EXPONENTIALLY STABLE MANIFOLDS
IN THE NEIGHBOURHOOD OF ELLIPTIC EQUILIBRIA

ANTONIO GIORGILLI
Dipartimento di Matematica e Applicazioni, Via degli Arcimboldi 8,
20126 — Milano, Italy.

DANIELE MURARO
Universita di Milano Bicocca, Piazza dell’Ateneo Nuovo 1,
20126 — Milano, Italy.

Abstract. We consider a Hamiltonian system in a neighbourhood of an elliptic equilibrium
which is a minimum for the Hamiltonian. With appropriate non-resonance conditions we prove
that in the neighbourhood of the equilibrium there exist low dimensional manifolds that are
exponentially stable in Nekhoroshev’s sense. This generalizes the theorem of Lyapounov on the
existence of periodic orbits. The result may be meaningful for, e.g., the dynamics of non—linear
chains of FPU type.

1. Introduction

In the celebrated report published in 19558 Fermi, Pasta and Ulam pointed out the
phenomenon of localization of energy in low frequency modes, or freezing of high fre-
quencies, in a discretized model of a string. The phenomenon has been later investigated
by many authors (see, e.g., [6], [2], [3], [12], [13], [11], [15], [9], [4], [7] and the references
therein). In particular in a recent paper the existence of the so called “natural packets
of modes” has been discussed on the basis of a numerical experiment!!.

The present paper is devoted to a theoretical investigation of that phenomenon, with
the aim of understanding the underlying dynamics. This is performed by generalizing a
theorem of Lyapounov on continuation of periodic orbits combined with ideas coming
from Nekhoroshev’s theory on exponential stability.

The phenomenon of localization of energy is the following. One considers a non-
linear chain of N particles with a nearest neighbours interaction as described by the
Hamiltonian

N 2 N
p
H(q,p) :Z ] +ZV(Qj+1—Qj) s Qo=gqn4+1 =0,

where
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Here, ¢ and p are the displacements of the particles from equilibrium and the momenta of
the particles, respectively, and « and 3 are parameters. It is well known that the model
above represents in fact a system of N harmonic oscillators with frequency spectrum

_ 9 km
wg = 2sin m ,
and with a nonlinear coupling due to the cubic and quartic terms of the interaction
potential.

Starting (as Fermi, Pasta and Ulam did) with initial conditions with the whole
energy concentrated on the lowest frequency mode, one observes that the energy flows
in a short time only to a few modes of low frequency, that we call the “natural packet”,
while the high frequencies remain frozen. A further sharing of energy with the high
frequency modes takes a longer time that grows very fast when the energy E decreases
to zero. In the recent paper [1] the size of the natural packet as a function of the
specific energy E//N and of the number N of particles has been investigated in detail,
showing that the phenomenon of localization of energy may persist in the so called
thermodynamic limit, i.e., when the number of particles grows very large. This fact
may be very relevant for the foundations of Statistical Mechanics.

From the mathematical viewpoint we are actually dealing with a Hamiltonian sys-
tem with n degrees of freedom in a neighbourhood of an elliptic equilibrium, with
Hamiltonian

(1) H(z,y) = Ho(z,y) + Hi(z,y) + ...,
where

1 n
Ho(z,y) = 3 Zwl(fUz2 +ui) s
=1

w € R™ is the real vector of the frequencies, wy, . ..,w, are all positive, and H,(z,y) for
s > 1 is a homogeneous polynomial of degree s+ 2. We assume also that the equilibrium
is a minimum for the Hamiltonian, so that wq,...,w, are all positive.

A possible interpretation of the phenomenon of localization of energy in the FPU
model is the following. Let us consider for a moment only the quadratic part of the
Hamiltonian, i.e., let H; = ... = 0. A packet of m < n modes is easily constructed by
considering initial condition with ,,, 11 = Ym+1 = ... = T, = yn = 0, and with arbitrary
values for z1,y1,...,Zm,Ym- In such a case, all orbits lie on an invariant subspace of
dimension 2m, defined by z,,41 = Ymy1 = ... = T, = yn = 0, which is foliated in
invariant tori of dimension m. The problem is whether something similar may happen
for the complete nonlinear system. For m = 1 a positive answer is given by Lyapounov’s
theorem on the continuation of periodic orbits that reduce to the normal modes when
the perturbation decreases to zero. For m > 1 one is tempted to generalize the theorem
of Lyapounov by proving the existence of an invariant manifold of dimension 2m that
reduces to the invariant plane for vanishing perturbation. However, such an attempt
will likely fail for two reasons. The first one is that the construction of such an invariant
manifold may be performed in a formal sense, as we shall do below, but the resulting
series are likely to be divergent, as typically happens for perturbation expansions. The
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second reason is that, according to the results of the numerical exploration, the internal
dynamics of the natural packet appears to exhibit a chaotic behaviour, which is not
compatible with the plain foliation in invariant tori of the corresponding unperturbed
case.

Our suggestion is to overcome the two difficulties above as follows. First, we look
for an approximate normal form that possesses an invariant manifold, but with no
restrictions on the dynamics on that manifold. Second, we look for a quasi-invariance
of that manifold in the sense of Nekhoroshev’s theory on exponential stability, i.e., we
prove that the orbit is confined in a very small neighbourhood of the quasi-invariant
manifold for an exponentially long time.

We give now a formal statement. Let A, C R?™ be a polydisk of radius g centered
at the origin. Our main result is the following

Theorem:  Let the Hamiltonian (1) be analytic in a neighbourhood of the origin,
and assume that the frequencies w1, ...,w, are all positive and satisfy for any u,v €
{m +1,...,n} the diophantine conditions

kiwr + .o+ kT wu| > v k|7,
(2) kqwy + .o kmwm £ 2w, | > k|7,
|k1wi + ..o+ kmwm £ wy £w,| > ]k for p # v

where v and T are positive constants and m < n is a positive integer. Then there exists
a positive p* and a local analytic manifold V' of dimension 2m, tangent at the origin to

the subspace Tmi1 = Ymy1 = -.. = Tp, = Yn = 0, such that the following holds true:
£\ Q@
let o < ¢*/3772, and let o = exp (—% (%) ), with a = 1/(7 + 2); then there exists

a positive p < p such that for every orbit with initial point (xo,y0) € Ag satisfying
dist ((zo, y0), V) < /2 one has (z¢,y;) € A, and dist((z4,y¢), V) < o for

1 (o*\*
t] < Ty exp <— <Q—> ) :
2a \ o

Remark. By a standard argument from diophantine theory one may choose 7 > m —1.

with a constant T,.

The idea of looking for a quasi-invariant manifold has been suggested to us by the
papers of Cherry [5] and Moser [14], who in the case m = 2 prove the existence of an
invariant manifold, but with the assumption that the frequencies wq, ws are independent
over the reals. This result does not apply to the case of an elliptic equilibrium. However,
the technique that has been used in [10] may be adapted in order to prove our theorem.

The paper is organized as follows. In sect. 2 we characterize the normal form of
the Hamiltonian and recall the formal algorithm. In sect. 3 we give the quantitative
estimates for the normal form and the remainder. In sect. 4 we show how to use the
normal form in order to complete the proof of the theorem.

In order to make the paper self-contained, some technical details are deferred to
two appendixes.
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2. Formal algorithm

We first discuss the formal algorithm that gives the Hamiltonian a normal form up to a
finite order r. The general method based on composition of canonical transformations
via Lie series is rather well known. Thus we recall only the relevant formulae. For
completeness sake we include a short deduction in Appendix A. Our aim is to write the
Hamiltonian after » normalization steps as

(3) H®(z,y) = Ho(z,y) + Zi(x,y) + ... + Zo(z,y) + ZHS(T)
s>r
where Z1(z,y), ..., Zr(x,y) satisfy the condition of being in “normal form”, in a sense

to be made precise. The original Hamiltonian Hy = H is given in this form with r = 0,
so that it contains no function Z. The normalization procedure is worked out step
by step, using a generating sequence {xi,...,x,}. Precisely, we perform a sequence
of r canonical transformations, » being arbitrary, by recursively determining the new
Hamiltonian as
H" = exp (L, )H" ™Y,
where L, := {-, ¢}, the Poisson bracket with ¢, and
Do) =1+ L,+ ~17 v L
exp(Ly) =1+ ot gl .= Sl
s>0

The generating function is determined by solving with respect to x, and Z, the equation

(4) Ly, Xr + Zp = H"™Y

Assuming for a moment that a solution of the latter equation has been found, the
transformed Hamiltonian is determined as

Hg:lrm——LsZ -I—Z e, ;;;Hm forr>2,s>land1<m<r,

(5) 1 1 1
(r) — (r—1) p pr(r—1)
Ha' = (3—1)|Lxr < Zr r >+Z o H s pr
forr>1and s> 2.

Let us now discuss how to solve equation (4). The usual remark is that Lp, is a linear
operator mapping the space Ps of homogeneous polynomials of degree s in z,y into
itself. Moreover, Ly, may be diagonalized via the canonical transformation to complex
variables &, n

(6) 2y = § +imy i(& —im) “n)

N I

For, in the new variables one has Hy = iZ;Z:l wi&m, and one checks immediately that

(7) L, &n* =i(j — k,w)&n"
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for any monomial &7n* = f{l R S n’fl ...n*. Denoting by P the linear space of
all polynomials, the kernel N and the range C of Lp, are introduced in the usual way,
namely N = LI_{i(O), the inverse image of the null vector in P, and C = Ly, (P). Both
N and C are subspaces of P, and in view of Ly, being diagonalizable we also have
NNC={0} and N @®C = P. A consequence of these properties is that Lg, restricted
to the subspace C is uniquely inverted, i.e., the equation Ly, x = ¢ with ¢ € C admits
a unique solution x satisfying x € C.

We now come to make precise the meaning of “normal form” in our case. Having
fixed the positive integer m < n consider the disjoint subsets of Z".

KE={keZ" : kpy1=...=k, =0},
(8) KE={keZ" : 1< |kpmyt|+...+ k| <2},
K> ={keZm : |kmet| + ...+ [kn| > 2} .

One has Z™ = K U K" U K, of course. Considering only integer vectors j, k with non—
negative components, introduce the subspaces of P

’Pﬂ:span{azjyk : j+kEICﬂ}
(9) ’Ph:span{xjyk : j+k€l€u}
’Pb:span{azjyk : j-l—kElCl’}

These subspaces are clearly disjoint, and moreover one has P = P! @ P! @ P°. Let us
now define the subspace

Zi={feP":{f, L} =0, v=m+1,...,n}

and split P? = Z8@WWE where W! is the complementary subspace to Zf in P!. Moreover,
let us consider the subspaces Z and W of P defined as

Z=PloziaP, w=nw.

One clearly has ZNW = {0} and Z@® W = P, and moreover we also have, by construc-
tion, WW C R (see below). With this setting the equation

(10) Lu,x +Z =,

with known 1, admits a simple solution. Split ¢ = 1z + 1 with ¢z € Z and ), € W;
such a decomposition exists and is unique, since Z and WV are complementary subspaces.
Then set Z = 1z and determine xy = LI_{;@/)W as the solution of (10) made unique with
the prescription y € R.

It is also interesting to characterize P% and Z! using the complex coordinates, and
to investigate its relations with the null space N. By the way, this will allow us to check
in a direct way that WW C R, which is essential in order to assure the consistency of the
whole construction. Let us consider &n% € P1. Then at most two of the factors &, 1,
with v = m+1,...,n may appear. Recall that in complex variables I,, = #£,7,, we have

{fjnkvlu} = Z(],, - ku)ﬁjﬂk .
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Thus, a basis for Z% is the set of monomials £&,1, - (€1, ..., &Em, M1y -+ -, ), Where ¢ is
any monomial. This fully characterizes Z!. Let us now characterize the subspace N'NPE.
This is easily done by looking at (7). In view of the diagonal form of Ly, it is easily
seen that a basis of A" is made by all monomials ¢/5* such that (j — k,w) = 0. Thus,
considering again a monomial £&/9¥ € P? we have either

(j—kw)= (1 —k)wr+ ...+ (Jm — km)wm + Apw,  with X, = +1,
or
(= k,w) = (1 — k1)wi + -+ (G — km)wm + Apwy + A, with Ay, Ay, = 1,

the case u = v being allowed. In the first case (j — k,w) can not vanish in view of the
first condition (2); in the second case, in view of the second and third condition (2)
(j — k,w) may vanish only if 4 = v and A, + )‘,u =0, i.e., if £7n% € 21 Thus we have
N NPEC 2%, and in view of W = W' we conclude W C R, as claimed.

3. Quantitative estimates for normal form and remainder

We first introduce a norm on the space Py of homogeneous polynomials of degree s.
Pick a real vector R € R™ with positive components and consider the domain

(11) Ap={(x,y) € C" : |z;| < Rj, ly;| < R; , 1 <j<n},

namely a polydisk which is the product of disks of radii Ry, ..., R, in the planes of the
complex coordinates (x1,...,2,) and (y1,...,yn), respectively. Let also

(12) A= min R;.

The norm ||f||g of the function f=3",, fixx?y® in the polydisk Ag is defined as

(13) I llr =D [ fiulRIFE

gk
A family of polydisks Asgr of radii 6 R, with 0 < § < 1 will be considered below. With
a minor abuse the simplified notation || - ||5 in place of || - ||sg will be used.

The main technical tool is the following inequality, that resembles the Cauchy’s
estimate for derivatives of functions: assume that ||x|/1—s and || f||1—s are known for
some non negative 6’ < 1. Then for any positive 1 > § > ¢’ and for integer p > 1 we
have

P Pty e, »
(14) 12 flhs < 55 (55) IxE—slfllas
where d := § — §’. The proof of this inequality is given in appendix B.
We look now for quantitative estimates of all functions entering the construction of
the normal form according to the algorithm in section 2. We proceed as follows:
(i) we transform the Hamiltonian (1) to complex variables &, n via the transforma-

tion (6);
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(ii) we perform an arbitrary number of normalization steps, thus getting the Hamilto-
nian H() in the form (3), in complex variables;

(iii) we transform back to real variables by applying the inverse of (6) to H (™).

We remark that the transformations to complex variables and back are harmless for

what concerns the norms of the functions. For, if f € P; is given in real (resp. complex)

variables and f’ € Py is the transformed function in complex (resp. real) variables, then

one has

1711 < 272 71

Let the non increasing sequence {ar}rzl be defined as

ar = min |[{k,w)] for k € K
0< |k|<r+2
By the hypotheses of the Theorem we have a,. > 0 for all » > 1. We consider the solution
of the equation (4) for the generating function. This is better done in complex variables
&, n defined by (6), because the operator Ly, takes a diagonal form. We immediately
get

H V)| _
(15) Irlhnos < s -y < e,

where we have assumed that ||H,§T_1) |l1—s is known for some positive § < 1. We look now
for recursive estimates generated by the formal algorithm. To this end, let {dr}TZI be a
non increasing sequence such that > d, =d < 1, and let 5o = 0 and 0, = dy +...+d,.
Let us define the sequence {7, s},>0,s>0 as

no,s = C°71
1 o
(16) Tr.s = C’s—l,LLT,sald% _1 apd? (arld?«)
where
C = ei—f th

and the sequence {fi, s},>0,s>0 is recursively defined as

po,0 = 0, po,s =1 for s > 0,
s
Mr sr4+m = Z,U/f_ljrﬂr—l,(s—p)?“—l—m for s > 0: 0<m<r.
p=0

We also consider the sequence of boxed domains A(;_s yr. The recursive estimates are
collected in the following

Lemma 1: If the Hamiltonian (1) satisfies (in complex variables)

|Hq|y < h*'E for s > 1
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with constants h > 0 and E > 0, then the following estimates hold true:

Nr—1 T‘E
17 ollie < dr=1r=
a7) e l-s, - < L
(18) ||Z7“||1 Or_1 _nr 17“E
(19) [H 15, < mpoB

Proof. By induction. For » = 0 only the estimate (19) is meaningful and is trivially
true in view of the definition of 7y . In order to perform the induction, first remark
that if (19) holds true up to r — 1, then (17) and (18) are true for r; this is a straight-
forward consequence of the inequalities (15), with 6 = §,_;. Thus, it remains to prove
only that (19) hold true for r as a consequence of (17) and (18) and of the recursive
definitions (5). Remarking that Z, and H ™Y are estimated by exactly the same quan-
tity it is safe to estimate ||H§:)|| by replacing Z, with H{"™" in the second of (5). This
is tantamount to extending the sum in the second of (5) to p = s — 1 and making it
identical with the sum in the first of (5), with m = 0. Thus, assuming that H("~1 is
known, by the general estimate (14) (with § =¢,., ¢’ = 4,1 and d = d,.) one has

2s
1 e
1kl < 2 (55) T liosm, 1 Zmlaos,

1 s—1 e o)
+—Z(d—A) ORI O P

p:
forr>2 s>1,1<m<r

1 s—1 .
IO hs < 5 2 (75 ) bells MO s, forr>1,s>2

p=0

Let us first consider the estimate of ||Hs(:z|_m||1_5r. By the inductive hypothesis and
by (17) and (18) one has

1 € 2 Mr—1 T‘E ’
H . Jr—r= m—1.mE
|| sr+m||1 or 2 (drA> ( o ) n 1,
s—1 2p p
1 € nT—l,rE
+ 6_21;) (d,«A> ( , ) 77r—1,(s—p)r-|-mE

1 s s—1 1 P
<C* <ard2> Mot pm—1mB + ) CP <ard2> 21 -1, (s—pyrtm B
r p=0 ot

Replacing 7, s in the last estimate one gets

-1
H(’") sr+m—1 1 . 1 s 1 s
|| sr-l—m||1—5r <C ard?...and? ard?...and? ard?..amo1d? | Hyp—1 rHm—1,m
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r—1

st ) ) P ) (s—p=Dr+m
-I_Zardr <a1d%...ar-d72*) (ar—1d2 ) /’Lr—lyr,u/r—l,(s—p)T-l-m E
p=0

Recalling that {c,},>1 and {d,},>1 are non increasing sequences, we obtain

) . 1 1 (s—1)r+m-—1
||HST+m||1_5r < gertme ald% - d2 <Ozrd2> ,ur,sr-l-mE = "7r,sr+mE
- z -

Similarly one gets

2p

13/ e n E\?
(r) - r—1,r
||Hsr ||1—5r < o2 p§_0 (d,J\) ( o > nr—l,(s—p)rE < nr,sv“E

so that (19) follows. This concludes the proof of lemma 1. Q.E.D.

The estimates of lemma 1 hold true for any r, and depend on the arbitrary choice
of dy,...,d, and on the quantities aq, ..., a,, which in turn depend on the frequencies
w1, - ..,wn. However, it is immediate to realize that, e.g., || x| grow at least as r!. For,
by the diophantine theory we know that the best estimate for the divisors a,. is

(20) ar > y(r+2)77

with v > 0 and 7 > 1; and the product of divisors in the definition of 7, ,_1 generates the
factorial. This prevents the possibility of proving the convergence of the whole procedure
for r — oo, with our estimates.

Thus, we simply stop the construction of the normal form at some finite r, that
we keep fixed although still arbitrary. Moreover we replace the sequence «, with the
diophantine estimate (20), i.e. we set a,, = y(r+2)~7 with constants v > 0, 7 > m —1,
(see the remark after the Theorem). Finally we make the choice d; = ... = d, = d/r
with 0 < d < 1. With this setting we have

Lemma 2: For a fixed r the normal form is estimated by

(21) 1 Zs|li—a < C5 (s + 1)!T7‘2(S_1)E fors<r

(22)  [H|1ma < CoCT (4 217 (1 +2)THDITTODTIR for s sy
where C1, Cy are positive constants and d < 1 is arbitrary.

The proof is just matter of replacing the diophantine estimate for «,. and the choice
for d, in the definition (16) of 7, 5, and performing some elementary manipulations. The
sequence {/i, s}s>r>0 is estimated by

(23) o1, < B, pr,s < r(B+1)° for s > r

with a positive constant 5. The latter estimates are proven in Appendix B.

4. Use of the normal form and proof of the Theorem

So far we may write the Hamiltonian in normal form up to order r as

(24) HY =HY+H Y+ 2"+ 20+ 2 + RV 4 RE4+ R
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where
Hﬂ _ S Wi 2 2 Hh _ - Wy , 9 2
0_27(1‘3' +yj)7 0 — Z 7($u+yu)-,
(25) 1=1 v=m-+1
Z8=Z{+ ...+ 2z, RY=D (HM),

s>r

and similar expressions for Z%, Z°, Rf and R, where the superscript indicates the pro-
jection of the function on the subspaces P! Pt and P° defined by (9). Consider the
harmonic actions of the oscillators, namely

2,2
1:7]21/3 i=1,...,m,
2 2
I,/:x”Qﬂ, v=m-+1,...,n;

we use different subscripts j and v in order to identify the first m actions and the
remaining ones, respectively. The crucial point is that we have

jj :{Ij:Zﬂ} + {Ij:Zh} + {Ij:Zb} + {Iij}
I, ={I,,2°} + {I,,R" + R"}

’

where R = R¥+RI+RP. For, the Poisson brackets between any of the actions I, ..., I,
and Hy vanish because Hj is a function of I,..., I, only. Moreover, {I,, Z"} and
{I,,R*} do vanish because Z* and R* depend on z;,y; with 1 < j < m, while I,
depends on z,,y, with v > m. Finally, {I,,, Z"} vanishes in view of the definition of the
subspace 2%, to which Z% belongs.

Let us now, for a moment, forget the remainder R which is not in normal form.
Then we have to consider only the equations

jj :{Ij:Zﬂ} + {Ij:Zu} + {Ij:Zb}:
I, ={I,, 72"} ¢ P".

If we choose initial conditions such that I,,11(0) = ... = I,(0) = 0, which implies
2, =y, = 0for v = m+1,...,n, and with I1(0),..., I, (0) arbitrary, then we
have I,,41(t) = ... = I,(t) = 0 for all ¢. This because the r.h.s. of the equation
for I,, contains at least one factor Z,,41,Ym=+1,---,Tn,Yn, which is zero. Thus, the
2m—dimensional subspace I,,4+1(0) = ... = I,(0) = 0 is invariant. Taking into ac-
count the near the identity transformation of coordinates to the normal form, it turns
out immediately that this subspace is a local analytic manifold for the original system.
Concerning instead the dynamics on the manifold, it is immediate to see that nothing
can be said a priori. For, the dynamics is clearly generated by the reduced Hamiltonian
H(Z1, o Ty Yl e v oy Ym) = Hg + Z', with no restrictions on the nonlinear term Z*.

The manifold z, = y, = 0, v = m + 1,...,n is no more invariant if one takes
into account the unnormalized remainder R. In this case we proceed in the spirit of
Nekhoroshev’s theory, looking for a long time quasi-invariance in the neighbourhood of
that manifold.
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From now on we fix the free parameters R and d by setting R = ... = Ry = 1,
and d = 1/4. Then we proceed in two steps. First we prove that for small energy there is
a neighbourhood of the origin that remains invariant. Next we shall deduce exponential
stability estimates for the quasi-invariant manifold.

The first step is a standard matter, due to the quadratic form of Hy, and in view
of the hypothesis that all the frequencies w1, ..., w, are positive. For, the Hamiltonian
has a minimum of zero energy at the origin, so that for sufficiently small energy FE
there are two polydisks A} and Ag with 3 < o = O(E'/?), such that Ag C D C A},
where Dg is a connected component of the invariant subset of phase space defined by
H") (z,y) < E.

Thus, we proceed with the second step using the estimates (21) and (22). Let us
consider a domain A7* x AP™™ which is the product of polydisks

AT ={ai+y; <o® j=1,....m}
AZT™ :{$3+y3§02, v=m+1,...,n},

where ¢ and o are positive, and o0 < g; a choice for o will be made below. Our aim is
to estimate I, (v,y) in A' x A7~"™. Recalling that

={I,,2°} +{I,,R" + R}

and using the more explicit expression (25) for Z°, Rt and R’ we have

{1, 2"} =ZT2{LJ,22}

(L, RE+ R} = {L, (H): + (H)}.
s>r

By the general estimate (29) of the Poisson bracket, and by (21) and (22) we have

s—l
||{IV7Z }||1 2d < d2 (5‘|‘1)!TT2(S_1)E,
s—1
1{1v, (H(T) —|—(Hs(r))b}||1_2d S%(T—|—2)!T(r—|—2)(T+2)5—T(7‘+1)—1E_

The inequalities ||Z%]|1_q < [|Zs|l1_q and |[(H)® + (H)||1—q < |H||1_q have
been used here. Remark now that {I,, Z2} € P® is a homogeneous polynomial of degree
s 4+ 2 which contains at least three factors z,,y, with m + 1 < v < n; similarly,
(L, (HS)Ye+(H{™)?) contains at least one such factor. Thus for all (z,y) € AT X ART™,
we have (recall that d = 1/4)

{1, Z (@) <|{L, Z2} (@, )] ,2°F20%" Y for1<s<r,
{L (HP)E + (H)Y ()| <|{Lo, (HE)F + (H)PY|, 274200, for s >
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Adding up all contributions we get

T(z,y)| < 64-127B0™ }_[2(s+1)7Carg]""!

s=1
r + 2 !T T S T T T T
+32C,FEo G jE 2)T(T)+1)+1 2[201(7“ +2) +2@] Cr(r+ 2)( +2)( +1)Q +2
s>0
Assuming
1
(26)

<
O 40 (r+2)7?
and with a trivial use of the sum of the geometric series we readily conclude
11, (x,y)| <128 - 127 Eo® + 64C,E(C1e2)" (r + 2)!" 20" 2
forv=m+1,...,n.

We now follow the usual procedure for Nekhoroshev’s estimates. Having fixed ¢ we make
the optimal choice for r

(27) +2= )" o 1 _ !
r = — = —— a= :
o)’ ¢ Cre?’ T+ 2

which clearly satisfies (26). With a trivial calculation using Stirling’s formula we get,

(Cre?0)™ 2 (r +2)I7+ =~ exp <—1 <9—>> |

a\ e
Remark that (27) is sense only if 7 > 1, which imposes the smallness condition on p

*

0
3T+2 '

o<

This allows us to remove the arbitrary normalization order from our estimates, thus

getting
. D 1 /o"\"
i< o +oew (-1 (2))]

where D is a positive constant independent of ¢ and ¢. Finally, we impose the initial
point to be very close to the subspace I,;,11 = ... = I, = 0 by setting

e (5 (5))
cf=exp|— | — .
a\ o
This gives the final estimate

(28) |1, (z,y)| < Do®.
Now, assume that (z(0),y(0)) € AZ* X A%_m and consider the inequality

3

1,(t) - L(0)| < |t|Do?
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which holds true for || < 7, where 7 is defined as
o2
T = sup {t >0:L(s)] < 5 V|s| < t}

In order that (z(t),y(t)) € Ay' x AZ~™™, we must have
52
1)~ L) < %

By (28) this is certainly satisfied if

1] < 1 1 1 [o*\"
—— = —exp|=— | —
4Do 4D TP\ 24 \

Setting T\, = 1/4D the proof of the Theorem is concluded.

A. Deduction of equation (5)

A justification for equation (5) can be found as follows. Let us rearrange the terms in
the expansion of exp(L,,)H =1, Considering first H, and HIY together, one has

1
eXp(LXT)(HO —+ H[ST_l)) — HO +LX1~H0 +Z —'LSTHO

el

1
(r—1) i (r—1)
+H +ZS!L CHY
s>1
where Hy is the first term in the transformed Hamiltonian H™) in (3). By equation (4)

one can replace the unwanted term H,gr_l) with the normalized one Z,. The two sums
may be collected and simplified by calculating

1 1

I e (r—1)
Z S!LerO T Z S!L My
§>2 s>1

1

1 1 s —
S ot (L H H(’“_l)> ST g
(s — 1)1 X [s xo o+ Hy * s "

1 1 s—1
Ls—l _ZT H(T—l) ]
= (s — 1)1 X (s + s "

where both L$~'Z, and L;:lH,gr_l) are homogeneous polynomials of degree sr + 2,

that are added to H) in the second of (5).
Let us now calculate the transformation for the functions Zi,..., Z,._1 that are

) )

already in normal form. Recalling that no such term exists for r = 1, for r > 1 one has

1
exp(Ly, ) Zm = Zm + Z ;L;er , forl1<m<r.
s>1
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The term Z,, is copied into H(™ in (3), while the term L} Zp is a homogeneous
polynomial of degree sr +m -+ 2 that is added to H'") in the first of (5).

sr+m
Finally, consider all terms Hs(r_l) with s > r, that may be written as Hl(:_;;) with
[ >1and 0 <m < r, the case l =1, m = 0 being excluded. One gets

r—1 1 r—1
eXp(LXr)Hl(r—i—m) = Z ELirHl(T—l—m)
p>0""

where LQTHI(:;}Q is a homogeneous polynomial of degree (p+[1)r +m+ 2. Collecting all
(r—=1)

homogeneous terms with m = 0,1 > 2 and p+ 1 = s > 2 one gets Z;;g I%LirH(s—p)r’

that is added to Hs(,’:) in the second of (5). Similarly, collecting all homogeneous terms

withO<m <7, [ >1and p+1=s>1one gets Z;;(l) ;%LQTH((;:;))MW that is added
to H)

srpm 10 the first of (5). The latter case does not occur for r = 1. This completes
the justification of equation (5).

B. Technical estimates

This appendix is devoted to the proof of the estimates (14) and (23). Let 0 <
max(d’,0”) < § < 1. We first prove a general estimate for the Lie derivative of a
generic function f in a domain A(;_s) g, namely

1
(29) HLXfH1_5 S (5 _ 5,)(5 _ 5”)A2 ||X||1—5’ ||f||1—5”

with A as in (12). A proof of this estimate can be obtained as follows. Write, generically,
X=> ik ¢jpae’y® and f = dik fixx?y®. Then compute

n . .7

ik — ik i

0 b= 3 S sl
J:k,g" k! =1

Using the definition of norm evaluate

|Gk — ik e
Ly flli=s < Z Z %kj,ﬂ i |(1— 5)\y+k\+|1 +| =2 itk +k
j:kzjlykl =1 !

1 Ny . k1
< FZZZUH@ —]lk;‘ |Cj,k| ((1 _5/) _ (5—(5’))|J+k| 1R3+k

3.k 3",k I=1

x| firmr | (1= 8") = (6 — ")) HEIT Rtk
If f is a generic function, then in view of j; < |j + k| and k; < |j + k| one has

(31) > itk =ik < G+ kDY i+ kil =ik E]
=1 =1
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Replacing in the estimate above and using the elementary inequalityJr
m

A
(32) mA—2)" <"~ for0<z<Xand m>1
T

one gets

1 . . _ .
Ly fll1-s < Az Z lcikl g+ k|((1 — 6 — (6 — 5/))\J+k\ 1R7+k
71,k
X Z |fj’,k’| ‘j/ + k"((l . (5”) . ((5 _ 5//))|j'+k'|—1Rj/+k/
jl,kl
< 1
< (5 — 5/)(5 — (5”)[\2

(33)

Z lcjk] (1— 5/)\j+k\Rj+k
3.k

% Z ‘fj’}k"(l _ 5//)‘j’+kl‘le+k;/ 7

J'E
from which (29) immediately follows in view of the definition of the norm.
Let now p > 1, and assume that ||x|1—s and || f||1—s are known for some non
negative ¢'. We look for an estimate of ||LL f|l;—s with 0’ < § < 1. Let d = § — ¢’ and
d = d/p. Then by a straightforward application of (29) we have the recursive estimate

L5l s —sd < Ixll—arlllly -5~ (s 1)a

sd2 A2
By recursive application of the latter formula we get

P p** 1 P
[ L8 flli-s < FWHXHl_&Hle_%
and (14) follows in view of the trivial inequality p? < eP~!p!.
We come now to estimating the sequences p,, and p,, with s > r > 2. Start by
proving the following properties:

(34) por < .oo< iy =fpr=fpyir=... forr>1,
(35) pis=s fors>0,

(36) Ky s = Hr—1,s + My —1,r Mo s—r < Mr—1,s + Moy s —r s—7 for s >r>2 3
r—1

(37) Moy e <r+ Z,uj,j,uv“—j,?“—j for r >3.
7j=2

Properties (34) and (35) follow from the definition. To check (36) let us write s = kr+m

T The function z(A —2)™ ! in the interval 0 < z < X has a maximum for z = A/m, and

the inequality follows from z(A — 2)™ ™! < % ()\ — %)m_l < % .



16 Very preliminary version

with 0 < m < r and calculate
k
My kr+m = Hr—1,kr4+m + Z ,u/f_ljr,ur—l,(k—p)r-l-m
p=1
k—1
= WUr—1,kr4+m + Mr—1,r Z ,U/f_l,r/j/r—l,(k—l—p)r-l-m )
p=0

/

~~

=Hlr(k—1)r4+m
this gives the equality, while the inequality follows from (34). A proof of (37) is obtained
by a repeated application of (36), followed by use of (35). For, calculate
Mrr = Hyr—1r
< Pp—2p + fr_1r—11,1
< fhp—30 + fr_2p—2f2,2 + yr—1r—1141,1

< pigt+ P22y —2p—2F o 1111
this is nothing but (37) since p1, = r. Thus, the sequence {v,},>1 defined as
vy = 1 s Vo = 2 s

38 r—1
(38) Vr:r+2ujv,~_j for r >3
=2
is a majorant of {y,},>1. An easy remark is that {v,},>1 resembles the well known
sequence {A, },>1 defined as

M=1,

39 r—1

(39) A=Y A forr>2.
j=1

Indeed it is an easy matter to see that v, < a”" !\, for some positive constant a (e.g.,
a = 2). Hence it is enough to study the latter sequence. It is known that

2r=1(2r — 31!
R —
where the standard notation (2n+ 1)/l =1-3-...-(2n 4 1) has been used. As a check,
let the function g(z) be defined as g(z) = Y., <, Ar2", so that A, = ¢g(")(0)/r!. Then it
is immediate to check that the recursive definition (39) is equivalent to the equation
g = z + ¢g%. By repeated differentiation of the latter equation one readily finds

’ 1 g(,r) _ 2r_1(2r — 3)”
1-29 7 (1 —2g)%r—1

(40) Ay <4rt

(check by induction). From this, (40) follows. Thus, ., < 8"~! for some positive j.
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By equations (34), (35), (36) and the estimate for yu, , one also has

frs < pro1s + B2 < s+ r(B+ 1)

with > 1and s > r > 2
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