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Abstract. The existence of invariant tori in nearly—integrable Hamiltonian systems is investi-
gated. We focus our attention on a particular one—dimensional, time—dependent model, known as
the forced pendulum. We present a KAM algorithm which allows us to derive explicit estimates
on the perturbing parameter ensuring the existence of invariant tori. Moreover, we introduce some
technical novelties in the proof of KAM theorem which allow us to provide results in good agree-
ment with the experimental break—down threshold. In particular, we have been able to prove the
existence of the golden torus with frequency @ for values of the perturbing parameter equal

to 92 % of the numerical threshold, thus significantly improving the previous calculations.

1. Introduction

We investigate the existence of invariant surfaces in nearly—integrable Hamiltonian
systems. As is well known, the existence of such surfaces is stated by the so—called KAM
theory ([25], [1] and [28]). However, the original versions of the theorems provide estimates
on the size of the perturbing parameter which are quite far from reality (i.e., from the
experimental or physical values). As an application, unrealistic estimates were obtained by
M. Hénon[?¥ in the framework of the restricted three body problem, where the perturbing
parameter represents the Jupiter—Sun mass—ratio and can be compared with the physical
value. Recently, many efforts have been performed to obtain estimates close to the break—
down threshold. In particular, computer assisted KAM proofs have been implemented
in [7], [8] on a simple mathematical model, known as the periodically forced pendulum,
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2 Improved estimates. ..

described by the Hamiltonian function
(1) H(z,y,t) = y*/2 4 c[cosx + cos(x — )] ,

where y € R, (z,t) € T? = (R/27Z)* and ¢ is a positive (small) parameter. In [8] the
existence of the torus with frequency equal to the golden ratio % has been proved for

any £ < 0.019, whereas the critical break—down value (obtained applying, e.g., Greene’s
method, see [21] and [22]) amounts to

5—1
\/_2 ) =~ 0.0275856 .

(2) eef

Therefore the rigorous result of [8] is in agreement of the 70 % with the numerical expec-
tation. Within discrete setting, the existence of the golden curve for the standard mapping
was proved for values of the perturbing parameter equal to 86 % of the numerical guess
provided by Greene’s method (see [8]).

Applications to mathematical models of physical interest have been developed in [5],
[6], [9]; in particular, the spin—orbit coupling in Celestial Mechanics and a restricted three—
body model have been investigated, providing estimates in agreement with the astronomical
observations in the former case and less than the actual mass-ratio in the latter case.

In the present paper we implement a computer—assisted algorithm improving signifi-
cantly the rigorous estimates on the existence of invariant tori. The mathematical setting
has been already presented in [26], [27] and is based on classical series expansions, while
previous results (see, e.g., [7], [8]) used superconvergent techniques. As an application,
we consider the periodically forced pendulum (1). The improvement with respect to the
previous results is quite significant, being able to prove the existence of the golden torus
for values of the perturbing parameter in agreement within 92 % of the numerical break—
down threshold. The above result has been obtained using a computer—assisted technique
in 79 hours of CPU~time on a modern computer(*). Nevertheless, we stress that our result
depends very weakly on the progress of the computers: for instance, we could prove the
existence of the golden torus for values of ¢ equal to 90 % of Greene’s value, using about
5 hours of CPU-time. Moreover, we will show that we can guess in a short time the best
rigorous result which can be achieved by means of the application of our method.

We briefly recall the main ideas of the algorithm implemented in this paper, referring
to [26], [27] and [19] for further details. Consider the Thirring model®”], i.e. a system of
weakly perturbed rotators described by the Hamiltonian function H(p,q) =v-p+J 'p-
p+ ef(q), where (p,q) € R" x T" are action—angle coordinates, .J is the matrix of the
moments of inertia and f is a trigonometric polynomial of degree K.

The strategy is based on the transformation in Kolmogorov normal form of the orig-
inal Hamiltonian; this is obtained by means of a sequence of canonical transformations

() Hereafter, all informations about the CPU-time are referred to an AlphaServer

8200/440 EV5 with 4 Gb of RAM.
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expressed in terms of Lie series. Iterating the algorithm, after r — 1 steps one is led to
consider an Hamiltonian

r—1
(3) HY =w.p+ ) b pq)+> " pq) ,
s=0 s>r

where h(®) and f("*) are trigonometric polynomials of degree sIK , h(®) are quadratic
functions of p and f"%) are at most quadratic. Let h, = EZ;(I) £%h(®) and f,(,])

E(J‘H)” bos— J”f(”) then we can rewrite (3) as

s=jr
(4) HY =w-p+h(p,g) + > (VP (p,q)
7=1

where the functions %, and f(] ) are trigonometric polynomials of degree r K and jrk .,
respectively. By applying KAM theorem in the style of [19], under the assumption that v

is a diophantine frequency, we get () a condition similar to the following one:

(5) el < e

Y

with positive #. This example shows that it is very useful to iterate the algorithm as long
as possible, since the estimate on the perturbing parameter is a monotonically increasing
function of r.

Our algorithm is based on the application of the following strategy:

(i) Formal algorithm: Let H be the sequence of Hamiltonians obtained through canon-
ical transformations: calculate explicitely (up to a given order Ry) the truncated ex-
pansions for H®M, H®) . H®ED and for all the generating functions of the Lie
series.

(ii) Iteration of the estimates: Provide recursive inequalities, estimating the functions in-
volved in the expansion (3) corresponding to the Hamiltonian H(®11) for a (large)
suitable order Rjj.

(iii) Application of KAM theorem: Apply a KAM condition, ensuring the convergence of
the algorithm for an infinite order of normalization.

It is worth stressing that point (i¢) is actually performed up to Rr; > Ry: in our compu-
tations we took Ry = 108 and Rj;; = 65535. We will discuss in detail the dependence of
our algorithm on the parameters R; and Rjj.

We remark that our method provides a lower bound on the Lindstedt radius, which
is actually different (usually smaller than) the break—down threshold. More precisely, an
analytic torus with frequency w is invariant for the Hamiltonian (1), if there exists an

() Actually the Hamiltonian formula (4) is not of the same type of the Thirring model;
however the proof presented in [19] can be easily adapted to this case.
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analytic conjugating function u : T? — T satisfying
(6) D?u(¥,t) — e[sin(u(9, t) +9) + sin(u(V,t) +9 +)] =0,

where D = w0y + 0; . The break—down threshold, say ¢.(w), is defined as the supremum
over the values of ¢ such that (6) is satisfied for any analytic function u. Equation (6) can
be studied perturbatively by expanding u in Fourier—Taylor series as

oo

(7) w(®, tye) = Z =Y ) i gexp(ik- (9,1)"

n=1 n=1kcZ?2

We refer to (7) as the Lindstedt series. The Lindstedt radius is defined as

—1
- . . 1/n

) o) = int (1w a0, 0107)

One immediately gets o(w) < e.(w) (examples for which o(w) < e.(w) are provided in [3]).
A proof of the convergence of the Lindstedt series for invariant KAM tori can be found
n [12], [13], [14], [15] and references therein. The equivalence between the expansions of
the Lindstedt series and that provided by the Lie series leading to the Kolmogorov normal
form is shown in [19]. In (i7) we derive estimates on the Taylor coefficients of the series
expansion in ¢, namely we compute sup(, 4tz |un(?,t)| as in (8). Therefore our estimate
on ¢ cannot be bigger than the Lindstedt radius p(w). However it is expected that for the

forced pendulum g(\/_ Ly =e. (\/_ L) (see [4], where numerical evidence of the previous
equality is provided for the standard map). Recent numerical results for the computation
of the break-down threshold using renormalization techniques have been developed in [10],
1], [20]

We conclude this introduction by mentioning that in view of the results obtained in [§]
for continuous and discrete systems, the application of our algorithm to the standard
mapping would likely provide results which are probably extremely close to the numerical
expectations. It would be also interesting to apply our algorithm to mathematical models
of physical interest, like the restricted three body problem, for which the existing estimates
([9]) are still far from the astronomical observations. We defer this projects to later studies.

This paper is organized as follows. The description of the algorithm is presented in §2.
The dependency on the parameters Ry, R is discussed in §3. Conclusions are drawn in
§4. Technical details are collected in the appendixes.

Acknowledgements.  We are indebted with J.M. Petit and P. Wittwer for giving
us useful suggestions on the numerical part. This work is part of the research program of
the European Network on: “Stability and Universality in Classical Mechanics”, # ERB-
CHRX-CT94-0460. During the preparation of this paper, one of the authors (U.L.) has
been supported by grant CE # ERB-FMBI-CT95-0316. This work has been performed
using the computing facilities provided by the program “Simulations Interactives et Visu-
alisation en Astronomie et Mécanique (SIVAM)”.
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2. Description of the computer—assisted proof

In this section we present in detail how to perform steps (:)—(i1¢) discussed in the
Introduction.

2.1 Formal algorithm

In order to use the formalism of the autonomous canonical transformations, let us
extend the phase space by introducing the canonically conjugated variables (ps, g2 ), where
g2 = t. Replacing (y,x) with (p1 + w, ¢1), Hamiltonian (1) becomes

9) HO(p,q) = wpr + p2 +pi/2 +[cos g + cos(q1 — q2)]

where (p1,p2) € R?, (q1,¢2) € T?, w is a fixed frequency and we neglected an unessential
additive constant. Following [25] (see also [2], [18] and [29]), we perform a sequence of
canonical changes of variables transforming the original Hamiltonian in Kolmogorov normal
form as

(10) H) (p,q) = wpi + p2 + Rp1,4q) ,

where R = O(p?). Obviously the torus {p = 0} is invariant for H(>) and the angular
frequencies of the motion are constant: ¢ = w and ¢ = 1.

Let us introduce some further notation in order to describe the iterative algorithm
leading to the Kolmogorov normal form. For any k € Z?, let |k| = max; |k;|. We denote
by Pis the set of functions which are monomials of degree [ in p; and trigonometric
polynomials of degree s. Then we can expand g € Py s as

(11) glpr.q) = Y cxpi explik - q) .
|K[<s

We proceed by induction on the order r of normalization. Suppose that we have performed
r — 1 normalization steps and write the transformed Hamiltonian as

(12) H(r_l)(pv )_wpl ‘|‘p2‘|‘25 h(S) p17 —|—ZZ€f(r 18) )7

s=r [=0

where h(®) ¢ Pa. s and fl(r_l’s) € P1s . The fact that functions L) and fl(r_l’s) are indepen-
dent of py is a consequence of the algorithm. Notice that for r = 1, the above Hamiltonian
reduces to (9). The new Hamiltonian is obtained from the old one by the application of
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. . (+)
two Lie series**
(13) H™ = exp <5TLX(T)> {exp <€TLX(T)> H(r_l)} \

where X( " and X( ") are determined so that the terms O(e") in H®) are quadratic functions
of p1 . More precisely, we set X( )( ) = XM (¢) + Mgy, where X € Py, and € € R

are solutions of

891 8 42
D g, RO ()} + (F77 7y =0

here we denoted by (-) the average over the angle variables. The generating function y,

(14) (wiJr 0 )X(”)(Q)Jrfér_l’r)(Q):O,

() o

P1,r 1s determined as the solution of the equation

0 0 r r—1,r r—1,r
(15) (wa—(]l—l— 8—q2> & 01.0) + Lo k() + A7 (g = () =0

The expression of the Hamiltonian after the application of the first Lie series becomes

(16) exp <€ L ()> H=1 = wpy —|—p2—|-z€8h(8) P1,9 ‘|‘ZZ€ f( 7 )(p17Q) )

s=0 s=r [=0

where the recursive equations providing f(r ) ¢ Pis in terms of Xgr), h(s), fl(r_l’s) can
be easily derived taking all terms having the same order in ¢ and the same degree in
p1 . We collect the recursive formule in appendix B. For simplicity of notation we do not
distinguish anymore between old and new coordinates.

Analogously, after the application of the second Lie series

(17) H(r’) (p7 q) =wpy +p2 + ngh(s)(ph Z ng (r, s) pl,

s=0 s=r+1 (=0

The explicit expressions for h{") € P, and fl(r’s) € P in terms of Xgr) and of the
functions appearing in (16) are easily derived (see appendix B). The term 2" in (17)
is the new term of order O(e") appearing in Kolmogorov normal form. The remark that
Hamiltonian (17) can be reduced to (12) by substituting r with » + 1 closes the recursive
procedure.

& Within the aims of this work, it is sufficient to recall the following elementary no-
tions. The flow induced by a generic Hamiltonian y is a near to identity canonical
transformation. Consider two different coordinates systems, (p,¢) and (p’,¢'), such that
(p,q) = @°(p',q) where ®° is the flow at time ¢ of the canonical vector field generated
by x. Thus, any function ¢(p,q) is expressed in terms of the new coordinates (p’,¢’) as
g (p'.q¢') = exp(eLy) g(p,q) = E] o ],L g(p,q), where Ly- = {y,-} and {-,-} are the

Poisson brackets. An exhaustive review on Lie series can be found, for example, in [23]

and [16].
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The coding of the formal algorithm on computer is the translation in a programming
language of the formuls appearing in this section and in appendix B. Therefore we cal-
culated up to the order e (for a fixed integer R;) the truncated expansions of HW,
..., HE1D) More precisely, using interval arithmetics (see Appendix A) we computed the

Fourier coefficients of Xgl) , Xgl) ) ey XERI) , XgRI) LR RED and of fl(r’s) l(r’s) with
0<I1<2,1<r<Ryandr <s < Rjy.In our computations we used Ry = 108.

We stress that the formal algorithm for the general case of a slightly perturbed analytic
Hamiltonian H(p, q) = Ho(p) +cH1(p, ¢) in n degrees of freedom is a trivial generalization

of the previous one. Explicit formulae can be found in [18].

2.2 Iteration of the estimates

We want to find recursive estimates for the functions h(*), fl(r’s) appearing in (17).
Having fixed a positive (hopefully big) integer Ry, our aim is to find three finite sequences
(B AV and {a,} 2 of positive real numbers satisfying the following inequalities:

r=1> r=1 r=1
Hh(S) <Emn?al VO<s<r
(18)
|7 < Benfar Wszrt1evo<i<2

The iteration of the estimates is performed as follows:

(1)

i) Estimate of the truncations up to the order %17 of the generating functions
Xgl) ) ey XgR”) , XgR”) and of h(®), fl(r’s), for 1 <s< Ryy.

ii) Derivation of the upper bounds (18) on the infinite sequence of terms appearing in
the expansion (17), for 1 <r < Ryy.

Before entering details, let us introduce some notations. For any ¢ € P; s as in (11), we
(@)

Y

introduce the following norm:

(19) lall = > lexl -
|k|<s
Moreover, let v > 0 and {a,}52, be a sequence of positive numbers such that

20 1 k kol > .
(20) oi?;if;J 1w + k2| > ~vao

2.2.1 FEstimates on the truncated Hamiltonians

Step ¢) above can be performed as follows. The idea is to replace the equations (14),
(15) (as well as (33) and (34) of Appendix B) with recursive inequalities on the norms. To
this end we substitute the second equation of (14) with

s=0

(@) Remark that we avoid considering norms on complex domains. This fact allows us to
get better estimates on the KAM threshold.
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8 Improved estimates. ..

This represents a minor modification of the technical estimates given, e.g., in [18]; however
the improvement of the estimates turns out to be significant.

The first equation (14) and equations (15) and (21) (as well as (33) and (34) of
Appendix B) can be easily reformulated as recursive inequalities by successive applications
of the following lemmas.

Lemma 1: Assume that g € Py ,; then the following inequalities hold:

r 1 ! r r J
Exoral <t xOial . |52iea] < (5) () + €] 1ol
2) R |
L) L= ] | o
HEL;Q)QH < : ; Xé) lgll -

Lemma 2: Let w € R\ Q, v > 0 constant and {a,}52, be a sequence of positive
numbers such that condition (20) is satisfied. Moreover, writing EZ;(I) e3(R3)Y =M p? /2
with constant C\"), assume that there exists a positive constant m such that m < ‘C(”)‘ .
Then the following inequalities apply:

HX(T) < 1 f(”—lﬂ’) ‘5(7’) < LH<JC(7’_177’)>‘
(23) — Yo, 0 ~m 1 )
‘Xv) < 1 <‘ =10 || o || x (0 Hhm) >
2 — Yo, 1

We omit the (simple) proofs of the Lemmas.

The formal algorithm can be translated into a set of recursive inequalities. This is just
matter of rewriting the recursive formulee of Appendix Creplacing everywhere the norms
of the functions and the estimates of Lemmas 1 and 2. The resulting recursive estimates
are reported in Appendix C.

2.2.2 Estimates on the infinite power series expansions

We now determine the finite sequences E, , n, and a, appearing in (18). To this purpose
we assume that we have calculated some constants that bound all the functions h(®), fl(r’s),
X0 ¢t and X2(r) for r, s < Rrr. These constants are to be calculated making use of
the recursive formulae of Lemma 2 and Appendix C by just replacing the sign < with =.
This is an explicit calculation that may be easily implemented on a computer. Then we
reduce all these constants to three sequences {E,}1 {5 111 and {a,} 1 by applying
the following

Lemma 3: Suppose that inequalities (18) are verified by E,_1 , n,—1 and a,_1 ; then the

same inequalities hold to the step r with
1/r
/a:) ar:dr<1+r /a:) :

9-6-1999
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where

(r) (7) 2
B =B [1+ 2 (r X0 + ¢ \m_l]
r—1
A, — Nr—1
[1 + 2(r||x ) +T5(”) )nr_l}

a

Ay = Ay_1 .

Here the quantities || X, [£(7] and ||x2(r)|| are to be replaced by their estimates com-
puted as explained at beginning of this section. The proof of Lemma 3 is obtained by a
direct application of Lemma 1 to the inequalities reported in Appendix C.

We complete the algorithm by determining F4 , ; and a; . Computing explicitely the
first step of the formal algorithm and using the inequalities of Appendix C, one obtains

s—2 2

s —1
( Hw>§Wyj ‘ém 33 %y x|
24
s s—1 ,8 s+1 g
|# = s=n g |xw [ (e

Since Ry; > 1, a good choice for the parameters E; , 11 and ay is provided by

(25)
2 R
/‘ > ¥ = Hxél)H/H v

b (e

elog Rr’
where || XM and ngl)H are calculated using the explicit solutions of equations (14)
and (15). From (24) and (25), one can easily check that (18) is satisfied for r = 1.

ar = R |y

W

Y

The whole calculation described above may be easily implemented on a computer up
to some order Rj;, by first calculating a table of quantities bounding all the estimated
functions and then determining the three sequences {E, Y1 {n 1E11 and {a,} 11 The
computed values Er,, , nr,, and ar,, will be used in the application of the theorem below.

2.3 Statement of KAM theorem

In order to derive an estimate of the perturbing parameter ¢ on the existence of
invariant tori, we apply the following version of KAM theorem (we refer to [27] for the
proof).

Theorem 1:  Let H®~Y) be the Hamiltonian obtained by H®) after R — 1 normalization
steps. Assume the following hypotheses on the series expansion (17) with r = R — 1:
a) h®) € Py, and f71% e P,
b) the inequalities (18) are satisfied with r = R — 1 for given parameters Ep_1, nr—1
and ap_1 ;
¢) w is a diophantine number, i.e. condition (20) is satisfied with o, > ,,LT , where 7 > 1;

d) C'®) | defined by the relation C®)p? /2 = Zf:_ol £3(h13)) | satisfies the following inequal-
ities

0<m' <m<|CP,
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where m' and m are positive numbers;
e) e satisfies the conditions
(ea')® m —m'
1 —ca’ =~ 2Ep_17? "’

1
(26) e< — and
a

where 71 = nr_1€%/% and o' is given by
r_ 2/R 3/R%*5(274+12)b;
(27) a aR—1 (Zl Zz) (& 2 5

with ) [ = |log, R| and where the quantities Zy, Zy and b; are defined by

Er_17] Ep_17* [+2
(28) Z; = maxq 1, =& &l ,  Zy = max 1,1{7177 , b= -+ :
~ m’ 21—t

Then, there exists a canonical analytic transformation 1 transforming H %=1 in the Kol-
mogorov normal form (10), namely HE=1) o) = H(>),

The latter statement is just a reformulation of the KAM theorem, which exploits
the fact that the Hamiltonian is in normal form up to terms of order O(e®) and explicit
estimates are available for H(®=1_ This is useful in our situation because we actually know
the required estimates, that have been determined by either explicit construction of the
normal form or by recursive evaluation according to Lemma 3. The final achievement is
the determination of the threshold for ¢ via condition (26).

2.4 Application to the problem of the forced pendulum

Now we describe the application of the theorem to the model (1) for the golden torus.
First we performed the explicit construction (as described in section 2.1) up to Ry = 108;
then we iterated the estimates (as described in section 2.2) up to Ryr = 65535. In order
to apply recursively Lemma 2, we computed the values of va, for 109 < r < 65535 (see
definition (20)). Concerning the parameter m, we started with m = 1 and we checked
step by step that condition |C("| > m = 1 of Lemma 2, is satisfied for all ¢ € [0, d]
with ¢ as in (27). Hence we may fix m = 1 and m’ = 1/2. Taking the values of Ey,
and a; as in (25), the recursive application of Lemma 3 provides Egs535 = exp(45.558),
Nes535 = exp(23.398) and agss35 = 38.9447 . Finally, we applied Theorem 1 with R = 65536
and the values Fp_1, nr—1 and ar_1 above. Moreover, in view of well known inequalities
of diophantine theory, we set v = 3_2\/5, T = 1. A straightforward calculation of the
expressions appearing in (26)—(28) provides the following

Corollary 2: Consider Hamiltonian (1); if ¢ < ¢* = 0.025375, then there exists an invari-
VE—1

ant torus on which a quasiperiodic motion with frequency w = ¥

takes place.

We emphasize, once again, that all the calculations are made with interval arithmetics.
Hence, our result is rigorous in the sense of computer—assisted proofs.

(£) Given a real nonnegative number x , we denote by | x| the integer part of x .
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3. The dependence of the algorithm on R;, R/,

The calculation described in section 2 is rigorous, but time demanding. In this section
we explore the possibility of foreseeing the final result using the information hidden in the
calculation at finite values of Ry and Rj;. To this purpose, we first try to describe the
asymptotic behaviour of the threshold e} p =~ with respect to By and Ry, and then try
to find a method of extrapolation. The discussion in this section is clearly not rigorous:
since we are interested to the qualitative behaviour, the results contained in this section
are based on numerical experiments (without interval arithmetics).

3.1 On the dependency on Ry

As remarked before, a larger value of R;; implies a better estimate on ¢* . Nevertheless,
iterating the estimates is time demanding: the CPU—-time can be roughly evaluated as
proportional to R4 . Therefore, we are strongly interested to predict in a short time the
value of the limit threshold ep =limp,; oo €g, g,, that can be obtained applying the
algorithm described in the previous sections.

To this end, consider the sequence {Hh(S)H}S, where for 0 < s < R; we calculate
the norm using the explicit Fourier expansion of h() and for Ry < s < Ry; we estimate
the norms by iterating the inequalities described in section 2.2.1 and Appendix C. The
iteration of the estimates turns out to have a very smoothing effect: a slight change of the
slope of the curve is observed for Ry = 108 (Figure 1b), while for s > Ry the growth of
|h(3)|| seems to be strictly geometric (Figure la and 1b). This seems to be typical. For
instance, a similar behaviour is observed in [26], using a model describing the secular part of
the Sun—Jupiter—Saturn system. Moreover, applying the root criterion to the estimates of
section 2.2 we guess €, = limsﬁoo(Hh(O)H / Hh(s)H)l/s. Therefore, due to the regularity

of the growth of {||h(*)||},, we obtain that £R, .00 Can be approximated, e.g., as

for Ry > Ry,

i (] ]
1,0

providing a practical criterion to evaluate ¢ .

The latter criterion may be better Justlﬁed by looking at the qualitative behaviour of
€R,.R;, 8 afunction of K7, deduced by Theorem 1. The key remark is that the sequence
a, calculated via Lemma 3 tends to the inverse of the convergence radius in ¢ of the
Hamiltonian in Kolmogorov’s normal form. This suggests that ¢3  should be evaluated

as €p, o = = limp,,5eo aR . The qualitative behaviour of €R, Ry @S a function of R;; can
be guessed by looking at Theorem 1. Replacing in (27) the values of Zy, Zy and by given
by (28), one finds that the dominant term in the ratio between o' and ag_y is of order
O(R'/®). Replacing this information in (26) one guesses

(30) 5’]‘{171{11 aR I[C(RII—I_ ]‘) ] 1/(RII+1) )

where C' and ( are some positive constants.

Figures lc and 1d show that % p ., as rigorously given by the theorem, aR:}r and
the estimate of ¢ _ ., given by the root criterion (29) seem to converge to the same
limit as Ry — oo. In order to have a rough idea of the advantages provided by these
numerical methods in terms of computational time, let us compare the root criterion
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Figure 1. The growth of the sequence {||h'*|[}; is reported in Figure la. Recall that
|h'¥)|| is calculated directly from the Fourier expansion of h(*) for 0 < s < R; = 108,
while the norm is estimated as described in section 2.2.1 for s > R;. In Figure lc,
the dependency of €k, r,, on Rjs is studied (where Ry = 108). Symbol A denotes
the estimate of €7gs g,, by the root criterion (see formula (29)); O indicates 1/ar,;, ,
where ag,, is obtained by iteration of Lemma 3 up to E;r; @ corresponds to the value
€10s,r;, provided by Theorem 1. Figures 1b and 1d are enlargements of Figures la

and lc, respectively.

with the rigorous final threshold value given by our algorithm. The latter one needs
about 79 hours to calculate ¢} ¢s5s35. The computed value agrees within 1.2% with

g = (||p LB /2D) /|| h B )/ (R = LR /2D | with Ryp = 65535; on the other hand, just
1000 iterations (i.e. 8 sec. of CPU-time) are enough for the root criterion to provide a
value in agreement with & within 0.1 %.
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Figure 2. Plot of the ratio 5}‘317%/56(@) as a function of Ry. ¢k, o is estimated

by means of the root criterion (see formula (29), with R;; = 1000).

3.2  On the dependency on R;

The expansion in ¢ of the normalized Hamiltonian can be calculated explicitely up to
an order R; , usually not very large. Therefore, our method is in some sense more sensitive
to Ry than to Ry;. The study of the dependency on R; may be useful in practical appli-
cations. Let us see if we can predict up to which order we need to calculate the expansion
of the normalized Hamiltonian in order to get good results on the KAM threshold.

Figure 2 shows a regular plot of ¢ provided by the root criterion (29) versus Ry ®),
We interpolate these values using the same asymptotic behaviour of (30), namely (since
R; here is the independent variable)

(31) oo ~ A THC (R + 1))/ (Rt

where A, C' and 3 are positive constants. In Figure 2, the solid curve represents the latter
function, where the parameters A, C' and 3 are determined by a least squares fit. Denoting
by on the relative standard deviation of the best fit and by N the number of points, the
relative error on A is evaluated as o/ N — 2. This allows us to get an estimate () of the
limit threshold &%

50,000 i the formal algorithm could be performed for an arbitrarily large

) The behaviour of the function €R, .00 18 certainly dependent on the regularity of the
continued fraction expansion of the freoiuency w. For this reason the method developed in
the present section cannot be extended to any frequency w. However, one can expect good
predictions at least when w is of the type w = [ao, ..., an-1,(ay)>®] (ao,....,an € Z) and
Ry is large enough.

(&) Tn the calculation of the best fit, we neglected the first three points, considered too
noisy.
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number of steps; namely

(32) Ehooo @A T 200276 £4x 107" .
Since from our algorithm one gets a threshold ¢, p < Q(%) (recall the definition (8)
of the Lindstedt radius and the related discussion in the Introduction), the agreement
between the asymptotic limit (32) and the numerical breakdown threshold (2) allows us
to add a few remarks. First, the estimate (32) confirms the expectation that the Lindstedt
radius for the golden mean and for the periodically forced pendulum should coincide with
the breakdown threshold. Moreover, the extrapolation method outlined in this section
could be used to give a value of the Lindstedt radius for rotation frequencies having a
continued fraction expansion regular enough. Finally, the agreement between (32) and (2)
leads us to conclude that spurious contributions due to technicalities should not have been
introduced by our algorithm.

4. Conclusions

We have presented a constructive KAM algorithm based on the composition of Lie se-
ries. Since the proof is computer—assisted, the interval arithmetic technique is implemented
to get rid of the computer rounding errors. We have been able to prove the existence of
the golden torus in the case of the forced pendulum for values of the perturbing param-
eter ¢ in agreement within 92 % with the numerical expectation. This result represents a
significant improvement with respect to previous KAM estimates. In order to discuss this
point we make reference to [7] and [8], where a similar calculation gave an estimate of the
breakdown threshold corresponding to the 70 % of the numerical one.

The improvement is mainly due to two technical elements, namely a) a more efficient
algorithm for the expansions of the series and b) a better scheme of the estimates.

As discussed in sect. 2.1 our algorithm is based on the construction of the Kolmogorov’s
normal form for the Hamiltonian. The algorithm of [7] and [8] is based on an expansion of
the equation (6) for the invariant torus in Lindstedt series. The latter approach seems to
be more direct, because it avoids all the machinery required by canonical transformations,
generating functions and so on. However, the use of the Lie series method for canonical
transformations turns out to be definitely more effective if expansions at high order are
required. The reason is that Lindstedt’s algorithm actually needs an inversion of series,
which in turn requires O(r®) products of functions in order to perform the expansion
up to order €. Conversely, the Lie series method does not require inversion and can be
implemented with O(r? logr) products of functions. Taking into account that the product
is the most time—demanding operation, the better performance of the Lie series algorithm
is evident. For a detailed discussion of this point see [17].

Concerning the estimates, it is not easy to identify a particular point where our scheme
is better. However, two remarks may be relevant. The first one concernes the qualitative
behaviour of the estimate as described in (30). The dependence of the estimate on Ry,
and in particular the exponent 1/Rj;, make the use of iterative estimates particularly
advantageous. The second remark is concerned with the use of the norm (19). Contrary to
the usual schemes we do not need to consider the extension of the functions to a complex
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domain. Such an extension usually introduces a further parameter o — the width of the
domain in the complex — that has a quite strong impact on the final estimates. On the
other hand, this parameter o is completely arbitrary and it is not evident at all how to
optimize it. Since we have removed it, we do not need any optimization.

We claim that our method could provide remarkable results also in more complicated
applications of physical interest; in fact, though the algorithm has been developed for (1),
it can be easily extended to a general case.

A. The interval arithmetics

A computer can represent exactly a finite set of numbers, which we denote as the
representable set R. The content of interval arithmetics is to substitute any "real” num-
ber r, with the smallest interval containing r and whose end—points are in R. Therefore,
operations among numbers are replaced by operations among intervals.

Let additions, subtractions, multiplications and divisions be denoted as elementary oper-
ations. The result of an elementary operation does not belong to R, since the computer
will, in general, round such result. Let us denote by Up(a), Down(a) some upper and
lower bounds on «a, such that a € (Down(a),Up(a)). Elementary operations are therefore
replaced by operations between intervals as follows: if a € (a—,ay) and b € (b_, b1 ) where
a,b € R and a4,by € R, then

atbe (DOWH(G_ + b_),Up(CL+ + b-l—)) = (a—va-l-) + (b—vb-l-) 5

which defines the addition between intervals. The other elementary operations are treated
in the same way. Other functions, like logarithms, exponentials, trigonometric functions
etc., will be approximated by a finite sequence of elementary operations, using a truncation
of the Taylor series expansion and simple inequalities to estimate the remainder.

In order to compute the upper and lower bounds on a representable number we proceed as
follows. Double precision arithmetics guarantees that the results of elementary operations
are exact up to the 16" decimal digit. To obtain Up(a) and Down(a) it suffices to multiply
the number a by 14 7, where 7 is of the order of 107!% and is computed according to the
approximation rules adopted by the machine.

B. Recursive relations for constructing the Kolmogorov nor-
mal form

Recall that the Lie series of a generic function ¢ is given by exp(erLX(lr))g =
E;io %Lj(r) g, where LX(T) - = {Xgr), -}. In order to derive the explicit expressions of
: Xl 1

the functions fl(r’s) appearing in (16), we collect all terms of order O(¢®) and degree [ in
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b1
= L NG J(wpr +p2) 4+ £ =0 7
A(T’J’-l-m): (7’ Lr4m) Yo<m<r
r2r+m 1 r—1,r+m r—1,2r+m
(52—1—) 2L()h(m)‘|—L ( 1+)‘|‘f( 12+) V0§m<r,
A(r,kr—l—m) ]- (r 1,(k=2)r+m) (r 1,(k=1)r+m) (r 1,kr+m)

Yo<m<r, k>3,
= L bt 4 T VOo<m<r,
Arkr4+m r—1,(k—=1)r4+m r kr4+m
(rkrbm) _ g gL rtm) gl Lkrtm)

1

(rs) 2(7’ 1,s) \V/SZT.

VOo<m<r,k>2,

Use (14) to get the generating function X( " In a similar way, one can derive the following

expressions for the functions fl( #) appearing in (17):

(rkr—l—m) Z L]()fof’(k j)r+m) ‘v’0§m<r,k21,
(rkr—I—m) Z LJ()flr(k Hr+m) Vo<m<r,k>1,
(34) - k-2
l(rkr) - Lk(%fl(rr)_l_ZL]()flr(k Dr) VE>1,
7=0
1
2(rkr—|—m) k'LX (m)_l_z L]()fzf’(k J)r+m) V0§m<r,k21
o Xe = 0

Use (15) to compute the generating function Xgr) and set k(") = fz(r’r).
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C. Iterative estimates on the norms of the truncated Hamil-
tonians

Applying repeatedly Lemma 1 and using equations (33), we get following relations:

ér7r) — 0 ,
Aér,r—l—m) _ ‘ fér—l,r—l—m) H VO<m<r 7
2
Hf(rZr—l—m) <r D 4 ‘5(7’) > Hh(m)H n <r ol ‘f(r) > Hfl(r—l,r—l—m)H
+ ‘ fér—l,Zr-l-m)H V0 S m<r,
. 2 A (heDrm
Hfér,kr+m>H§ <r ) +‘5<r>> ity >H
T <T r) + ‘f(r) > Hfl(r—l,(k—l)r—l—m)H + Hfér—l,kr—l—m) H
VOo<m<r,k>3,
o s o ] v
Hffl(r,kr-l-m) HS 2 <T r) + ‘f(r) > Hfz(r—l,(k—l)r—l—m)H + Hfl(r—l,kr—l—m) H
VOo<m<r,k>2,
) 7
H pr H_m) <or || x™ Hh(m)H + H<f1(r_1’r+m)>H VOo<m<r,r>Ry,
ey 2 o | ]+ 2fe ] + Jonr
VR1/2<T§R[, RI—T<m<T,
[rmn] < £ Vo,
A2(r73) _ ‘ 2(7’—1,8) Vs>
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Analogously, using again Lemma 1 and the equations (34), we get:

LR o Ell E—i—1r+m J| .
Hfé Kt >H§ZH120[( . ) ]‘Xg) £ (k—j)r+ )H
— 7!
VOo<m<r,k>1,
Hf(rr)
rkr+m ]—_1 k_lr—l_m r Alr,(k—7)r+m
flrkrs >H§ZH1_0[( - ) ]‘Xz forte=irt >H
J=0 '

(36)

VOo<m<r,kE>1,kr+m>r,

s H )| Vr<s<or,
e
k
H pirkrm || iz o [(k =i+ 1)r +m] H (r) Hh(m)H
< k,
—Z—|—1T—|—m A 20 (k=5 r+m
+ZH ) ]‘xé) fink J)+)H

VOo<m<r,k>1.

Finally, we need also the inequality ||h("]| < Hfz(r’r) | to complete the inductive argument.

References

Arnold, V. I.: Proof of a theorem of A. N. Kolmogorov on the invariance of quasi—
periodic motions under small perturbations of the Hamiltonian, Usp. Mat. Nauk,
18, 13 (1963); Russ. Math. Surv., 18, 9 (1963).

Benettin, G., Galgani, L., Giorgilli, A. and Strelcyn, J. M.: A Proof of Kolmogorov’s
Theorem on Invariant Tori Using Canonical Transformations Defined by the Lie
method, Nuovo Cimento, 79, 201-223 (1984).

Berretti, A., Celletti, A., Chierchia, L., Falcolini, C.: Natural boundaries for area—
preserving twist maps, J. Stat. Phys., 66, 1613, (1992).

Berretti, A. and Chierchia, L.: On the complex analytic structure of the golden
invariant curve for the standard map, Nonlinearity, 3, 39-44, (1990).

Celletti, A.: Analysis of resonances in the spin—orbit problem in Celestial Mechanics:
the synchronous resonance (Part I)., J. of App. Math. and Phys. (ZAMP), 41, 174
(1990).

Celletti, A.: Analysis of resonances in the spin—orbit problem in Celestial Mechanics:
higher order resonances and some numerical experiments (Part II)., J. of App.

9-6-1999



Celletti, A., Giorgilli, A. and Locatelli, U. 19

Math. and Phys. (ZAMP), 41, 453 (1990).

Celletti, A. and Chierchia, L.: Construction of analytic KAM surfaces and effective
stability bounds, Comm. Math. Phys., 118, 119 (1988).

Celletti, A. and Chierchia, L.: A constructive theory of Lagrangian tori and
computer—assisted applications, in: Dynamics Reported, C.K.R.T. Jones, U. Kirch-
graber, H.O. Walther, eds., 4, 60 (New Series), Berlin—Heidelberg—New York:
Springer & Verlag (1995).

Celletti, A. and Chierchia, L.: On the stability of realistic three—body problems,
Comm. Math. Phys., 186, 2, 413-449 (1997).

Chandre, C., Govin, M. and Jauslin H. R.: KA M-Renormalization—Group approach
to the breakup of invariant tori in Hamaltonian systems, Physical Review E, 57, 2,
1536-1543 (1998).

Chandre, C., Govin, M., Jauslin H. R. and Koch, H.: Unwversality for the breakup
of invariant tori in Hamiltonian flows, Physical Review E, 57, 6612 (1998).
Chierchia, L. and Falcolini, C.: A direct proof of a theorem by Kolmogorov in Hamal-
tontan systems, Ann. Sc. Norm. Sup. Pisa, Serie IV. XXI 541-593 (1994).
Eliasson, L. H.: Absolutely convergent series expansion for quasi—periodic motions,
MPEJ 2, 1-33 (1996).

Gallavotti, G.: Twistless KAM tori, Comm. Math. Phys. 164, 145-156 (1994).
Gentile, G. and Mastropietro, V.: Methods of analysis of the Lindstedt series for
KAM tori and renormalizability in classical mechanics. A review with some appli-
cations, Reviews in Math. Phys 8, 393-444 (1996).

Giorgilli, A.: Quantitative methods in classical perturbation theory, proceedings of
the Nato ASI school “From Newton to chaos: modern techniques for understanding
and coping with chaos in N-body dynamical systems”, A.E. Roy e B.D. Steves eds.,
Plenum Press, New York (1995).

Giorgilli, A.: On classical series expansion for quasi—periodic motions, Planetary
and Space Science, to appear.

Giorgilli, A. and Locatelli, U., Kolmogorov theorem and classical perturbation theory,
J. of App. Math. and Phys. (ZAMP), 48, 220-261 (1997).

Giorgilli, A. and Locatelli, U.: On classical series expansion for quasi—periodic mo-
tions, MPEJ, 3, 5, 1-25 (1997).

Govin, M., Chandre, C. and Jauslin H. R.: KAM-Renormalization—Group analysis
of stability in Hamiltonian flows, Phys. Rev. Lett., 79, 20, 3881-3884 (1997).
Greene, J. M.: A method for determining a stochastic transition, J. Math. Phys.,
20, 1183-1201 (1979).

Greene, J. M.: The calculation of KAM surfaces, Ann. NY Acad. Sci., 357, 80-89,
(1980).

Grobner, W.: Die Lie-Rethen und Ihre Anwendungen, Springer Verlag, Berlin
(1960); it. transl.: Le serie di Lie e le loro applicazioni, Cremonese, Roma (1973).
Henon, M.: Ezploration numérique du probléme restreint IV: Masses €gales, orbites
non périodiques, Bulletin Astronomique, 3, no. 1, fasc. 2, 49-66, (1966).
Kolmogorov, A. N.: Preservation of conditionally periodic movements with small

change in the Hamilton function, Dokl. Akad. Nauk SSSR, 98, 527-530 (1954).

9-6-1999



20
[26]
[27]
28]

[29]

Improved estimates. ..

Locatelli, U.: Three—body planetary problem: study of KAM stability for the secular
part of the Hamailtonian, Planetary and Space Science, to appear.

Locatelli, U.: Contribution a I’étude de la théorie KAM: applications a la mécanique
céleste et liens avec la théorie des nombres”, Ph.D. Thesis, Univ. de Nice (1999).
Moser, J.: On wmvariant curves of area—preserving mappings of an annulus, Nachr.
Akad. Wiss. Gott,. IT Math. Phys. K1 1962, 1-20 (1962).

Thirring, W.: Classical dynamical systems, Springer Verlag, New York (1978).

9-6-1999



