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t. We 
onsider a Hamiltonian system in a neighbourhood of an ellipti
 equilibriumwhi
h is a minimum for the Hamiltonian. With appropriate non{resonan
e 
onditions we provethat in the neighbourhood of the equilibrium there exist low dimensional manifolds that areexponentially stable in Nekhoroshev's sense. This generalizes the theorem of Lyapounov on theexisten
e of periodi
 orbits. The result may be meaningful for, e.g., the dynami
s of non{linear
hains of FPU type.1. Introdu
tionIn the 
elebrated report published in 1955[8℄ Fermi, Pasta and Ulam pointed out thephenomenon of lo
alization of energy in low frequen
y modes, or freezing of high fre-quen
ies, in a dis
retized model of a string. The phenomenon has been later investigatedby many authors (see, e.g., [6℄, [2℄, [3℄, [12℄, [13℄, [11℄, [15℄, [9℄, [4℄, [7℄ and the referen
estherein). In parti
ular in a re
ent paper the existen
e of the so 
alled \natural pa
ketsof modes" has been dis
ussed on the basis of a numeri
al experiment[1℄.The present paper is devoted to a theoreti
al investigation of that phenomenon, withthe aim of understanding the underlying dynami
s. This is performed by generalizing atheorem of Lyapounov on 
ontinuation of periodi
 orbits 
ombined with ideas 
omingfrom Nekhoroshev's theory on exponential stability.The phenomenon of lo
alization of energy is the following. One 
onsiders a non-linear 
hain of N parti
les with a nearest neighbours intera
tion as des
ribed by theHamiltonian H(q; p) = NXj=1 p2j2 + NXj=0 V (qj+1 � qj) ; q0 = qN+1 = 0 ;where V (r) = 12r2 + �3 r3 + �4 r4 :



2 Very preliminary versionHere, q and p are the displa
ements of the parti
les from equilibrium and the momenta ofthe parti
les, respe
tively, and � and � are parameters. It is well known that the modelabove represents in fa
t a system of N harmoni
 os
illators with frequen
y spe
trum!k = 2 sin k�2(N + 1) ;and with a nonlinear 
oupling due to the 
ubi
 and quarti
 terms of the intera
tionpotential.Starting (as Fermi, Pasta and Ulam did) with initial 
onditions with the wholeenergy 
on
entrated on the lowest frequen
y mode, one observes that the energy 
owsin a short time only to a few modes of low frequen
y, that we 
all the \natural pa
ket",while the high frequen
ies remain frozen. A further sharing of energy with the highfrequen
y modes takes a longer time that grows very fast when the energy E de
reasesto zero. In the re
ent paper [1℄ the size of the natural pa
ket as a fun
tion of thespe
i�
 energy E=N and of the number N of parti
les has been investigated in detail,showing that the phenomenon of lo
alization of energy may persist in the so 
alledthermodynami
 limit, i.e., when the number of parti
les grows very large. This fa
tmay be very relevant for the foundations of Statisti
al Me
hani
s.From the mathemati
al viewpoint we are a
tually dealing with a Hamiltonian sys-tem with n degrees of freedom in a neighbourhood of an ellipti
 equilibrium, withHamiltonian(1) H(x; y) = H0(x; y) +H1(x; y) + : : : ;where H0(x; y) = 12 nXl=1 !l(x2l + y2l ) ;! 2 Rn is the real ve
tor of the frequen
ies, !1; : : : ; !n are all positive, and Hs(x; y) fors � 1 is a homogeneous polynomial of degree s+2. We assume also that the equilibriumis a minimum for the Hamiltonian, so that !1; : : : ; !n are all positive.A possible interpretation of the phenomenon of lo
alization of energy in the FPUmodel is the following. Let us 
onsider for a moment only the quadrati
 part of theHamiltonian, i.e., let H1 = : : : = 0. A pa
ket of m < n modes is easily 
onstru
ted by
onsidering initial 
ondition with xm+1 = ym+1 = : : : = xn = yn = 0, and with arbitraryvalues for x1; y1; : : : ; xm; ym. In su
h a 
ase, all orbits lie on an invariant subspa
e ofdimension 2m, de�ned by xm+1 = ym+1 = : : : = xn = yn = 0, whi
h is foliated ininvariant tori of dimension m. The problem is whether something similar may happenfor the 
omplete nonlinear system. For m = 1 a positive answer is given by Lyapounov'stheorem on the 
ontinuation of periodi
 orbits that redu
e to the normal modes whenthe perturbation de
reases to zero. For m > 1 one is tempted to generalize the theoremof Lyapounov by proving the existen
e of an invariant manifold of dimension 2m thatredu
es to the invariant plane for vanishing perturbation. However, su
h an attemptwill likely fail for two reasons. The �rst one is that the 
onstru
tion of su
h an invariantmanifold may be performed in a formal sense, as we shall do below, but the resultingseries are likely to be divergent, as typi
ally happens for perturbation expansions. The



Exponentially stable manifolds in the neighbourhood of ellipti
 equilibria 3se
ond reason is that, a

ording to the results of the numeri
al exploration, the internaldynami
s of the natural pa
ket appears to exhibit a 
haoti
 behaviour, whi
h is not
ompatible with the plain foliation in invariant tori of the 
orresponding unperturbed
ase.Our suggestion is to over
ome the two diÆ
ulties above as follows. First, we lookfor an approximate normal form that possesses an invariant manifold, but with norestri
tions on the dynami
s on that manifold. Se
ond, we look for a quasi{invarian
eof that manifold in the sense of Nekhoroshev's theory on exponential stability, i.e., weprove that the orbit is 
on�ned in a very small neighbourhood of the quasi{invariantmanifold for an exponentially long time.We give now a formal statement. Let �% � R2n be a polydisk of radius % 
enteredat the origin. Our main result is the followingTheorem: Let the Hamiltonian (1) be analyti
 in a neighbourhood of the origin,and assume that the frequen
ies !1; : : : ; !n are all positive and satisfy for any �; � 2fm+ 1; : : : ; ng the diophantine 
onditions(2) jk1!1 + : : :+ km!m � !� j � 
jkj�� ;jk1!1 + : : :+ km!m � 2!� j � 
jkj�� ;jk1!1 + : : :+ km!m � !� � !�j � 
jkj�� for � 6= �where 
 and � are positive 
onstants and m < n is a positive integer. Then there existsa positive %� and a lo
al analyti
 manifold V of dimension 2m, tangent at the origin tothe subspa
e xm+1 = ym+1 = : : : = xn = yn = 0, su
h that the following holds true:let % < %�=3�+2, and let � = exp�� 12a �%�% �a�, with a = 1=(� + 2); then there existsa positive �% < % su
h that for every orbit with initial point (x0; y0) 2 ��% satisfyingdist�(x0; y0); V � < �=2 one has (xt; yt) 2 �% and dist�(xt; yt); V � < � forjtj < T� exp� 12a �%�% �a� ;with a 
onstant T�.Remark. By a standard argument from diophantine theory one may 
hoose � � m�1.The idea of looking for a quasi{invariant manifold has been suggested to us by thepapers of Cherry [5℄ and Moser [14℄, who in the 
ase m = 2 prove the existen
e of aninvariant manifold, but with the assumption that the frequen
ies !1; !2 are independentover the reals. This result does not apply to the 
ase of an ellipti
 equilibrium. However,the te
hnique that has been used in [10℄ may be adapted in order to prove our theorem.The paper is organized as follows. In se
t. 2 we 
hara
terize the normal form ofthe Hamiltonian and re
all the formal algorithm. In se
t. 3 we give the quantitativeestimates for the normal form and the remainder. In se
t. 4 we show how to use thenormal form in order to 
omplete the proof of the theorem.In order to make the paper self{
ontained, some te
hni
al details are deferred totwo appendixes.



4 Very preliminary version2. Formal algorithmWe �rst dis
uss the formal algorithm that gives the Hamiltonian a normal form up to a�nite order r. The general method based on 
omposition of 
anoni
al transformationsvia Lie series is rather well known. Thus we re
all only the relevant formulae. For
ompleteness sake we in
lude a short dedu
tion in Appendix A. Our aim is to write theHamiltonian after r normalization steps as(3) H(r)(x; y) = H0(x; y) + Z1(x; y) + : : :+ Zr(x; y) +Xs>rH(r)s (x; y) ;where Z1(x; y); : : : ; Zr(x; y) satisfy the 
ondition of being in \normal form", in a senseto be made pre
ise. The original Hamiltonian H0 � H is given in this form with r = 0,so that it 
ontains no fun
tion Z. The normalization pro
edure is worked out stepby step, using a generating sequen
e f�1; : : : ; �rg. Pre
isely, we perform a sequen
eof r 
anoni
al transformations, r being arbitrary, by re
ursively determining the newHamiltonian as H(r) = exp (L�r)H(r�1);where L'� := f�; 'g, the Poisson bra
ket with ', andexp (L') = 1 + L' + 12!L2' + : : : =Xs�0 1s!Ls':The generating fun
tion is determined by solving with respe
t to �r and Zr the equation(4) LH0�r + Zr = H(r�1)r :Assuming for a moment that a solution of the latter equation has been found, thetransformed Hamiltonian is determined as
(5) H(r)sr+m = 1s!Ls�rZm + s�1Xp=0 1p!Lp�rH(r�1)(s�p)r+m for r � 2 ; s � 1 and 1 � m < r ;H(r)sr = 1(s� 1)!Ls�1�r �1sZr + s� 1s H(r�1)r �+ s�2Xp=0 1p!Lp�rH(r�1)(s�p)rfor r � 1 and s � 2 :Let us now dis
uss how to solve equation (4). The usual remark is that LH0 is a linearoperator mapping the spa
e Ps of homogeneous polynomials of degree s in x; y intoitself. Moreover, LH0 may be diagonalized via the 
anoni
al transformation to 
omplexvariables �; �(6) xl = �l + i�lp2 ; yl = i(�l � i�l)p2 :For, in the new variables one has H0 = iPnl=1 !l�l�l, and one 
he
ks immediately that(7) LH0�j�k = ihj � k; !i�j�k
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 equilibria 5for any monomial �j�k = �j11 � : : : � �jnn � �k11 : : : �knn . Denoting by P the linear spa
e ofall polynomials, the kernel N and the range C of LH0 are introdu
ed in the usual way,namely N = L�1H0(0), the inverse image of the null ve
tor in P, and C = LH0(P). BothN and C are subspa
es of P, and in view of LH0 being diagonalizable we also haveN \ C = f0g and N � C = P. A 
onsequen
e of these properties is that LH0 restri
tedto the subspa
e C is uniquely inverted, i.e., the equation LH0� =  with  2 C admitsa unique solution � satisfying � 2 C.We now 
ome to make pre
ise the meaning of \normal form" in our 
ase. Having�xed the positive integer m < n 
onsider the disjoint subsets of Zn.(8) K℄ = fk 2 Zn : km+1 = : : : = kn = 0g ;K\ = fk 2 Zn : 1 � jkm+1j+ : : :+ jknj � 2g ;K[ = fk 2 Zn : jkm+1j+ : : :+ jknj > 2g :One has Zn = K℄ [ K\ [ K[, of 
ourse. Considering only integer ve
tors j; k with non{negative 
omponents, introdu
e the subspa
es of P(9) P℄ = span �xjyk : j + k 2 K℄	P\ = span �xjyk : j + k 2 K\	P[ = spannxjyk : j + k 2 K[oThese subspa
es are 
learly disjoint, and moreover one has P = P℄ � P\ � P[. Let usnow de�ne the subspa
eZ\ = ff 2 P\ : ff; I�g = 0; � = m+ 1; : : : ; ngand split P\ = Z\�W\ whereW\ is the 
omplementary subspa
e to Z\ in P\. Moreover,let us 
onsider the subspa
es Z and W of P de�ned asZ = P℄ �Z\ � P[; W � W\:One 
learly has Z \W = f0g and Z �W = P, and moreover we also have, by 
onstru
-tion, W � R (see below). With this setting the equation(10) LH0�+ Z =  ;with known  , admits a simple solution. Split  =  Z+ W with  Z 2 Z and  W 2 W;su
h a de
omposition exists and is unique, sin
e Z andW are 
omplementary subspa
es.Then set Z =  Z and determine � = L�1H0 W as the solution of (10) made unique withthe pres
ription � 2 R.It is also interesting to 
hara
terize P\ and Z\ using the 
omplex 
oordinates, andto investigate its relations with the null spa
e N . By the way, this will allow us to 
he
kin a dire
t way that W � R, whi
h is essential in order to assure the 
onsisten
y of thewhole 
onstru
tion. Let us 
onsider �j�k 2 P\. Then at most two of the fa
tors �� ; ��with � = m+1; : : : ; n may appear. Re
all that in 
omplex variables I� = i���� , we havef�j�k; I�g = i(j� � k�)�j�k :



6 Very preliminary versionThus, a basis for Z\ is the set of monomials ���� � '(�1; : : : ; �m; �1; : : : ; �m), where ' isany monomial. This fully 
hara
terizes Z\. Let us now 
hara
terize the subspa
e N\P\.This is easily done by looking at (7). In view of the diagonal form of LH0 it is easilyseen that a basis of N is made by all monomials �j�k su
h that hj � k; !i = 0. Thus,
onsidering again a monomial �j�k 2 P\ we have eitherhj � k; !i = (j1 � k1)!1 + : : :+ (jm � km)!m + ��!� with �� = �1,or hj � k; !i = (j1 � k1)!1 + : : :+ (jm � km)!m + ��!� + �0�!� with �� ; �0� = �1,the 
ase � = � being allowed. In the �rst 
ase hj � k; !i 
an not vanish in view of the�rst 
ondition (2); in the se
ond 
ase, in view of the se
ond and third 
ondition (2)hj � k; !i may vanish only if � = � and �� + �0� = 0, i.e., if �j�k 2 Z\. Thus we haveN \ P\ � Z\, and in view of W =W\ we 
on
lude W � R, as 
laimed.3. Quantitative estimates for normal form and remainderWe �rst introdu
e a norm on the spa
e Ps of homogeneous polynomials of degree s.Pi
k a real ve
tor R 2 Rn with positive 
omponents and 
onsider the domain(11) �R = f(x; y) 2 Cn : jxjj � Rj ; jyj j � Rj ; 1 � j � ng ;namely a polydisk whi
h is the produ
t of disks of radii R1; : : : ; Rn in the planes of the
omplex 
oordinates (x1; : : : ; xn) and (y1; : : : ; yn), respe
tively. Let also(12) � = min1�j�nRj :The norm kfkR of the fun
tion f =Pj;k fj;kxjyk in the polydisk �R is de�ned as(13) kfkR =Xj;k jfj;kjRj+k :A family of polydisks �ÆR of radii ÆR, with 0 < Æ � 1 will be 
onsidered below. Witha minor abuse the simpli�ed notation k � kÆ in pla
e of k � kÆR will be used.The main te
hni
al tool is the following inequality, that resembles the Cau
hy'sestimate for derivatives of fun
tions: assume that k�k1�Æ0 and kfk1�Æ0 are known forsome non negative Æ0 < 1. Then for any positive 1 > Æ > Æ0 and for integer p � 1 wehave(14) kLp�fk1�Æ � p!e2 � ed��2p k�kp1�Æ0kfk1�Æ0where d := Æ � Æ0. The proof of this inequality is given in appendix B.We look now for quantitative estimates of all fun
tions entering the 
onstru
tion ofthe normal form a

ording to the algorithm in se
tion 2. We pro
eed as follows:(i) we transform the Hamiltonian (1) to 
omplex variables �; � via the transforma-tion (6);



Exponentially stable manifolds in the neighbourhood of ellipti
 equilibria 7(ii) we perform an arbitrary number of normalization steps, thus getting the Hamilto-nian H(r) in the form (3), in 
omplex variables;(iii) we transform ba
k to real variables by applying the inverse of (6) to H(r).We remark that the transformations to 
omplex variables and ba
k are harmless forwhat 
on
erns the norms of the fun
tions. For, if f 2 Ps is given in real (resp. 
omplex)variables and f 0 2 Ps is the transformed fun
tion in 
omplex (resp. real) variables, thenone has kf 0k � 2s=2kfk:Let the non in
reasing sequen
e f�rgr�1 be de�ned as�r = min0<jkj�r+2 jhk; !ij for k 2 K\By the hypotheses of the Theorem we have �r > 0 for all r � 1. We 
onsider the solutionof the equation (4) for the generating fun
tion. This is better done in 
omplex variables�; � de�ned by (6), be
ause the operator LH0 takes a diagonal form. We immediatelyget(15) k�rk1�Æ � kH(r�1)r k1�Æ�r ; kZrk1�Æ � kH(r�1)r k1�Æ;where we have assumed that kH(r�1)r k1�Æ is known for some positive Æ < 1. We look nowfor re
ursive estimates generated by the formal algorithm. To this end, let fdrgr�1 be anon in
reasing sequen
e su
h that Pr dr = d < 1, and let Æ0 = 0 and Ær = d1+ : : :+dr.Let us de�ne the sequen
e f�r;sgr�0;s�0 as(16) �0;s = Cs�1�r;s = Cs�1�r;s 1�1d21 : : : �rd2r � � 1�rd2r�s�r�1where C = e2E�2 + hand the sequen
e f�r;sgr�0;s�0 is re
ursively de�ned as�0;0 = 0; �0;s = 1 for s > 0;�r;sr+m = sXp=0 �pr�1;r�r�1;(s�p)r+m for s � 0; 0 � m < r:We also 
onsider the sequen
e of boxed domains �(1�Ær)R. The re
ursive estimates are
olle
ted in the followingLemma 1: If the Hamiltonian (1) satis�es (in 
omplex variables)kHsk1 � hs�1E for s � 1



8 Very preliminary versionwith 
onstants h � 0 and E > 0, then the following estimates hold true:k�rk1�Ær�1 � �r�1;rE�r(17) kZrk1�Ær�1 � �r�1;rE(18) kH(r)s k1�Ær � �r;sE(19)Proof. By indu
tion. For r = 0 only the estimate (19) is meaningful and is triviallytrue in view of the de�nition of �0;s. In order to perform the indu
tion, �rst remarkthat if (19) holds true up to r � 1, then (17) and (18) are true for r; this is a straight-forward 
onsequen
e of the inequalities (15), with Æ = Ær�1. Thus, it remains to proveonly that (19) hold true for r as a 
onsequen
e of (17) and (18) and of the re
ursivede�nitions (5). Remarking that Zr and H(r�1)r are estimated by exa
tly the same quan-tity it is safe to estimate kH(r)sr k by repla
ing Zr with H(r�1)r in the se
ond of (5). Thisis tantamount to extending the sum in the se
ond of (5) to p = s � 1 and making itidenti
al with the sum in the �rst of (5), with m = 0. Thus, assuming that H(r�1) isknown, by the general estimate (14) (with Æ = Ær; Æ0 = Ær�1 and d = dr) one haskH(r)sr+mk1�Ær � 1e2 � edr��2s k�rks1�Ær�1kZmk1�Æm�1+ 1e2 s�1Xp=0� edr��2p k�rkp1�Ær�1kH(r�1)(s�p)r+mk1�Ær�1for r � 2; s � 1; 1 � m < rkH(r)sr k1�Ær � 1e2 s�1Xp=0� edr��2p k�rkp1�Ær�1kH(r�1)(s�p)rk1�Ær�1 for r � 1; s � 2Let us �rst 
onsider the estimate of kH(r)sr+mk1�Ær . By the indu
tive hypothesis andby (17) and (18) one haskH(r)sr+mk1�Ær = 1e2 � edr��2s��r�1;rE�r �s �m�1;mE+ 1e2 s�1Xp=0� edr��2p��r�1;rE�r �p �r�1;(s�p)r+mE� Cs� 1�rd2r�s�sr�1;r�m�1;mE + s�1Xp=0Cp � 1�rd2r�p �pr�1;r�r�1;(s�p)r+mERepla
ing �r;s in the last estimate one getskH(r)sr+mk1�Ær � Csr+m�1 1�1d21:::�rd2r �h� 1�1d21:::�rd2r �s�1 � 1�1d21:::�m�1d2m�1��sr�1;r�m�1;m



Exponentially stable manifolds in the neighbourhood of ellipti
 equilibria 9+ s�1Xp=0�rd2r � 1�1d21:::�rd2r �p � 1�r�1d2r�1 �(s�p�1)r+m�pr�1;r�r�1;(s�p)r+miERe
alling that f�rgr�1 and fdrgr�1 are non in
reasing sequen
es, we obtainkH(r)sr+mk1�Ær � Csr+m�1 1�1d21 : : : �rd2r � 1�rd2r�(s�1)r+m�1 �r;sr+mE = �r;sr+mESimilarly one getskH(r)sr k1�Ær � 1e2 s�1Xp=0� edr��2p ��r�1;rE�r �p �r�1;(s�p)rE � �r;srEso that (19) follows. This 
on
ludes the proof of lemma 1. Q.E.D.The estimates of lemma 1 hold true for any r, and depend on the arbitrary 
hoi
eof d1; : : : ; dr and on the quantities �1; : : : ; �r, whi
h in turn depend on the frequen
ies!1; : : : ; !n. However, it is immediate to realize that, e.g., k�rk grow at least as r!. For,by the diophantine theory we know that the best estimate for the divisors �r is(20) �r � 
(r + 2)��with 
 > 0 and � > 1; and the produ
t of divisors in the de�nition of �r;r�1 generates thefa
torial. This prevents the possibility of proving the 
onvergen
e of the whole pro
edurefor r !1, with our estimates.Thus, we simply stop the 
onstru
tion of the normal form at some �nite r, thatwe keep �xed although still arbitrary. Moreover we repla
e the sequen
e �r with thediophantine estimate (20), i.e. we set �r = 
(r+2)�� with 
onstants 
 > 0; � � m�1,(see the remark after the Theorem). Finally we make the 
hoi
e d1 = : : : = dr = d=rwith 0 < d < 1. With this setting we haveLemma 2: For a �xed r the normal form is estimated bykZsk1�d � Cs�11 (s+ 1)!�r2(s�1)E for s � r(21) kH(r)s k1�d � C2Cs�11 (r + 2)!� (r + 2)(�+2)s��(r+1)�1E for s > r(22)where C1; C2 are positive 
onstants and d < 1 is arbitrary.The proof is just matter of repla
ing the diophantine estimate for �r and the 
hoi
efor dr in the de�nition (16) of �r;s, and performing some elementary manipulations. Thesequen
e f�r;sgs�r�0 is estimated by(23) �r�1;r < �r�1; �r;s < r(� + 1)s for s > rwith a positive 
onstant �. The latter estimates are proven in Appendix B.4. Use of the normal form and proof of the TheoremSo far we may write the Hamiltonian in normal form up to order r as(24) H(r) = H℄0 +H\0 + Z℄ + Z\ + Z[ +R℄ +R\ +R[



10 Very preliminary versionwhere(25) H℄0 = mXj=1 !j2 (x2j + y2j ); H\0 = nX�=m+1 !�2 (x2� + y2�);Z℄ =Z℄1 + : : :+ Z℄r; R℄ =Xs>r(H(r)s )℄;and similar expressions for Z\; Z[;R\ and R[, where the supers
ript indi
ates the pro-je
tion of the fun
tion on the subspa
es P℄;P\ and P[ de�ned by (9). Consider theharmoni
 a
tions of the os
illators, namelyIj =x2j + y2j2 ; j = 1; : : : ;m;I� =x2� + y2�2 ; � = m+ 1; : : : ; n;we use di�erent subs
ripts j and � in order to identify the �rst m a
tions and theremaining ones, respe
tively. The 
ru
ial point is that we have_Ij =fIj ; Z℄g+ fIj ; Z\g+ fIj ; Z[g+ fIj;Rg_I� =fI� ; Z[g+ fI� ;R\ +R[g;where R = R℄+R\+R[. For, the Poisson bra
kets between any of the a
tions I1; : : : ; Inand H0 vanish be
ause H0 is a fun
tion of I1; : : : ; In only. Moreover, fI� ; Z℄g andfI� ;R℄g do vanish be
ause Z℄ and R℄ depend on xj; yj with 1 � j < m, while I�depends on x� ; y� with � > m. Finally, fI� ; Z\g vanishes in view of the de�nition of thesubspa
e Z\, to whi
h Z\ belongs.Let us now, for a moment, forget the remainder R whi
h is not in normal form.Then we have to 
onsider only the equations_Ij =fIj; Z℄g+ fIj ; Z\g+ fIj ; Z[g;_I� =fI� ; Z[g 2 P[:If we 
hoose initial 
onditions su
h that Im+1(0) = : : : = In(0) = 0, whi
h impliesx� = y� = 0 for � = m + 1; : : : ; n, and with I1(0); : : : ; Im(0) arbitrary, then wehave Im+1(t) = : : : = In(t) = 0 for all t. This be
ause the r.h.s. of the equationfor I� 
ontains at least one fa
tor xm+1; ym+1; : : : ; xn; yn, whi
h is zero. Thus, the2m�dimensional subspa
e Im+1(0) = : : : = In(0) = 0 is invariant. Taking into a
-
ount the near the identity transformation of 
oordinates to the normal form, it turnsout immediately that this subspa
e is a lo
al analyti
 manifold for the original system.Con
erning instead the dynami
s on the manifold, it is immediate to see that nothing
an be said a priori. For, the dynami
s is 
learly generated by the redu
ed Hamiltonian�H(x1; : : : ; xm; y1; : : : ; ym) = H℄0 + Z℄, with no restri
tions on the nonlinear term Z℄.The manifold x� = y� = 0, � = m + 1; : : : ; n is no more invariant if one takesinto a

ount the unnormalized remainder R. In this 
ase we pro
eed in the spirit ofNekhoroshev's theory, looking for a long time quasi-invarian
e in the neighbourhood ofthat manifold.



Exponentially stable manifolds in the neighbourhood of ellipti
 equilibria 11From now on we �x the free parameters R and d by setting R1 = : : : = RN = 1,and d = 1=4. Then we pro
eed in two steps. First we prove that for small energy there isa neighbourhood of the origin that remains invariant. Next we shall dedu
e exponentialstability estimates for the quasi-invariant manifold.The �rst step is a standard matter, due to the quadrati
 form of H0, and in viewof the hypothesis that all the frequen
ies !1; : : : ; !n are positive. For, the Hamiltonianhas a minimum of zero energy at the origin, so that for suÆ
iently small energy Ethere are two polydisks �n% and �n% with % < % = O(E1=2), su
h that �n% � DE � �n% ,where DE is a 
onne
ted 
omponent of the invariant subset of phase spa
e de�ned byH(r)(x; y) � E.Thus, we pro
eed with the se
ond step using the estimates (21) and (22). Let us
onsider a domain �m% ��n�m� whi
h is the produ
t of polydisks�m% =fx2j + y2j � %2; j = 1; : : : ;mg�n�m� =fx2� + y2� � �2; � = m+ 1; : : : ; ng;where % and � are positive, and � � %; a 
hoi
e for � will be made below. Our aim isto estimate _I�(x; y) in �m% ��n�m� . Re
alling that_I� = fI� ; Z[g+ fI� ;R\ +R[gand using the more expli
it expression (25) for Z[;R\ and R[ we havefI� ; Z[g = rXs=1fI� ; Z[sgfI� ;R\ +R[g =Xs>rfI� ; (H(r)s )\ + (H(r)s )[g:By the general estimate (29) of the Poisson bra
ket, and by (21) and (22) we havekfI� ; Z[sgk1�2d �Cs�112d2 (s+ 1)!�r2(s�1)E;kfI� ; (H(r)s )\ + (H(r)s )[gk1�2d �C2Cs�112d2 (r + 2)!� (r + 2)(�+2)s��(r+1)�1E:The inequalities kZ[sk1�d � kZsk1�d and k(H(r)s )\ + (H(r)s )[k1�d � kH(r)s k1�d havebeen used here. Remark now that fI� ; Z[sg 2 P[ is a homogeneous polynomial of degrees + 2 whi
h 
ontains at least three fa
tors x� ; y� with m + 1 � � � n; similarly,fI� ; (H(r)s )\+(H(r)s )[g 
ontains at least one su
h fa
tor. Thus for all (x; y) 2 �m% ��n�m� ,we have (re
all that d = 1=4)��fI� ; Z[sg(x; y)�� �

fI� ; Z[sg(x; y)

12 2s+2�3%s�1 for 1 � s � r ;��fI� ; (H(r)s )\ + (H(r)s )[g(x; y)�� �

fI� ; (H(r)s )\ + (H(r)s )[g

 12 2s+2�%s+1; for s > r :



12 Very preliminary versionAdding up all 
ontributions we getj _I�(x; y)j � 64 � 12�E�3 rXs=1[2(s+ 1)�C1r2%℄s�1+32C2E� (r + 2)!�(r + 2)�(r+1)+1 Xs�0[2C1(r + 2)�+2%℄sCr1(r + 2)(�+2)(r+1)%r+2Assuming(26) % < 14C1(r + 2)�+2and with a trivial use of the sum of the geometri
 series we readily 
on
ludej _I�(x; y)j � 128 � 12�E�3 + 64C2E(C1e2)r(r + 2)!�+2�%r+2for � = m+ 1; : : : ; n.We now follow the usual pro
edure for Nekhoroshev's estimates. Having �xed % we makethe optimal 
hoi
e for r(27) r + 2 = �%�% �a ; %� = 1C1e2 ; a = 1� + 2 ;whi
h 
learly satis�es (26). With a trivial 
al
ulation using Stirling's formula we get(C1e2%)r+2(r + 2)!�+2 ' exp��1a �%�% �a� :Remark that (27) is sense only if r � 1, whi
h imposes the smallness 
ondition on %% < %�3�+2 :This allows us to remove the arbitrary normalization order from our estimates, thusgetting j _I�(x; y)j < D2 ��3 + � exp��1a �%�% �a��where D is a positive 
onstant independent of % and �. Finally, we impose the initialpoint to be very 
lose to the subspa
e Im+1 = : : : = In = 0 by setting�2 = exp��1a �%�% �a� :This gives the �nal estimate(28) j _I�(x; y)j < D�3:Now, assume that (x(0); y(0)) 2 �m% ��n�m�2 and 
onsider the inequalityjI�(t)� I�(0)j � jtjD�3



Exponentially stable manifolds in the neighbourhood of ellipti
 equilibria 13whi
h holds true for jtj < � , where � is de�ned as� = sup�t > 0 : jI�(s)j < �22 8jsj < t�In order that (x(t); y(t)) 2 �m% ��n�m� , we must havejI�(t)� I�(0)j < �24By (28) this is 
ertainly satis�ed ifjtj < 14D� = 14D exp� 12a �%�% �a�Setting T� = 1=4D the proof of the Theorem is 
on
luded.A. Dedu
tion of equation (5)A justi�
ation for equation (5) 
an be found as follows. Let us rearrange the terms inthe expansion of exp(L�r)H(r�1). Considering �rst H0 and H(r�1)r together, one hasexp(L�r )�H0 +H(r�1)r � = H0 +L�rH0 +Xs�2 1s!Ls�rH0+H(r�1)r +Xs�1 1s!Ls�rH(r�1)r :where H0 is the �rst term in the transformed Hamiltonian H(r) in (3). By equation (4)one 
an repla
e the unwanted term H(r�1)r with the normalized one Zr. The two sumsmay be 
olle
ted and simpli�ed by 
al
ulatingXs�2 1s!Ls�rH0 +Xs�1 1s!Ls�rH(r�1)r=Xs�2 1(s� 1)!Ls�1�r �1s �L�rH0 +H(r�1)r �+ s� 1s H(r�1)r �=Xs�2 1(s� 1)!Ls�1�r �1sZr + s� 1s H(r�1)r � :where both Ls�1�r Zr and Ls�1�r H(r�1)r are homogeneous polynomials of degree sr + 2,that are added to H(r)sr in the se
ond of (5).Let us now 
al
ulate the transformation for the fun
tions Z1; : : : ; Zr�1 that arealready in normal form. Re
alling that no su
h term exists for r = 1, for r > 1 one hasexp(L�r)Zm = Zm +Xs�1 1s!Ls�rZm ; for 1 � m < r :



14 Very preliminary versionThe term Zm is 
opied into H(r) in (3), while the term Ls�rZm is a homogeneouspolynomial of degree sr +m+ 2 that is added to H(r)sr+m in the �rst of (5).Finally, 
onsider all terms H(r�1)s with s > r, that may be written as H(r�1)lr+m withl � 1 and 0 � m < r, the 
ase l = 1 ; m = 0 being ex
luded. One getsexp(L�r)H(r�1)lr+m =Xp�0 1p!Lp�rH(r�1)lr+mwhere Lp�rH(r�1)lr+m is a homogeneous polynomial of degree (p+ l)r+m+2. Colle
ting allhomogeneous terms with m = 0, l � 2 and p+ l = s � 2 one gets Ps�2p=0 1p!Lp�rH(r�1)(s�p)r,that is added to H(r)sr in the se
ond of (5). Similarly, 
olle
ting all homogeneous termswith 0 < m < r, l � 1 and p+ l = s � 1 one gets Ps�1p=0 1p!Lp�rH(r�1)(s�p)r+m, that is addedto H(r)sr+m in the �rst of (5). The latter 
ase does not o

ur for r = 1. This 
ompletesthe justi�
ation of equation (5).B. Te
hni
al estimatesThis appendix is devoted to the proof of the estimates (14) and (23). Let 0 �max(Æ0; Æ00) < Æ < 1. We �rst prove a general estimate for the Lie derivative of ageneri
 fun
tion f in a domain �(1�Æ)R, namely(29) 

L�f

1�Æ � 1(Æ � Æ0)(Æ � Æ00)�2 k�k1�Æ0 kfk1�Æ00with � as in (12). A proof of this estimate 
an be obtained as follows. Write, generi
ally,� =Pj;k 
j;kxjyk and f =Pj;k fj;kxjyk. Then 
ompute(30) L�f = Xj;k;j0;k0 nXl=1 j0lkl � jlk0lxlyl 
j;kfj0;k0xj+j0yk+k0 :Using the de�nition of norm evaluatekL�fk1�Æ � Xj;k;j0;k0 nXl=1 jj0lkl � jlk0ljR2l j
j;kj jfj0;k0 j(1� Æ)jj+kj+jj0+k0j�2Rj+k+j0+k0� 1�2 Xj;k Xj0;k0 nXl=1 jj0lkl � jlk0lj j
j;kj �(1� Æ0)� (Æ � Æ0)�jj+kj�1Rj+k� jfj0;k0 j�(1� Æ00)� (Æ � Æ00)�jj0+k0j�1Rj0+k0 :If f is a generi
 fun
tion, then in view of jl � jj + kj and kl � jj + kj one has(31) nXl=1 jj0lkl � jlk0lj < jj + kj nXl=1 jj0l + k0lj = jj + kj � jj0 + k0j :



Exponentially stable manifolds in the neighbourhood of ellipti
 equilibria 15Repla
ing in the estimate above and using the elementary inequalityy(32) m(�� x)m�1 < �mx for 0 < x < � and m � 1one gets
(33) kL�fk1�Æ � 1�2 Xj;k j
j;kj jj + kj�(1� Æ0)� (Æ � Æ0)�jj+kj�1Rj+k�Xj0;k0 jfj0;k0 j jj0 + k0j�(1� Æ00)� (Æ � Æ00)�jj0+k0j�1Rj0+k0� 1(Æ � Æ0)(Æ � Æ00)�2 Xj;k j
j;kj (1� Æ0)jj+kjRj+k�Xj0;k0 jfj0;k0 j(1� Æ00)jj0+k0jRj0+k0 ;from whi
h (29) immediately follows in view of the de�nition of the norm.Let now p > 1, and assume that k�k1�Æ0 and kfk1�Æ0 are known for some nonnegative Æ0. We look for an estimate of kLp�fk1�Æ with Æ0 < Æ < 1. Let d = Æ � Æ0 and~d = d=p. Then by a straightforward appli
ation of (29) we have the re
ursive estimatekLs�fk1�Æ0�s ~d � 1s ~d2�2 k�k1�Æ0kk1�Æ0�(s�1) ~d:By re
ursive appli
ation of the latter formula we getkLp�fk1�Æ � p2pp! 1(d�)2p k�kp1�Æ0kfk1�Æ0;and (14) follows in view of the trivial inequality pp � ep�1p!.We 
ome now to estimating the sequen
es �r;r and �s;r with s � r � 2. Start byproving the following properties:�0;r < : : : < �r�1;r = �r;r = �r+1;r = : : : for r � 1 ;(34) �1;s = s for s � 0 ;(35) �r;s = �r�1;s + �r�1;r�r;s�r � �r�1;s + �r;r�s�r;s�r for s � r � 2 ;(36) �r;r � r + r�1Xj=2 �j;j�r�j;r�j for r � 3 :(37)Properties (34) and (35) follow from the de�nition. To 
he
k (36) let us write s = kr+my The fun
tion x(� � x)m�1 in the interval 0 � x � � has a maximum for x = �=m, andthe inequality follows from x(�� x)m�1 � �m ��� �m�m�1 < �mm .



16 Very preliminary versionwith 0 � m < r and 
al
ulate�r;kr+m = �r�1;kr+m + kXp=1�pr�1;r�r�1;(k�p)r+m= �r�1;kr+m + �r�1;r k�1Xp=0 �pr�1;r�r�1;(k�1�p)r+m| {z }=�r;(k�1)r+m ;this gives the equality, while the inequality follows from (34). A proof of (37) is obtainedby a repeated appli
ation of (36), followed by use of (35). For, 
al
ulate�r;r = �r�1;r� �r�2;r + �r�1;r�1�1;1� �r�3;r + �r�2;r�2�2;2 + �r�1;r�1�1;1: : :� �1;r + �2;2�r�2;r�2 + : : : �r�1;r�1�1;1 ;this is nothing but (37) sin
e �1;r = r. Thus, the sequen
e f�rgr�1 de�ned as(38) �1 = 1 ; �2 = 2 ;�r = r + r�1Xj=2 �j�r�j for r � 3is a majorant of f�r;rgr�1. An easy remark is that f�rgr�1 resembles the well knownsequen
e f�rgr�1 de�ned as(39) �1 = 1 ;�r = r�1Xj=1 �j�r�j for r � 2 :Indeed it is an easy matter to see that �r � ar�1�r for some positive 
onstant a (e.g.,a = 2). Hen
e it is enough to study the latter sequen
e. It is known that(40) �r = 2r�1(2r � 3)!!r! � 4r�1 ;where the standard notation (2n+ 1)!! = 1 � 3 � : : : � (2n+ 1) has been used. As a 
he
k,let the fun
tion g(z) be de�ned as g(z) = Pr�1 �rzr, so that �r = g(r)(0)=r!. Then itis immediate to 
he
k that the re
ursive de�nition (39) is equivalent to the equationg = z + g2. By repeated di�erentiation of the latter equation one readily �ndsg0 = 11� 2g ; : : : ; g(r) = 2r�1(2r � 3)!!(1� 2g)2r�1(
he
k by indu
tion). From this, (40) follows. Thus, �r;r � �r�1 for some positive �.
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 equilibria 17By equations (34), (35), (36) and the estimate for �r;r one also has�r;s � �r�1;s + �s�2 � : : : � s+ r�s�2 � r(� + 1)swith � � 1 and s � r � 2 Referen
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