functions

Pick a real vector R € R™ with positive components. and consider the domain

(16) Ar={(z,y) € C" : |zj| < Ry, |ly;/ < Rj, 1 <j<n},
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Figure 1. Illustrating the proof of lemma  ??. The segment from the origin
to u = 3A1 + 22 intersects the perimeter of the parallelogram with vertices in
A1, A2, —A1, — A2 at the point a. Using Thales theorem it is immediately seen that
W= da.

namely a polydisk which is the product of disks of radii Ry, ..., R, in the planes of the
complex coordinates (x1,...,2,) and (y1,...,Yyn), respectively. Let also

(17) A= min R; .

1<j<n

The norm ||f||z in the polydisk Ag is defined as

(18) Iflle=">_ IfixlR7*.

|lj+k|=r
A family of polydisks Asg of radii §R, with 0 < § < 1 will be considered below. With
a minor abuse the simplified notation || - ||5 in place of || - ||sr will be used.

The main result of this section is

Lemma 1: Let the Hamiltonian H(®) satisfy ||H§0)H1 < h*7'E for s > 1, with some
constants h > 0 and E > 0. Let 0 < d < 1/2. Then there exist positive constants 5 and
G depending on E, h, A, d and on \,..., )\, such that

Ixrllica < BTG forallr>1.
The rest of this section contains all the technicalities that contribute to the proof.

3.1 An arithmetic lemma
The following lemma will play a crucial role in the proof of lemma 1.

Lemma 2: Let A\ € C" be such that \i, Ao are independent over the reals, and the
non-resonance condition (14) be satisfied. Then there exists a positive vy such that the
inequality

[{Fs M = [Ely
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holds true for all non—zero k € KCf U K1,

Proof. Let first n = 2. Since A1, Ao are independent over the reals the set of points
k1 A1 4 koA with kq, ko arbitrary integers is a discrete lattice in the complex plane (see
fig. 1). Consider the parallelogram with vertices in A1, Ao, —A1, —Ao. Let p = ki A1 +kaAo
be any point of the lattice different from the origin, i.e., |k| # 0, and let a be the
intersection of the segment from the origin to u with the perimeter of the parallelogram.
Such a point exists because p can not belong to the interior of the parallelogram, by
construction. Then |u| = (|k1]| + |k2])|a|, by Thales theorem. Taking § as the distance
of the perimeter of the parallelogram from the origin the inequality |k1 A1 + koAo| >
(|k1| + |k2])d holds true for all integers k1, ko.

Let now n > 2. Set ¥ = max(|As],...,|\,|). Pick an integer N > 1+ 2¢/§ and set
&' = min [(k,\)| ;
keich
<N

in view of the non-resonance condition (14) one has ¢’ > 0. Then the claim of the lemma
holds true with, e.g.,
. [ 0
=min | —,- | .
K N2

Indeed, if k € ! one has just to consider the case n = 2, with no further comment. So,
let k € K%, so that |ki] + |ko| = |k| — 1. If [k| < N then [(k,\)| > &' > Ny > |k|y. If
|k| > N use ¥ < (N — 1)d/2, which follows from the choice of N, and evaluate

(V-1
2

(e, A > ki da + kodo| — 9 > (Jk| —1)5 — 0

kl-1. N _ (N-1)
> I
- 2 6+25 2

5
0= [kl5 = |kly -
Q.E.D.

3.2 Generalized Cauchy estimates

The estimates in this section strongly depend on a suitable splitting of all functions
over the subspaces P!, P! and P°. At a formal level, it is useful to keep in mind the
following table concerning the Poisson bracket:

{.,.} Pt Pt PP

12 Pt P* P

P P ProP | PlaP

P’ P’ P o P P’

The table is meaningful only for n > 2. For n = 2 all functions belong to P*.
In view of the transformation formulse (8) the situation to be considered is the
following. A generating function x € W N P, with some r > 1 is given in the form
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= Lyl with known ¢ € WN P,.. Since W = R¥ @ P% one has x = x* + %,
with an obvious meaning of the notation. The operator L, may be applied to either
a generic function f = f¥ + f! + f> € P, with s > r or a function in normal form
Z=7+2"c ZNP,, with 0 < m < r. In particular one has Z¥ = Y vkt 2o Y,
due to the non-resonance condition on A. For some non-—negative d’,d”,d satisfying
0 < max(d',d") < d < 1/2 the norms |[¢||;_g , || fll;_g- and || Z]|,_,~ are assumed to
be known, and one looks for an estimate of the Lie derivative in a domain A;_g)g. The
following estimates will be used in the rest of the paper.
(i) The generating function y is estimated by

(20) Il g < WHl @

with v as in lemma 2.
(ii) The general estimate for the Lie derivative of a generic function f is

(21)

1
HLXle_d S (d_ d/)(d _ d//)AQ ||X||1—d’ ||fH1—d”
with A as in (17). Denoting by (Lxufb)u the projection of Lthb over P one has

2
(22) 1) = gz IWhma 1

(iii) For a function Z in normal form one has

1

(23) 123200 < G—gmmae Wlhea 120 -

The missing denominator d — d’ in (22) and (23) is crucial for the convergence proof.

The proof of (20) is a straightforward consequence of the definition of the norm
and of (10). For, the denominators are uniformly estimated from below by -, in view of
lemma 2.

Coming to the estimates (21), (22) and (23), write, generically, x = >_; cjrriy”
and f =3}, fix@y®. Then compute

'k
(24) = D, Z]l - Cg,kf'kfw"” YR

XT
kg Kk 1=1 1y

Using the definition of norm evaluate

itk — ki ,
1L flh-a< ) Zl—| el [y (1 — )l HRIH =2 Rl b

J.k,jl k! 1=1 R
k-1
<SS S b= ] eyl (1= ) — (@)
g,k g k" 1=1

X |fj’,k/|((1 — d”) —(d— d//))\j’+k’|—1Rj/+k, .
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If f is a generic function, then in view of |j;| < |j + k| and k; < |j + k| one has

(25) > itk = Giki] < 13 + K[ Y Lji + kil = 15 + K[ - |5+ K]
=1 =1
Replacing in the estimate above and using the elementary inequadity]L
)\m
(26) mA—z)" <~ forO<z<Xandm>1
x

one gets

1 ] i+k|—1 s
”fo”1de PZ|C]’k||j+k|((1_d/)—(d—d/))|J | RjJrk:
7,k
X Z | fir ke ’]/ + k/‘((l - d”) —(d— d//))\j'+k’\—1Rj/+k,
J’k

1 . .
MCET)ICErDrE > lejul (1= )l RITE
J.k

<3 (L= d) IR

J'k

from which (21) immediately follows in view of the definition of the norm.
In order to prove (22) remark that y? contains only monomials cj pa? y* with j+k €

KCB. Moreover, the projection (Lxu fb)h is just part of the general expression (24). In
particular all terms of the Poisson bracket containing derivatives with respect to the
variables 1, T, y2, y» must be discarded, because the resulting monomials belong to P”.
Moreover, exactly one of js, ks, ..., jn, ky has the value 1, which implies > )" o |ji +ki| =
1. This means that the estimate (25) may be replaced by

(28) D Ltk =ikl <> li+ kil =15+ K]
=3 =1

Hence the inequality (26) must be used only for the term involving |j’ + £’|, while there
is no need to introduce the divisor d — d’. Use instead 1/(1 —d) < 2 in view of d < 1/2.
Coming finally to (23), replace f in the general expression (24) by Z# =

Y5,
(k=3.2)”

Zuelcﬁ zu,,2"y". Recall also that the coefficients c¢; of x have the form ¢, =
in view of (10). Then (25) may be replaced by

(29) S G =k < 1wl Y = kil < |vl]j — k|

l:1,2 l:1,2

T The function z(A —2)™ " in the interval 0 < z < X has a maximum for = A\/m, and

the inequality follows from z(A — z)™ ! < % (/\ — %)m_l < % .
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On the other hand, by lemma 2 one has

01|

lcik] < :
! 1l — K|y

so that the factor |j—k| in (29) is compensated by the divisor here. This removes the need
to introduce the divisor d — d’ in the rest of the estimates. Use instead (1 — d)V+*I=1 <
2(1 — d)V**! which holds true in view of d < 1/2. Then (27) is replaced by

1 2 : .
ILx 280 < 55 > il (L= )P HRTH
gk

<D Tl (=) — (= ) R
veKt
1

S Ao aane 2o ik (L= )RR S D e (1 d R
! 3.k veKt

Checking (23) is now straightforward matter.

Working out the convergence proof requires a quite accurate control of the accumu-
lation of the divisors d — d’, d — d” that appear in the generalized Cauchy estimates for
derivatives. The scheme in the next section is specially devised in order to allow such a
control.

3.3 Recursive estimates

The aim of this section is to obtain estimates for the norms of the generating functions
and of the transformed Hamiltonians, at every step of the normalization procedure.

Consider a sequence of boxed domains A(;_s,yr, Where {0, },>1 is a monotonically
increasing sequence of positive numbers converging to some d < 1/2. Let also g = 0,
and d, = 6, — d,_1 for r > 1, so that d,. < 1 for all positive . The purpose is to look
for estimates of the norms of the generating function ., and of the normal form Z, in
the polydisk A(1_s,_,)r, and of the functions HS(T) in the domain A(_s )R-

Let J, s for 1 <r < s be the set of integer arrays the elements of which are positive
integers not exceeding r, the length of the array being at most 2(s — 1), and satisfying
the selection rule that the sum of the base 2 logarithms of the array’s elements does not
exceed 2(s — 1 — log, s). Formally:

(30) jw:{J:{jl,...jk} Cjm €l 1<k <2(s—1),

k
Z logy jm < 2(s — 1 — log, s)} .

m=1

Let also Jo,s = 0 for s > 1. Recalling that {d,},>1 is a sequence of positive numbers
not exceeding 1 define the sequence {7} s}o<r<s as

(31) Tos=1, T,5= Jmax | ;.
jeJ
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The following properties will be used below: for 0 < r <7’ < s one has

(32) Tr,s S Tr’,s )
1

(33) 2

TT—l,rTr’,s < Tr’,r—l—s .

Checking (32) is easy: for r = 0 use d; < 1 for [ > 1; for r > 0 use the inclusion relation
Tr.s C T s for r < r'. In order to prove (33) remark that by definition one has

1

—T, 1,1 ¢ = — max Hd 1 max Hd71

gz d2 JETr1,r JET '
IEJ/

= max max H d: 1.
Jej'r‘fl,'r JIEJ,,J s J
" ge{rriuJgug’

It is enough to prove that {r,r} U J U J" =: Je Jr' r+s. Now, the number of elements
of J satisfies

#()=2+#()+#(T)<2+2(r—1)+2(s—1)=2(r+s—1).

On the other hand, since 1 < j <r —1forall j € J and 1 < j' <7’ for all j* € J', one
alsohas 1 < j < forall j € J.F inally, evaluate

210g23 = 2log,  + ZIOgQJ + Z log, 5’
GeJ jer jel
< 2logy T+ 2(r —1—1logyr) +2(s — 1 — log, s)
<2[r+s—1—(1+logys)]
<2[r+s—1-logy(r+s)],
where the elementary inequality 1+1logy s = logy 2+ log, s = logy(2s) > logy (7 + s) has
been used (recall that r < r’ < s). Hence, J € J, r+s, as claimed.
Finally, define a numerical sequence {5 }r>0,s>0 as follows:
poo =0, pos=1 fors>0,

(34)
My sr4+m = Z/Lf_l,r,ur—l,(s—p)r—&—m fors>0,0<m<r.
p=0
The recursive estimates are collected in
Lemma 3: Let the Hamiltonian H®) satisfy HHs(O)Hl < h*7'E for some constants
h >0 and E > 0. Let dy = 1 and {d, },>1 be an arbitrary sequence of positive numbers

satisfying > <, dr = d with d < 1. Let also 69 = 0 and §, = di + ...+ d,. Then for
s > r > 1 the following estimates hold true:

FE
(35) ||X?”||1 Or—1 _/J/r 17‘ r— err 1’)/ 5

E
(36) HZTH]. Or—1 _Hr 17" r— 1TCT !

)
dr—l
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(37) ||Z£||1*5r_1 S HT*l,rTrfl,rCrilE s
E

(38) ||H§T‘)||1—(57~ S NT,sTr,scs_ld_ ,
(39) HH&“):ﬁ + Hé?“)»tl 1-s, < NT,STr,sCs_lE ,
where

4e’FE
40 C=h
(10) ey

and i, s and T, s are the sequences defined above.
Remark that (35), (37) and (39) differ from (36) and (38), respectively, only because a
divisor d,. is missing. This is the key of the convergence proof.

Proof. By induction. For » = 0 only (38) and (39) are meaningful, and hold true in
view of dy = po,s = Tp,s = 1 and of h < C. The induction consists in first proving
that if (38) and (39) hold true up to r — 1 then (35), (36) and (37) are true for r; next
proving that if (35), (36) and (37) hold true up to r then (38) and (39) are true for r.

Let r > 0 and put r — 1 in place of r and r in place of s in (38) and (39). Recalling

that only Hﬁr_l)’ﬂ + Hygr_l)’u is used in order to determine Yy, use the definition of the
norm, the form of the solution of eq. (7) discussed in sect. 2, and the estimate (20). This
immediately shows that (35), (36) and (37) are true for r provided (38) and (39) hold
true for r — 1. It remains to prove that (38) and (39) hold true also for r as a consequence
of (35), (36) and (37) and of the recursive definitions (8). Actually there are only two

kinds of terms to be estimated, namely %L;T Zm for 1 <m < r and I%!LQTH ((;"__;))r m

for 0 < p < sand 0 < m < r. For, remarking that Z, and H,ET*I) are estimated by
exactly the same quantity it is safe to estimate HHS)H by replacing Z, with H{" ™V
in the second of (8). This is tantamount to extending the sum in the second of (8) to
p = s — 1 and making it identical with the sum in the first of (8), with m = 0.

Denote ps = L3 Zp (which, by the way, exists only for r > 1), and split ¢, =

P4l + 2. I claim

2(s—1) D
() lodis <o (35) Dolish, 2
9 2(s—1) .
(42) lif + il 5, < ! (d—A) Ielli=s, . D

I The reader may be a little puzzled by this claim. However, he or she may get convinced
by paying attention to the accumulation of the divisors d, in the estimates. Using (38) in
order to estimate y, causes an extra divisor d, to appear in (20). This happens at every
step, thus causing a divisor dids - ... - d, to appear in the estimate of x,. A moment’s
thought will allow the reader to realize that this causes the estimate of the norm of ., to
grow faster than geometrically with r, due to ZT dr = d. The dangerous accumulation of
divisors above does not occur because only (39) is used in order to estimate the norm of
Xr, due to x. € W C P* @ P
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for s > 1, where
(43) D = ,urfl,r,umf1,mTr,T+mCT+m71E

The proof proceeds by induction. Let s = 1. By the general estimate (21) one has
1

e, < galelhs, N2l
Using (35) and (36) one gets
1 1 E
HsolHl—ér S d_,um—l,m,ur—l,r d—Tm—l,mTr—l,r Cr+m—2_

m—10m A2
so that (41) immediately follows from (32), (33) and (40)

Still keeping s = 1, (42) is obtained by remarking that the contributions to go% + gpﬁ
come only from L, Z¢ and (LXE_an)h. Proceeding as above, from (23) and (22) one
gets
1

v, A2

L PR [

”90% +905“1de < ”1*6,71_1

1 Zm

2
+m||xr||1_ar,1 s, -

Then (42) for s = 1 follows from (36), (39) for » — 1 and (40). Remark that the divisor
d, does not appear here.

Let now s > 1, and assume that (41) be true up to s — 1. Recalling that the divisor
d, due to the generalized Cauchy estimates is arbitrary, replace d,, with Sgldr in the
estimates (41) and (42) for ps_1, thus getting

s 25—3 e 2(s—2) . D
O A eV G- =

u s 2s—4 % 2(s—2)
f -2
bt dallisan -0 (5) (o) el D

Let me consider first the estimate (42) — which is the most delicate one. Remarking

(44)

that the contributions to ¢f + ¢ come only from Ly, (cpﬁs_l + goi_l) and (Lxhgpz_l)h,
use (21) and (22) to estimate

HSOE + <P5||1_5T < HLxr (WE—l + 905—1)H1_5r + H(wai_l)hHl_&
s
< W||XTH1_5T_1 H@i—l + 905’—1“1_5,~+dr/s

2s
+ WHX”Hl—&_l ||S05—1H1—67.+dr/s

Replacing (44) in the latter expression one gets

4 f s! s 2523 1 9g \ 2572 s—1
H(IOS + gps”l_gr S W : dr_A HXrHl—(ST.,lD ?
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_1)8_1 < e. The estimate (41) is
checked with a similar calculation, just taking into account that only (21) may be used
in order to estimate L, ¢,_1. This produces an extra divisor d, with respect to the
calculation above.

Finally, replace (35) and (43) in (41) and (42). Using also (40), one gets

E

1
1 s
-1 —1
||<'08H1—6T < s! ,ui_l’r (ﬁ Trl,r) Tr,rerCSTJFm d_ )
r T

so that (42) follows from the trivial inequality (<

1 s—1
ngs + SOSHl 8, — S‘IL(/T 1,r <ETT—1,T> TT’T_’_mCST-I-m—lE .

Using s — 1 times the inequalities (32) and (33) one easily gets

s—1 s5—2
1 1
(ﬁ Trl,r) Tr,rer = (d2 r—1 r) Tr,2r+m <...< Tr,sr+m .
T

Thus one concludes

L F
(45) s HLST o 5, S Hr—tphtm—1mTr aram G 1d_ ’
1 N
(46) S_ H(L;TZm)jj + (L;TZm)hul_éT < Mi—l,r:umfl,mTT,errmcs tm 1E .
The estimate for 1 LA H ((g ;))T +m 18 & minor variazione of the scheme above. Only

the first step must be omitted. E.g., set ¢, = LY H ((;:;))T 4 and proceed as follows.
Using (38) for r — 1 get

H@O”k(sr_l < Mr—l,sr+mTT,sT+mCST+m_1E ;

this starts the induction on p. Then proceed for p > 0 as above. The conclusion is

; . am 1 E
4 5l HOY s < 1yttt oyt Trsr G B
| N ﬁ -
(48) E H(L?CTH((S_;))H-m) + (LfcrH((s—;))r—i—m Hl—éT

p +m—1
< /J/r_1,r,ur—1,(s—p)r+mTT,sr+mCST "R .

Collecting (45), (46), (47) and (48) and referring to the transformation formula (8)
it is now an easy matter to verify that (38) and (39) hold true provided the sequence
tr,s for 0 < r < s is defined as

fos =1 for s >0,
s—1
Hr sr4+m = ,Ui_lm,um—l,m + Z :ufj—l,rluT*L(S*p)rer
(49) "

forr>2,s>1,1<m<r.
s—1

s = Zﬂf—l,rﬂr—l,(s—p)r forr>1,s>2.
p=0
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This looks quite different from (34). However, I claim that (34) is just a harmless
extension of (49) that covers the cases s = 0 and s = 1,m = 0. For, putting s = 0
in (34) we get frm = fr—1,m for 0 < m < r; in particular, for m = 0 this implies

fro = ... = pto,0 = 0 for all » > 0. On the other hand, putting s =1, m =0 in (34) we
get fyr = Mr—1p + r—1rfr—1,0 = fr—1,r i view of p,_1 9 = 0. Hence in the second
of (49) we may replace fiym—1,m With fir—1 m = ... = lm,m = fm—1,m. That is, we extend

the sum up to p = s. On the other hand, adding the term p = s in the third of (49) is
harmless, because we add p;. ,.ptr—1,0 = 0. This completes the proof of lemma 3.  Q.E.D.

3.4 Completion of the proof of lemma 1

The statement of the lemma concerns only the sequence of generating functions, that
are estimated by (35). The completion of the proof rests on a suitable choice of the
sequence {d,},>1, that was left arbitrary, and on a suitable estimate of the sequence
{ftr.s }s>r>0. As a matter of fact, only the diagonal elements of the latter sequence need
to be estimated, because the estimate for the generating functions in lemma 3 involves

Only MHr—1,r0 = My r.
First, pick a value for d, with 0 < d < 1/2, and set

dT:T_27 5257

so that > o, d, =d in view of > -, 1/r? = 72/6. The immediate consequence is that

16\ *
(50) Tr,s S (b_z) .

For, use the definition (31) and recall the definition (30) of 7, s; then let J € 7, s and

evaluate
1 1 9
[1 7 S e [17
jeg jed

because #(J) < 2(s — 1). On the other hand one has

logy []4° =2 log,j <4(s—1) .

JjedJ JjeJ

This proves (50)
Coming to the sequence (34), the problem is to show that p,., < n"~! for some
positive 7. Start by proving the following properties:

(51) Pro < oo < flp—1p = fpy = fpyiy=... forr>1,

(52) p1,s =s fors>0,

(53) Hr,s = HUr—1,s + My —1,0Hr s—r < Hr—1,s + My rlbs—r s—r for s >r>2 s
r—1

(54) P < T+ Zﬂj,jﬂr—j,r—j forr >3 .
j=2
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Properties (51) and (52) are straightforward consequences of the definition. In order to
check (53) write s = kr +m with 0 < m < r and calculate

k
_ p
Hr kr+m = Hr—1,kr4+m + E ur—l,rﬂr—l,(k—p)r—km
p=1
k—1
_ p .
= HUr—1,kr+m + Hyr—1,r E /er_l,r,ur—l,(k—l—p)r—l—m )
p=0

J/

'

=Hr (k—1)r+m
this gives the equality, and the inequality follows from (51). Property (54) is a repeated
application of (53), followed by use of (52). For, calculate
Moy r = Hpr—1,r
< fp—op + fr—1p—1H1,1
< W30+ fr—2 222 + M1 11,1

S pre P2 ofr—2 -2 F oo 1 1H1,1 5
this is nothing but (54) since pq, = r.
Thus, the sequence {v;},>1 defined as
V1 = 1 , Vg = 2 N

55 =
(55) Vr:r+2Ver_j forr >3
j=2
is a majorant of {y,}r>1. An easy remark is that {v,},>1 resembles the well known
sequence {A,},>1 defined as

Ar=1 )

56 r—1
(56) )"”:Z)‘j)‘r_j forr > 2.

j=1

Indeed it is an easy matter to see that v, < a" !\, for some positive constant a (e.g.,
a = 2). Hence it is enough to study the latter sequence. It is known that

_2rl(2r — 3)!
- 7l

(57) A <4t

where the standard notation (2n+ 1)/ =1-3-...-(2n+ 1) has been used. As a check,
let the function g(z) be defined as g(z) = > -, \r2", so that A, = ¢ (0)/r!. Then it
is immediate to check that the recursive definition (56) is equivalent to the equation
g = z+ g%. By repeated differentiation of the latter equation one readily finds

’ 1 g(,r) _ 2T_1(27' — 3)”
1—-2g9 7 (1 —2g)2r—1
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(check by induction). From this, (57) follows.
Thus, pr, < ("1 for some positive (. Inserting the latter inequality and (50) in (35)
the statement of lemma 1 follows.

4. Proof of theorem 1

Having established the estimate of lemma 1 on the sequence of generating functions it
is now a standard matter to complete the proof of theorem 1. Hence this section will be
less detailed with respect to the previous ones.

The situation to be dealt with is the following. An infinite sequence {x,},>1 of
generating functions is given, with x, € P12 (a homogeneous polynomial of degree
r + 2) satisfying || x,||p < 8" 'G for some real vector R with positive components and
some positive § and G. Define a corresponding sequence of canonical transformations
(zr=Y,y =) = exp(L,, ) (2", y™). By composition one also constructs a sequence
{€™},>0 of canonical transformations (z(%),y(®) = (" (2" y() recursively defined
as

CO=1d, C" =exp(Ly,)oC" Y,

Id denoting the identity operator. The problem is to prove the following statements.
(i) Every near the identity canonical transformation defined via the exponential oper-
ator exp(L,, ) is expressed as a power series which is convergent in a polydisk A,r
for some positive p.
(ii) For any function f(z("=Y y("=1) analytic in A,r the transformed function is an-
alytic in the same polydisk, and moreover

FlarH ) = [exp(Ly, ) f] (™, y")) .

(2= (= D)=exp(Ly, ) (@) y(1)

(iii) The sequence {C(T)}T>O of canonical transformations converges for » — oo to a

canonical transformation C(*) which is analytic in a polydisk A(i—ayer for some
positive d < 1/2.

(iv) For any function f analytic in A,r the sequence recursively defined as f 0 = ¢,
f) = eXp(LXT)f(“l) converges for r — oo to a function f(>) that is analytic in
A(1—d)or, and moreover one has

fo) = focle

The statement (i) actually reduces to Cauchy’s proof of the existence and uniqueness of
the local solution of an analytic system of differential equations. For, the transformation
defined via the exponential operator is the time—one canonical flow induced by the
Hamiltonian vector field generated by x,. The statement (ii) actually claims that the
substitution of variables in a function f may be effectively replaced by the application of
the exponential operator to f; this is indeed the basis of the algorithm for constructing
the normal form used in sect. 2. A detailed proof of both these statements may be found,
e.g., in [8]; however, the reader may be able to reconstruct the proof by following the
hints in [3].



18 A. Giorgilli

The proof of (iii) rests on the following remarks. In the polydisk A,r one has
IXr (2, y)] < o"F? IXr|l,p; this, in turn, implies that ‘33(’") - x(r_l)’ ~ B 1o™2 and
}y(r) — y(’"_l)’ ~ " 71o™2. The geometric bound on the latter quantities implies that
Zr>1’$(r) — x(r_1)| and ) 4 y() — y(’"_l)’ behave like geometric series, i.e., con-
verge for p small enough. Thus, the claim follows from Weierstrass theorem. Finally,
the statement (iv) follows from (ii) being true for all » > 0, which implies that both
sequences (") =C) f and foC") converge to the same limit. This concludes the proof
of theorem 1.
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