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Abstract. We consider the problem of the applicability of KAM theorem to a realistic problem
of three bodies. In the framework of the averaged dynamics over the fast angles for the Sun-—
Jupiter—Saturn system we can prove the perpetual stability of the orbit. The proof is based on
semi—numerical algorithms requiring both explicit algebraic manipulations of series and analyt-
ical estimates. The proof is made rigorous by using interval arithmetics in order to control the
numerical errors.

1. Introduction and statement of the result

We reconsider the classical problem of stability for the solar system in the light of the KAM
theory. After the celebrated works of Kolmogorov(!¥, Moser24125](26] and Arnold?!13] the
relevance of persistence of conditionally periodic motions for a near to integrable Hamilto-
nian system for the dynamics of our solar system has been emphasized by many authors.
However, it has been soon remarked (e.g., by Hénon!'"l) that it is not evident that the
perturbation due to the mutual interaction of the planets is so small that the KAM theory
may be safely applied. The aim of this work is to use both analytical theories and explicit
perturbation expansions in order to prove that KAM theorem actually applies at least to
an approximate model describing the dynamics of the Sun—Jupiter-Saturn (SJS) system.

Numerical attempts to reveal a possible quasi—periodic behaviour of the planetary
orbits have been performed by some authors during the last decades (see, e.g., [28], [33]
and [17]). The typical conclusion was that the dynamics of the major planets is rather
close to a motion on an invariant torus, while the motion of the internal planets exhibits
a non-negligible chaotic component. However, in the recent work of Murray & Holman[?"]
it has been shown that a very small chaotic behaviour appears also in the orbit of Uranus.
Nevertheless, the KAM theory may be expected to represent a quite good approximation
of the orbits of Jupiter and Saturn.
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2.

Figure 1. Tllustrating the topological confinement of the orbit in the 4D phase space.
The continuous curves I’ and I'”’ represent two sets of 2D invariant tori that intersect
transversally an energy surface. An orbit with initial datum in the gap between two
tori will be eternally trapped in the same region (see text).

In this spirit, we investigate the stability of the orbits of Jupiter and Saturn in the
framework of KAM theory. This involves three main difficulties, namely: (i) the degenera-
tion of frequencies in the Keplerian approximation, (ii) the effectiveness of KAM estimates
for a realistic problem, and (iii) the arithmetic properties of the frequencies.

The first problem is a well known one in Celestial Mechanics, and it is usually overcome
by averaging over the fast angles. We partially follow the tradition. Starting with the
Hamiltonian for the problem of three bodies in an heliocentric reference system we first
perform the usual reduction of the first integrals of the momentum and of the angular
momentum. Then we expand the Hamiltonian up to order 2 in the masses and we perform
an averaging transformation so as to remove the dependence on the fast angles. Forgetting
for a moment the behaviour of the secular variables, we approximate the fast motion of
Jupiter and Saturn with an orbit on a two dimensional torus. In the neighbourhood of the
latter torus we expand the Hamiltonian of the three-body problem in Poincaré variables
up to order 6 in eccentricities, thus obtaining a system of two degrees of freedom in the
neighbourhood of an elliptic equilibrium point. On this system we perform a Birkhoff
normalization up to order 6, truncating the expansions at order 70. This defines the model
to be investigated in the framework of KAM theory. Let us refer to this model as “the
approximated secular model for the SJS system”.

Concerning the effectiveness of the KAM estimates, it is well known that implementing
a perturbation algorithm on a computer greatly improves the final estimates. For instance,
Celletti & Chierchial®! proved the stability of orbits for a (planar circular restricted) three-
body problem not too far from reality, but different from the present one. We actually
consider a model similar to the one in [30], where the behaviour of the orbits has been
explored by using the numerical tool of frequency analysis. Previous investigations of this
model have been performed in [21]. The present work uses further refinements of the
demonstration technique and a more effective software package developed on purpose.
This allowed us to also consider the contributions of order 2 in the masses and to avoid
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artificial reductions of the size of the perturbation.

We finally come to the last possible obstruction to an application of the KAM theory,

namely the problem that the frequencies are required to satisfy an irrationality condition
that is hardly compatible with the fact that the frequencies are actually known only within
some degree of approximation. Hence we make use of a topological confinement, that we
describe in some detail. The argument is illustrated by Fig. 1.
Let us write the Hamiltonian in action—angle variables I, ¢ in the usual form h(I)+ef (I, p),
where ¢ is the perturbation parameter. Consider the initial conditions (1(0), ¢ (0)) and let
us denote by E the corresponding value of the energy. After having assumed suitable non—
degeneracy conditions on the unperturbed Hamiltonian A(I), we can uniquely identify the
invariant tori surviving the perturbation by their angular frequencies. Making reference
to the frequency plane (wi,ws), we consider two straight lines wi/wy = const’, const”
of frequencies satisfying a Diophantine condition and we choose two segments IV and T
lying on each of the previous lines, respectively. Let us imagine we are able to prove
the existence of all tori corresponding to the frequencies belonging to I'" and T, then
the images in the phase space of these two segments are two families of invariant tori
depending on a parameter. Let us remark that in Fig. 1 we drew the images of I'” and T"”
which correspond only to a fixed value of the angles. Moreover, let us suppose to know two
pairs of frequencies w’ , w! € I'" and w” , W[ € I'", such that E(w’), E(w”) < FE and
E(Ww.),E(w)) > E, where E(w) is the energy related to the torus with frequency w. Since
KAM theory ensures us that the function E(w) is continuous on the sets IV and T'”, then
there are two frequencies w’ € I and w” € I'” corresponding to two invariant tori, say 7"
and T" respectively, such that they belong to the energy surface ¥ related to the level E .
Thus, it is enough to check that the initial data belong to the gap between T and T on
the surface X in order to assure that the orbit will be trapped there forever.

Applying the procedure above to our model we prove the following

Theorem 1: The Hamiltonian of the approximated secular model for the S.JS system
possesses two invariant tori bounding the orbit with the initial data of Jupiter and Saturn.

The form of the Hamiltonian referred to in the statement is given by truncating at
order 70 the expression (19) in sect. 3.1. The initial data in the appropriate canonical
coordinates are given in table 4. The frequencies related to the trapping tori belong to the
sets defined in formula (51).
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Table 1. Masses, heliocentric position and velocities for Jupiter and Saturn. We
adopt the UA as unit of length, the year as time unit and set the gravitational
constant G = 1. With these units, the solar mass is equal to (27)?. The data are
taken by JPL at the Julian Day 2451220.5.

Jupiter Saturn
Mass (27)2/1047.355 (27)2/3498.5
X 4.9193878348583491 7.6616865939311696
Y 0.56774366109437100 5.1843531385874693
Z —0.11252196237771750 —0.39486592787023467
X —0.35254936932700516 —1.2500060951403738
Y 2.8698796063436852 1.6866882187249184
Z —0.0039904051778461076 0.020339209854943361
collaborators.

2. Reduction of the secular Hamiltonian

In this section we discuss some classical expansions of the Hamiltonian of the problem of
three bodies in Poincaré variables. Then we introduce the secular Hamiltonian by elimi-
nating the fast variables.

2.1 Expansion in canonical variables

We start with the expression of the Hamiltonian F' of the three-body problem in Poincaré
variables, after having performed the reduction of the classical first integrals of the mo-
mentum and of the angular momentum (see, e.g. [29] and [16]). The Hamiltonian writes

L (uiBd | pushBs my1mso
1 F=—- — T .
(1) ; ( Az taz ) T9TA T
where A1, Ay are the action variables and A, Ay the conjugate angles for the two planets,
pj = G(mop + mj) and §; = 7:3’:;20 for 5 = 1,2, mg being the mass of the Sun and

my, mo the masses of the planets and G being the gravitational constant. Moreover, A is
the distance between the planets and 7" a term coming from the expression of the kinetic
energy in heliocentric coordinates. We recall that the Poincaré variables are

A; = B\ /1ja; = V2Aj\/1—4/1 —e? COS Wj
Aj =1+ w; nj:—\/QAM/I—‘/l—e?sinwj

with the usual notations a; , e;, [; and w; for the semi-major axes, the eccentricities, the
mean anomalies and the perihelion arguments, respectively.

(2)
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Table 2. Fundamental frequencies n* and g* (related to the angles A and w,
respectively) of Jupiter and Saturn as calculated by using Laskar’s method.

Jupiter n} = 0.52989041594 rad/year g7 = —30.06829 " /year
Saturn ny = 0.213454442910 rad/year g5 = —54.04533 "' /year

As usual we expand the perturbation in F'. It is known that the main difficulty is
represented by the expansion of the inverse of the mutual distance 1/A: we essentially
followed, with minor changes, the scheme sketched in sect. 3.3 of [31] (see also [20] for
more details). We just add a few remarks.

a) We found that the algorithm described in [12] is very effective for the expansion of the
true anomaly and the ratio r/a (where r is the distance of a planet from the central
star and a is the semi-major axis) as functions of the eccentricities e and of the mean
anomaly [ .

b) We need the expansion of the expression

400
1 ; .
(8) [+ +2pc08(h = X2)] 77 = Sbyle) + 3B pp(—0) cos(i (A = a))
j=1

where p represents the ratio aj/as of the semi-major axes. The Laplace coefficients
bJS/Q(Q) can be calculated, for instance, according to the algorithm described in [1].

¢) For what concerns the so-called complementary term T’ coming from the kinetic energy,
we use the expression

51”1%52”2612

N _7710\/1—612\/1—622

(cos(v1 4+ w1) + €1 cos(wr))(cos(va + wa) + €3 cos(ws)) cos J

+ (sin(vy + w1) + ey sin(wy))(sin(vy + wa) + €2 sin(ws)) |

where n; indicates the mean motion frequency of the j-th planet (for the osculating
orbit) and J is the mutual inclination of the two orbital planes. An useful expression
for 1 — cos J is reported, e.g., in formula (12) of [31].

All expansions above are quite standard. We come now to the part which is strictly

related to the search of an invariant torus according to Kolmogorov’s algorithm. We look
for fixed values (A7, A%) by solving the equation

9 (F)x
4 =t
@) ONj | A=a* 7

)

where the symbol (-) denotes the average with respect to the fast angles, and nj are the
fundamental mean motion frequencies related to the angles A; . In order to determine these
frequencies we integrate the Newton equations by taking the initial conditions reported in
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Figure 2. Check of our expansions of Hamiltonian (1).

table 1 and use Laskar’s method for the frequency analysis (see [18], [19]). The values so
determined are reported in table 2.

After having determined (A}, A%) by numerically solving equation (4), we introduce
the displacements L by

Li=A;—A5, Vj=12.

Finally, we expand the perturbation in powers of Ly, Ly in a neighbourhood of (0,0).

In our calculations we expand the perturbation as a function of the canonical variables
(L, A\, &, n) with the following limits: 1) up to degree 2 in L; 2) up to order 7 in eccentricity;
3) up to a trigonometric degree in A high enough to assure that at least the first 21 terms of
the series in (3) are taken into account. The limits above have been chosen by attempting
to preserve the value of the energy as much as possible in the domain of the expansions.
As a check, we find a number of points in the prescribed neighbourhood by numerically
integrating the Newton’s equations with the initial data in table 1; then we calculate the
difference AFE between the initial energy and the energy given by our expansion of (1) at
different points of the orbit. The results are reported in Fig. 2. For comparison, the value of
the energy computed by formula (1) is preserved during the numerical integration within
a relative error of ~ 10711,

2.2 The secular Hamiltonian at order two in the masses

In this section we discuss the process of calculation of the secular Hamiltonian via elimina-
tion of the fast angles. This is a quite classical procedure that we implement in a way that
takes into account the Kolmogorov’s algorithm for the construction of an invariant torus.
Recall that after the expansions in sect. 2.1 the perturbation has order 1 in the masses,
and it is a polynomial function in the variables L, ¢ and n and a trigonometric polynomial
in the fast angles A\. We remove the dependence on the angles from terms which are inde-
pendent of and linear in the action variables L, regarding the variables &, n as parameters.
This will assure that the torus L = 0 is invariant up to terms of order two in the masses.
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Let us denote with Fj(s) the part of the Hamiltonian F' having order s with respect to
the masses (i.e., the small parameter m/mg, where m = max{m, ms} ) and degree j in
the mean motion actions L. Thus we write the Hamiltonian as

(5) F=F"+F"+.. . +FY+F"Y + BV +

where an unessential constant has been neglected. Here the terms Fj(o) come from the

unperturbed Keplerian part of the Hamiltonian, while Fj(l) come from the perturbation.

We now take into account the first order correction to the frequencies by considering
FO 4 (FY ¢ n=0)x as the linear unperturbed Hamiltonian, and replacing FO with FY -

(Fl(l)|5,n:0>>\. With a minor abuse we denote again the latter quantities by Fl(o) and

Fl(l), respectively. Thanks to (4), the latter replacements imply Fl(o) =n*- L. In view

of D’Alembert rules the dependency of the new Fl(l) on the secular variables satisfies
(FMY5 = O(m/mo) x O(e?). We also assume O(e2) ~ O(m/mq), which is true for the
SJS system.

We remove the angle-dependent terms in Fo(l) via a canonical transformation with

(1)

generating function X/ determined by the equation

(6) n* M L gD pihy =0

Here, (Fo(l)>>\ is the average on the angles A and it depends only on &, . Using the formalism
of Lie series (see, e.g., [10] and [7]) the transformed Hamiltonian is

(7) F=expLy <1>F Z £

X(1>

where, as usual, the symbol L. indicates the Poisson bracket {f,-}. We write the first
terms that will be useful for the discussion which follows:

1 1 =(1 0 1
N FY = (F{), B = Ly B + PV
8
@ _ 1o (0) (1) p(1) 1y o) )
| _2{XM,£X<1>F }LA-|—{XM,F1 }L’A-|—2{XM,F0 }m :

where we denoted with {-,-}; y and {-, -}, the terms of the Poisson bracket involving
only the derivatives with respect the variables (L, A) and (&, ), respectively.

Then we proceed by eliminating the angular dependence in Fl(l) via a canonical trans-

(1)

formation with generating function Y’ determined by the equation

(9) n* . ML pD gDy~

As a matter of fact, we just remove Fl(l) - (Fl(l)>>\ without performing explicitly the trans-
formation. This is justified because up to order two in the masses no terms independent
of both L and X\ will be generated. This means that all terms generated by this expansion
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Table 3. Initial conditions of the secular coordinates (¢, n) for Jupiter and Saturn.

Jupiter & = 0.013902710681323937 n = —0.033461832907706032
Saturn & = 0.021222294541265476 72 0.013936304647086138

will be removed when reducing the system to the secular one in the fast angles, as we shall
do in a moment.
After the transformation above the Hamilton’s equations for the mean motion variables
satisfy _
Zj = O((m/mg)?) , Aj = O((m/mg)?) , for j =1,2

(recall that (F'l(l)>>\ = (Fl(l)>>\ = O((m/mg)?), due to our assumption on the size of the
eccentricities).

We now proceed with the reduction to the secular system. This is performed via a
truncation of the Hamiltonian by removing all terms depending on the fast variables L
and A. This means that we consider the fast variables frozen on the torus L = 0, with fast
frequencies n*. The resulting Hamiltonian has the form

(10) Hsee = Fo(l) + <F10(2)>A

with F’O(l) and F’O(z) given by (8). As a matter of fact, this turns out to be an infinite sum
of even polynomials in the canonical variables &, n of the form

3
I L
(11) %ggc(flzf% 7717772) = Z Z Ciyyin,j1,52 ?53277{177%2 )
s=1 i14ia+
J1+j2=2s

that we calculate up to the sixth order in eccentricity (the numerical values of the coeffi-
cients ¢ are reported in App. A).

In order to test our model, we compare the fundamental frequencies calculated via
Newton’s equations for the complete SJS system with those related to the Hamiltonian (11).
First, we determine the values of the initial conditions in the variables (¢, ). We express
the initial conditions given in table 1 in orbital elements. Then, by using formula (2) we
get the values in the original variables £, 7, to which the canonical transformations related
to the generating functions X/(&t) and Y/S,lt) must be applied. By performing the latter trans-

formation at order one in the masses we end up with the table 3. (#) By applying Laskar’s
frequency analysis we determine the fundamental frequencies for the Hamiltonian (11)
with the initial conditions of table 3, thus getting

(12) g1 = —30.03577993494953 " /year , g2 = —53.33350277285140 " /year .

The comparison with the secular frequencies calculated for the complete three-body prob-
lem (see the values of g7 and ¢3 in table 2) shows that the relative errors on the secular

(#) Remark that we limit ourselves to consider the correction O(im/mg) in the change of
coordinates. The calculation of the further corrections is demanding and does not signifi-
cantly modify the resulting frequencies (12).
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frequency of Jupiter and Saturn are about 0.1 % and 1.3 % , respectively. As a comparison
with other works, Laskar found an agreement of the same order of magnitude between the
“real” secular frequencies of Jupiter and Saturn and those calculated from his more com-
plicated model including the 8 main planets (see table 2 in [15]). Therefore, we consider
that our model should be a reliable one for testing the applicability of KAM theory to the
secular dynamics of the SJS system.

3. Construction of the secular torus

With the calculations of the previous sections we have reduced the Hamiltonian to a form
corresponding to a conservative system close to an equilibrium point. Our aim now is to
apply the Kolmogorov’s normalization algorithm in order to find an invariant torus with
given frequencies. This requires a few transformations in order to give the Hamiltonian a
form suitable for starting the Kolmogorov’s algorithm, namely the form

(13) H(p,q) =w-p+ ha(p) + f(p,q) + O(°) ,

where p, ¢ are action—angle variables, w are the frequencies of the unperturbed motion on
the torus p = 0, ha(p) is a homogeneous polynomial of degree 2 and f(p, q) is the part of
the perturbation which is at most of degree 2 in the actions p. Here f(p,q) is assumed to
be small.

3.1 Preliminary transformations

We prepare the Hamiltonian by performing four operations: (i) diagonalization of the
quadratic part of the Hamiltonian, (ii) transformation to action—angle variables, (iii) partial
Birkhoff’s normalization in order to remove the degeneration of the unperturbed Hamil-
tonian, and (iv) translation on the unperturbed torus with prescribed frequencies.

The diagonalization of the Hamiltonian is a classical well known topic: the quadratic
part of the Hamiltonian may be given a diagonal form in case all eigenvalues of the corre-
sponding linear system of differential equations are different; if, moreover, the eigenvalues
are pure imaginary then one can find a linear canonical transformation such that the
quadratic Hamiltonian takes the form of a system of harmonic oscillators (see, e.g., App. 6
of [4]). In our case the eigenvalues iv; are actually pure imaginary, so that we can give the
quadratic Hamiltonian the form

5 (&) + 5 (& )

The linear transformation (£, n) — (&

dure in [8], sec. 7.

,n') may be be constructed by adapting the proce-

Action—angle variables are introduced via the canonical transformation

(14) f; = 2IJ COS(ng) s ’I]; = 2I] Sil’l(@j) s ] = 1,2 .
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With this change of coordinates the Hamiltonian (11) takes the form

Hgii(fl I, 01,¢02) = V1[1 + volr+

Z Z Z Z 11712731732 V IilI;Z cos [(Zl - 2j1)901 + (i2 - 2.7.2)@02} ;

$=2 i1+i2=2s j1=0j2=0

(15)

where only cosines occur because our model (11) is invariant with respect to the symmetry
(57 77) = (57 —77)

The unperturbed part of the Hamiltonian above is degenerate, being linear in the
actions. In order to remove the degeneration we perform a partial Birkhoff’s normalization
up to a finite order. As a matter of fact, normalization up to terms of the fourth order
would be enough for a generic system close to an equilibrium point. However, in our model
the 5/2 resonance of the SJS system produces quite big coefficients at order 6 in the &, 7
variables. Hence we push the Birkhoff’s normalization up to order 6. The procedure is
quite known. Let us rewrite the expansion (15) as

3
(16) Mo (I1, Iy, 1, 92) = > (I, Iy, 01, 00)
s=1

where fl(H) = 11 + 915 and the functions fs(H) are homogeneous polynomials of degree
2s in T'/2 and trigonometric polynomials of degree 2s in the angles ¢, with 1 < s < 3. We
first determine a generating function BM) by solving the equation

88(111) ()
17
(17) v g + fa
where (-) indicates the average over the angles ¢; and 2. With this transformation we
get a new Hamiltonian of the form

Hin = exp Lgam Hipp = >[I,

s>1

— (") =0,

with functions fs(m) of the same type as above. This removes the dependence on the angles

2(11)’ so that fQ(HI) = (fz(H)) Similarly, we remove the dependence on the angles in fgIII

by applying a canonical transformation with generating function B(V) determined by the
equation

oBV) (111)
90 + f3
This process ends up with a Hamiltonian

(19) ’HSI;/C) = expﬁ (1v) ’HSI;? Z fs(lv) ’

s>1

(18) v — (") =0.

where fl(lv)(l), fQ(IV)(I) and félv)(l) are independent of the angles. All the operations
above are performed by truncating the expansions at a reasonably high finite degree 2N
in I'/2, corresponding to order 2NV in eccentricity. In our case we choose 2N = 70.
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The final step is the translation on the unperturbed torus with prescribed frequencies.
To this end we consider the part of the Hamiltonian (19) which is in Birkhoff’s normal form.
Recall that we are looking for an invariant torus with frequencies w. First, we determine
I* as the solution of the equation

IV
(20) Zafs —w;, j=1,2;

s=1

then we perform a translation of the actions

This produces a Hamiltonian of the form

N o
(21) Sec ZZ (V,S)’
s=11=0

where

V,s) 1
(22) 0= Y — L
l Ji+je=l ‘h!JQ! 81131 81232 =1y, Iy=1I}
©1=q1, ¢2=d2

§J1+i2 fs(IV)

1, J2
by py .

This is essentially enough in order to start the process of Kolmogorov’s normalization.
However, for the purpose of producing analytical estimates it is convenient to rearrange
the Hamiltonian as follows. Let us say that the function f(p,q) is of class P, s in case
it is a trigonometric polynomial of degree s in the angles ¢ with coefficients that are
homogeneous polynomials of degree [ in the actions p, and moreover Fourier expansion
contains only harmonics k - ¢ with k1 + ko an even integer. We write the Hamiltonian as

3 N o~
(23) HOp.q) =0 + 3" 0800 + 33 159, q) + 6D
=2

s=21=0

where hgo) =w-p, hl(l) € Pio, fl(l’s) € P25 and EM is a constant. This form needs
not be unique, so let us add a few details about our reordering scheme. Recalling (15),
remark that only even sums kq + ko may occur in the generic term cp]fp%2 cos(k1q1 + kaqo)
appearing in the expansion of (21). Such a generic term is stored in (23) according to the
following rule: let [ = j1 + j2 and s = (|k1| + |k2|)/2, then it must be added to fl(l’s) . The
previous general rule has the following exceptions:
a) when |k1| + k2| = 0, then
al) if j1+72 = 0 then add the term to EM :ie., £EM takes into account all the additive
constants in order to later calculate the energy of the invariant torus;
a2) if j1 + jo = 1 and the term comes from f(vr with 1 < r < 3, then add it to
hgo), e., the main linear term of the Hamiltonian must be w - p, according to
equation (20);
a3) if j; + jo = 1 and the term comes from flv’r) with » > 3, then add it to fl(l’s);
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ad) if I = j1 + j2 = 2, 3 and the term comes from fl(v’r) with 2 <r < 3, then add it
to hl(l);
ab) if none of the cases al, a2, a3, ad occurs then add the term to fl(l’Q), where
l=j1+7J2.
b) when |k1| + |k2| = 2, then add the term to fl(l’z), where [ = j1 + jo .

3.2 Kolmogorov’s normalization algorithm

We follow [9] with minor variations due to the fact that the quadratic part of the unper-
turbed Hamiltonian is of order O(e?), i.e., it is smaller than the linear part w - p. This is
due to the fact that we are working in the neighborhood of an equilibrium point.

We write the Hamiltonian in Kolmogorov’s normal form up to order r as

(24) HY(pq)=w-p+ Y. Y 8w+ Y. S £ pq)+ €D,

s=1]=2 s=r+11]=0

where hl(s) € Pras [ ms) ¢ Pias hgl) = (hg”), (fl(r’r)> =0 and £ is a constant.

We assume that we are given an Hamiltonian H("~Y) in normal form up to order
r — 1 and we show how to calculate H("). Remark that the Hamiltonian H(!) is already in
normal form; hence we start with r = 2.

We define the new terms hl(r) of the normal form as
(25) p = T for 1> 2,

via a canonical trans-

Then we remove the unwanted terms f(r b T)( ) and (fl(T_l’Hl))(p)

formation with generating function X1 q) ") (q) + € . ¢ (being £() a real vector).
To this end we solve with respect to X(’“)(q) nd £() the equatlons

aX(T) r—1,r) o (r—1,7)
(26) - 0 ()+f0 (Q)—<f0 )

cmem) . p 4 <f1(’“—17’“+1)>(p) =0,
where 2C"p - p = Z’;:l(hgs)). An unique solution satisfying (X)) = 0 exists if the
frequencies w are non-resonant up to order 2r, i.e., kywy +kows # 0,V 0 < |ky|+ |ko| < 21,
k € Z? and if C") is a non-degenerate matrix.
The transformation produces an intermediate Hamiltonian

27) H"(p,q) = w- p+ZZh(S (p,q) + 17" (p, q) Z Zf”)pq +EM)

s=11=2 s=r+1[=0

where £ = £0r=1) 4 . ¢(n) 4 (féT_l’r)> is a new constant. The functions fl(T’s), are
recursively defined according to the following general rules, with a couple of exceptions.
We initially set fl(r’r) = fl(r_l’r) and fl(r’s) = fl(r_l’s) for I > 0 and s > r. Then we perform
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the replacements(”)

1 .
S A L for0<s<r,1>2,1<j<L,
(28)
Fdr e Fdre 4 Sl g7 fors>r 121, 1<j<1.

The exceptions to the prescriptions above take into account the terms that are cancelled
out in view of the second equation in (26). We define

Al(r,r-|—1): EX(’I’) hgl) + fl(v“—l,r—f—l) . <f1(7“—1,r+1)> :

(29) Flr,r+m m m m r—1,r4+m
A= L™ + Lo (hg ) (g )>> HRT vhemsr.
It is an easy matter to check that hl(T) € Pror, Al(m) € Pi2r, fl(T’S) € Pias for s > r,
(Frmy = 0 and (f""TV) = 0.

We finally remove fl(r’r)(p, q) via a canonical transformation with generating function

xgr)(p, q). To this end we solve the equation

(r)

(30) w_agcq a)+ " (p,q) = 0.

A solution exists because ( Al(T’T)>

=0, and the frequencies w are non—-resonant up to order
< 2r. The transformation gives the Hamiltonian the normal form (24). The functions fl(r’s)

are determined by initially setting fl(r’s) = fz ") and then performing the replacements

r,jr+s r,jr+s 1 ] s .
fl(J+)<_fl(7j+)+jﬁj(r)hl() forl1>2,1<s<r,j>1,
] Xa
r,gr+s r,Jjr+s 1 ] q(r,s .
(31) fl(yj+)<_fl(7j+)+'_|[’](r)fl(7) for 1>0,s>r, j>1,
70 Xo
r,(J .] j F(r,r .

Again, it is an easy matter to check that fl(T’S) € Pp.as for s > r and (fl(T’T+1)> = 0. This
concludes the normalization step.

3.3 Numerical tests

A first test concerns the effect of the truncation at order 2N = 70 of the Hamiltonian (19).
We consider the value of the energy. To this end we calculate the values of the initial
conditions in coordinates (I, ), starting from those in table 3 and taking into account
the first three preliminary transformations listed in sect. 3.1; the results are reported in
table 4. Then, putting these values of (I, ) as arguments in the sum of the first 35 terms
of the Hamiltonian (19), we determine the corresponding energy E . This agrees except for

) The notation f < f + g means that f is replaced by f + g. This corresponds exactly
to what we do in our program.
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Table 4. Initial conditions of the coordinates (I, ¢) corresponding to that in
table 3.

Jupiter I, = 6.5759961186315956 - 104 p1 = 1.6385266516501007
Saturn I, = 3.2097485037333470 - 104 w2 = 3.1140763924923589

the last significant digit with the energy calculated via the Hamiltonian (11) for the point
in table 3. Therefore, we estimate that the effect of the truncation should be at most of
the order of magnitude of the roundoff error.

A second test is concerned with the Kolmogorov’s normal form. According to the
analytic theory, if the Kolmogorov’s algorithm converges to a normal form then it produces
an invariant torus carrying quasi—periodic orbits with the prescribed frequencies w. In
the next section we shall prove that the approximated secular model possesses invariant
tori with frequencies w close to the values of g in (12), with appropriate non-resonance
conditions. For the moment, let us set w = ¢ and perform only a finite number of steps
of Kolmogorov’s algorithm, thus getting an approximated invariant torus. In this case
the high order resonances between the frequencies are harmless. We proceed as follows.
Denote by 7, the composition of the canonical transformations bringing the Hamiltonian
in Kolmogorov’s normal form up to order r (i.e., H™) as in (24)). Taking the initial point
(£(0),7n(0)), reported in table 3, we calculate (§,(t), %,(t)) according to the scheme

T:
(£(0).n(0)) — (p(0) =0, ¢(0))
(32) 1
i T
(& (2), 7 (¢)) «—  (p(t) =0, q(t) = q(0) + wt)

The point &, (t),7-(t) so obtained is compared with the point £(¢), n(¢) given by numerical
integration of the system (11), with the same initial point. The results for different values
of r are reported in Fig. 3.

The improvement of the approximation at increasing order is quite evident by looking
at the logarithmic scale on the vertical axis. It is also noticed that in Fig. 3d a slow drift
starts to appear. The drift becomes the main effect in Fig. 3e, corresponding to r = 13.
We ascribe this effect to the error in determining the frequencies via frequency analysis.
Indeed, a rough evaluation of the drift rate is 4 x 10718, On the other hand ||(&(t),n(t))||
nearly behaves as a constant and its value is ~ 4.4 x 1072, We conclude that the calculation
of the frequencies (12) is affected by an uncertainty ~ 10716 rad/year. Our evaluation of
the error of the Laskar’s method substantially agrees with that given in sect. 111.2.2 of [30].

4. Computer—assisted proof of stability

Our aim is to prove that the Hamiltonian (19) truncated at s = 35 and obtained as
described in sect. 3.1 possesses two invariant tori which confine forever the orbit starting
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Logﬂo | distance |

time (years)

Figure 3. The distance d(t) between the numerically integrated orbit and the ap-
proximated motion (&, (t), 7, (t)) calculated via the scheme (32). The curves a—e refer
to the step r of Kolmogorov’s algorithm with » = 1, 5, 9, 11, 13, respectively. The
convergence may be appreciated by looking at the vertical scale. The drift effect in
figure e is due to the error in the determination of the frequencies.

from the initial conditions reported in table 4.

Following the scheme in [6] we calculate R’ steps of Kolmogorov’s algorithm. (®) The
result improves with increasing R’, of course. We found that setting R’ = 33 is sufficient
for our purposes. In order to make the proof rigorous all coefficients in the expansions of
sect. 3 have been calculated by using the interval arithmetics (see, e.g., [13] and [32]).

4.1 Iteration of the estimates

Let us first introduce some notations. For v € R™ we denote |v| = 2?21 lvj]. Let us
write the expansion of a generic function g € P; k , with multi-index notation, as g(p, q) =

D 1jl=1 2 k|<K CikP’ :g; (k-q), where the expression ‘S:g; means that both the contributions
with the sines and the cosines may occur. Then we introduce the norm

(33) gl =" > lesnl -

l7|=t|k|<K

We look now for recursive estimates for the norms of the functions hl(s), fl(T’S) appearing
in (24). Precisely, given a positive integer R” we look for a positive constant E and two

(@) This means that at the r—th step (with 1 < r < R') of the Kolmogorov’s algorithm we

calculate at least the explicit expansion of the generating functions XY) and Xg’“), of the

functions hl(T) such that 2 <1 < |[(R'+1—r)/r| + 2 and of the functions flT’s) and fl(r’s)
such that 0 < I < [(R'+1—-3s)/r]+2andr<s< R +1.
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finite sequences {e,}* | and {¢,}2, of positive real numbers such that for 1 < r < R"
we have

th(s) <etE( for1<s<r,1>2 |,
(34)

Hfl(T,S) <€7§+1E<Tl for s>1, 1> 0 7
The iteration of the estimates is performed as follows:

a) Estimate of the functions Xgl) ; xé” , f2(1’2), XER”) ; xéR”) ; fg(R”’R”+1) and of all

the intermediate functions necessary to evaluate the previous ones.
b) Derivation of the upper bounds (34) on the infinite sequence of terms appearing in
the expansion (24), for 1 <r < R".

4.1.1 FEstimates on the truncated Hamiltonians

We start with the truncated Hamiltonian (19) after the Birkhoff transformation. This
contains a finite number of monomials; hence it is easy to evaluate some upper bounds for

1
(35) — sup
2m? (11712)€D21* 21}

FINIL ) M (k- Q)dg| . |k <2s,1<s<N,
PET? COS

where N = 35 and the domain of analyticity Dg[{«’gjg is defined as
Dz[;yz]; = {(Il,lz) 0<; < 2[{, 0< I < 2[;} .

Then, we estimate the functions appearing in expansion (21) via Cauchy estimates, thus
getting
(36)

—1
(1 . min{I] I })
maxq I},
P {115} sp

(V,s)
27T [mln{ll,lz}} ‘k‘é?s (I17I2)€D21I,215

sin
/ S 0) ™ (k- p)dy
pET? cos

The functions h( ) and fl ) and constant £ appearing in (23) can be similarly estimated,
just taking into account all the prescriptions at the end of sect. 3.1.

The following inequalities are the basic tool for most of the estimates in the algorithm
below. Let g € P; 25 a generic function appearing in the expansions of the Hamiltonians

described in sect. 3.2. Then
(r) ’
+ max ‘ T
\} e { e }) gl

. max
J J' dqj
+2(s+ (i — 1)r) max axgr)
5’ op;

(37) j
1. 1 (r)
6] < gl [l“?“{

J
HJ'EXJ)Q

H lgll

We now give the formulae that allow us to estimate an iteration step in the form of a
computational algorithm. We emphasize that in our calculation we implemented exactly
this scheme in order to calculate recursive estimates.
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Start with the functions hl(s) and fl(r_l’s) appearing in the Hamiltonian H"~Y in the

form (24). Let |n™|| < F0, #7799 < FITE and ||(f7 7)) < FETHY with

known fl(s’s), fl(r_l’s) and .7-"((;_1’5). Let the matrix C\") in (26) satisfy the non—degeneracy

condition |C(") - v| > oM|u| V v € R™, with some o). Then:

(i) the norms of the generating functions are bounded by max; {||0X ") /0q;/||} < gﬁ) ,
max; (€7} < 615, max; {1057 /00| < G5} and max;{0x3” /9py |} < a3

where
() : . (r—1,r) () (r—1,r+1)
g1’ < 2r(0<mkn§12r |k W) Fo ’ 12 < Q(T)fO :
|k| even
(38) —1 -1
(r) <9 : k- f(r—l,v“) (r) < : k- f(T—l,r) .
Gy < 2r (0<mk122r | w) ) : 20 < |, min k- wl | ;
|k| even |k| even

(ii) the norms of the functions appearing in expansion (27) of Hamiltonian H) are
bounded by the inequalities ||hl(T)|| < fl(T’r) for I > 2, ||fl(w)|| < ﬁl(T’T) and
||fl(T’s)|| < ]:'l(r’s) for | > 0 and s > r. Here }'l(r’T) = fl(T_l’r) for I > 2, and the
constants f'l(r’s) are determined by initially setting f'l(r’s) = }'l(r_l’s) for either | > 0
and s >r orl =1 and s =r, then performing the replacements

~(r,gr+s ~(r,gjr+s l T r J S,8 .
fl(_’;+)<—}'l(_’;+)+<j>( ;1)+g§2)> }'l(’) forl>2,0<s<r,1<5<1I,

(39) .
~(r,jr+s ~(r,jr+s l r Y\’ r—1,s .
Farte) e glrirts) <j>( §1)+g§2)) FOE o gorl>1, s>, 1< <1;

(iii) the constant £) appearing in expansion (27) and (24) satisfies

(40) 5(7") _ 5(7“—1) < glg) ‘w‘ + fér—l,r) ;

(iv) the norms of functions f ") appearing in expansion (24) of Hamiltonian H™ are

bounded by ||fl(T’s)|| < fl(T’s) for | > 0 and s > r. Here the constants ]:l(r’s) are

determined by initially setting fl(T’s) = fl(T’s) forl > 0 and s > r, and then performing

the replacements
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r,jr+s r,jr+s 1 it r . r
-7:1( Ards) -7:1( arts) 7 H {lgél) +2((j —1—14)r+ 8)Gs ( )]-7:1( s)
T =0

(41) forl>2,1<s<r,j3>1,

Frarte) e FraTte) 'H 1G5 +2(( = 1= iy + )G | F)

fore1therl20,3>r,j21, orl=1,s=r,5>1;

(v) for the average over the angles of the functions linear in p appearing in expansion (27),

the inequality ||<]g1r,s)>|| < ﬁé;’s) holds, where ]}é;’T) }'8 ") = 0 and

(42) .73<(;’T+S) = .7-—<(;_1’r+s) + 2g§7i)]__.2(s,s) Vi<s<r, .7:"((;’8) = flr’s) Vs> 2r;
and, for what concerns the expansion (24), the inequality ||(f1(r’s)>|| < .7:"((;’8) holds,

where

.7-—<(§’S) = .7:"((;’8) Vr<s<r, .7-‘8’274) = .7:"((;’2” + ( 5’;) + 2rgé’;))ﬁ{’"”‘) ,

(43)

FOY =F" ¥s> o

(vi) the matrix C"+Y), defined by the equation 1C"+Vp.p = ZZZ}(th)), satisfies the
inequality |C"+1) . y| > otV |y| V v € R™, where o("+1) is given by

(44) Q(r-l-l) _ Q(r) B 2}-2(r,r+1) .

The actual implementation goes as follows: at low orders, up to R' = 33, we explicitly
calculate the functions required by Kolmogorov’s algorithm using an algebraic manipulator
and we evaluate the sequence of bounds G and F according to (33); for higher orders, up
to R" = 2048 we use the recursive estimates given by the algorithm above. The worsening
effect of the change of method is illustrated in Fig. 4 for the generating function Xér). We
emphasize that the choice of R’ and R” may be delicate: the final result may critically
depend on this choice. On one hand, if R’ is too small then the recursive estimates will fail to
work. On the other hand choosing too high values may critically increase the computational
time.

4.1.2 Estimates on the infinite power series expansions

Although the computer implementation of the iterative estimates of the previous section
can provide the upper bounds for a very large number of terms appearing in expansion (24),
this is not sufficient to ensure the existence of the invariant tori. Indeed, the version of the
KAM theorem reported in sect. 4.2 needs some upper limits on all the terms appearing
in the infinite power series expansion of the Hamiltonian. Therefore, all the upper bounds
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Figure 4. Decrease of the generating functions defined by the Kolmogorov’s nor-
malization algorithm. Figure 4a considers the construction of the invariant tori corre-
sponding to the frequencies belonging to the set '’ defined in (51). The plotted values
are the uniform upper bounds of the norms of Xér) on the whole set I'” . Figure 4a has
been enlarged in figure 4b, where we can appreciate the change of the slope occurring
when the calculation of the norms is no more made starting by the coefficients of the
expansions, but only iterating the estimates (i.e., for r = 33).

calculated in the previous section will be now reduced to a positive constant £ and two
finite sequences {e,}* | and {¢,}/, satisfying inequalities (34) with 1 < r < R".

We first look for values E, 1 and ¢; bounding expansion (23) of H®). In view of
estimate (36) we can take

(45) (1= [min {17, 13}]7" .

Next, we evaluate (35) for fs(lv) in Hamiltonian H(SI;/C) , also recalling the prescriptions at
the end of sect. 3.1. This allows us to determine E and 1 so that (34) are satisfied for r = 1
with ¢; given by (45). Finally, the finite sequences {e,}/", and {¢,}/, are determined by
iterating the following algorithm.

Start with three positive numbers E , €,._1 and (,_1 satisfying inequalities (34) at step r—1.
Moreover, assume that the bounds Qﬂ), §;), 5’;)

XY) and Xg’") be known. Then calculate

and gég) for the generating functions

r r 1r ~ r
(46) & =el/" max{sr_l, 2 (9 + ) 6] } : Gr=e "Gy
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If r < R’ evaluate the new constants ¢, and (, as
(47)

a 1 T r Y ~ 1 T T
Er = E&r (1 + é_r max { gél) ’ 27‘g§2) }) ) G = G (1 + é_r max { gél) ) 27‘952) }) )

T T

else, if r > R/, set

1/r .
(48) Ep = e/ max { &, [1"2 max { gg’;) , zrgé’; } } } 7 () = ol/7 e

Recalling the estimates in sect. 4.1.1, one can prove by induction that inequalities (34) are
verified by the values of F, €, and (., given by (46)—(48).

The procedure described above can be easily implemented on a computer using the
interval arithmetics. This allows us to rigorously prove inequalities (34) for r = R" | which
will be used to apply the theorem below.

4.2 Statement of the theorem
The following statement is an adaptation of KAM theorem to our context.

Theorem 2: Consider a n—degrees of freedom real analytic Hamiltonian H®") of the

form (24). Assume:

(a) hl(s) € P sk and fl(R”’s) € Pi sk , where K is a fixed positive integer;

(b) the frequencies w satisfy the Diophantine non-resonant condition, i.e., there are y > 0
and 7 > n — 1 such that |k-w| > yr~" for 0 < |k| <rK andr > 1;

(c) the main quadratic part in the actions of the Hamiltonian is angle-independent, i.e.
hgl) = (hg”) . Moreover, the angular average of the quadratic terms of the Hamiltonian
already in normal form satisfies the non-degeneracy condition |C(F") . y| > o(F")|y|
Vv € R for some positive Q(R”), where the matrix C®") is defined by the relation
Ly p = (08

(d) the main perturbing term linear in the actions has zero average over the angles, i.e.,

(R",R"+1)
(f1 )=0; ;

(e) the bounds (34) on the norms of the functions hl(s) and fl(R *) hold when r = R" ;

(f) the inequality egn < e* (e, E, Cpiyy, 7, o), K, R") is satisfied by the small param-
eter egn, €* being the only positive root of the equation

1 —e*a* 4e2,EC2’  2m?

3/RII

where ( = Cgrre and

a* — 2(2T-|—12)bl- (Zl Z2)2/R”e3/[2(R”)2] 7
with 2! < R"” < 2'*1 and where the quantities Z, , Z» and by are defined as

ernKE( | 2¢2, F (2 | [+2
v ’ ’ Q(R”) ’ ’ .

lemax{ Zzzmax{
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Then the following statement holds true: there exists a canonical transformation (p,q) =
P(P,Q), real analytic for P € Bg;4¢(0) and Q € T™, which brings the Hamiltonian HEY)
to Kolmogorov’s normal form

(49) HOONP,Q) =w- P+ > h(P,Q)+ &)

s=11=2

The canonical transformation is near to the identity, i.e. ) — T ~ O(sg,l,lﬂ) . Moreover, the

energy £(*) corresponding to the invariant torus P = 0 satisfies the inequality

‘w‘ ) (€Rlla*)R”+1

50 £() —5<R">‘ < (epnE
( ) - €R + <R” ]_ — ER//(J,*

The interested reader will find the proof of this version of the KAM theorem in [22].

4.3 Topological confinement of the orbit

We follow the discussion in sect. 1.

We look for an approximation of two frequencies w’ and w” which fulfill the require-
ments above. To this purpose, we can make our calculations without using the interval
arithmetics on the initial Hamiltonian (11), that is the simplest one. We determine F
as the energy of the point &,n in table 3; the actual value is the centre of the interval
in (52). We take two new initial conditions by multiplying by 1 4 0.02 both values &; and
n1 and modifying &2 and 12 so that the ratio £2/n2 is kept constant and that the two new
initial conditions still lie on an energy level approximatively equal to F. Then, by using
the frequency analysis, we calculate the angular frequencies, say w’, and w” , of the orbits
starting from the two new initial conditions. We get (%)

(—0.0001456732145781655, —0.0002592343751518042) ,
(—0.0001455615260122723 , —0.0002579079711284839) .

/
~

n
~

w
w

(%) The choice above of the two points is quite delicate. By construction, the tori 7" and

T" are very close to these points. These tori should be far enough to allow us to claim
that they are well separated notwithstanding the shade effect of the interval arithmetics.
On the other hand, the argument below requires that the “true” initial point be in the
analyticity region of the transformation to Kolmogorov’s normal form, which requires the
tori to be close enough. We located a sufficiently good pair of initial conditions by trial
and error.
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We now define the sets IV and I'” of Diophantine frequencies as

wy  BTIT28T + 262548451
wa 10316626 + 467220951

M= { (s w0)

1 + w2/0.000259234375151694060 € [—5-107', 5-107'°] } :
(51)

wi 2899483 + 81821951

w2 5137345 + 144973251

" = { (s w0)

1 + w,/0.00025790797112834715 € [-5-107', 5-107'?] } :

Our choice is based on some well known relations of the continued fraction expansions. The
ratios wy /ws have been fixed according to the following two criteria: (1) when (wq,ws) € T’
(T", resp.). then wi/ws ~ Wy /wlyy (w1/ws ~ Wy /Wl resp): (2) I/ and I" are
constituted by noble frequencies, which are expected to correspond to the locally most
robust tori with respect to the perturbations (see, e.g., [23]). The definition of sets I and
I'" is parameterized with respect to wo and the range of the values of ws has been chosen
in such a way that both w/, € I and v} € I, where

wl_;2 = —0.00025923437525826712 wg_;Q = —0.00025923437504512100 ,
wZ;Q = —0.00025790797123354561 w;'_;z = —0.00025790797102314870 .

The latter four frequencies have been chosen in such a way that the two values of the
energy of the tori corresponding to the frequencies w/, (w/, resp.) are ~ 14+ 1073E. In
order to actually calculate these frequencies, we use the averages over the angles of the
two Hamiltonians in Kolmogorov’s normal form expanded around the initial frequencies
w!, and W’ .

Hereafter, all calculation are performed using the interval arithmetics. A straightfor-
ward evaluation of the energy level E allows us to get

(52) E € [~1.6986715765408438 - 107, —1.6986715763842084 - 10™7] ;

let us recall that F is the value corresponding to the initial conditions in table 4 for the
Hamiltonian (19) truncated at s = 35.

We finally apply the computer—assisted proof described in the present section 4, in
order to ensure the existence of the invariant tori corresponding to all the frequencies
on the curves IV and I'”. Let us remark that we can simultaneously deal with a set of
frequencies thanks to the interval arithmetics implemented in our code. As anticipated in
sect. 4.1 we perform an explicit calculation of Kolmogorov’s algorithm up to order R’ = 33
followed by iteration of the estimates up to the step R” = 2048. () Then, we can check

®) The procedure above has actually been applied to the curves IV and T in order to
check the existence of the families of tori, and then repeated for the extrema of the curves
in order to check the conditions on the energy. This makes a total of six times. To give
an idea of the required computational power, a single application of the procedure took
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that all the considered frequencies satisfy condition (b) of theorem 2, with v = 8 - 1076
and 7 = 1. We explicitly calculate the values of Q(RI) and E®) and we estimate Q(R”) and
E®") by using iteratively inequalities (44) and (40); this allows us to evaluate o®) > 6. in
all the considered cases. After having iterated the estimates, we can check that hypothesis
(e) of theorem 2 is always satisfied by the following values of the parameters:

eB) =080 E=2-100% (B =12 x10*.

Furthermore, the algorithm we adopted ensures that hypotheses (a), with K = 2, and (d)
are fulfilled by H®") | Finally, from a straightforward calculation of the threshold value
e* defined in hypothesis (f), we get

e* =0.868 .

Since e®") < ¢* , our version of KAM theorem applies and ensures that all the considered

frequencies correspond to invariant tori. Moreover, we can evaluate the energy £(°°) of the

invariant tori corresponding to the frequencies w/, and W/ , by making use of estimate (50).

Such a calculation allows us to prove that the energy of both the tori w/, and w/] (w” and
1

w” | resp.) is > E (< E, resp.). Therefore, there is a frequency w’ € I (w" € T") such
that the corresponding torus T’ (T") is invariant and its energy level is E .

In order to complete the proof, we check that the initial point is in the gap between
two tori on the same energy surface. Let us refer to the KAM torus T’ with frequency ',
and let P’,@Q’ be the canonical coordinates that give the Hamiltonian the Kolmogorov’s
normal form H(°), This Hamiltonian is analytic for P’ € Bj,45)(0) and Q" € T?. We
check that OH () /Py (P',Q') # 0 in the latter domain; this implies that P/, Q}, Q5 may
be used as local coordinates on the intersection between the surface of constant energy
H(®) = F and the domain Bs,(45)(0) x T?. Next, we check that the coordinate Pj of the
initial point and the coordinate P; of any point of the torus 7" are both positive. We have
indeed for the initial point P; € [107°, 2.1 x 1075], and choosing the point Q) = Q4 =0
on the torus T we get P| € [2.6 x 107°, 3.6 x 1075]. Since a trajectory cannot cross
an invariant torus, we conclude that both the orbit and the torus 7" lie on the same
side of the energy surface with respect to the torus 7’. By reversing the argument, and
denoting by P”, Q" the coordinates of Kolmogorov’s normal form in the neighbourhood
Bs,(42)(0) x T? of the KAM torus T" we first prove that OH©) JoPY (P",Q") # 0, and
then check that the initial point has P/’ € [-1.7 x 1075, —1.5 x 1075], while the point

' = QY = 0 of the torus T” has P{’ € [-3.2 x 107°, —3 x 10™°]. Hence, both the orbit
and the torus 7" lie on the same side of the energy surface with respect to the torus 7.
We conclude that the orbit is eternally trapped between two close KAM tori 77, T", thus
assuring a topological confinement. This concludes the proof of theorem 1.

17h of CPU-time on a 400Mhz Pentium II processor for the explicit calculation of the
expansions, and 13h on an AlphaServer 1000/400 EV5 for the iteration of the estimates.
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A. Expansion of the secular Hamiltonian of the SJS system
up to order 2 in the masses and 6 in eccentricity

In the following expansion of formula (11), we neglected the additive constant because

it has no influence on the equat

ions of motion:

HY (&1,&0,m1.m2) = —T.9817980076760655 x 10~°¢2 —3.8147366852664142 x 1051,

—1.0268297004552840
—3.3707608458413656
—5.6436223750712493
—6.2973632765649690
—3.4760626376493233
—8.3857323933716650
—4.7425253805301244
—6.2286577646952779
—8.3527962865484184
—1.7268965474147260
—6.6349860468623900
—5.1387074709303473
—3.2119532714927534
—7.4777792652719661
—2.2556116819663772
—2.1957803068778765
—1.2525556241525955
—6.4320374599537216
—4.7878280093164562
—5.6443027855889856
—2.4623339524089656
—3.2771819750467199
—6.1109646323834843
—1.8774424112239909
—3.6262703950516264
—4.0619119716320187
—6.0253186540222901
—5.0726955487757852
—1.8736854171280113
—9.4014451177163672
—6.1464575048410168
—1.3743527471116275
—95.2949133058695930
—2.4875190197883796

x 1074 ¢2 —7.7243404322933866
X 1072 112 —9.9999984803151030
x 1074 ¢f ~1.6416392742006527
x 1073 ¢2¢2 —2.2899781169560516
x 1073 2y —4.2185659067704027
x 1073 £,£3 —1.3039354499285056
x 1073 £169mine  —6.8531825574944021
x 1073 ¢34 —3.9500271580332256
x 1073 &2mmey —1.1373126532783053
x 1073 nt —3.1475592574520577
x 1073 n?n2 —6.8332272847022573
x 1073 n3 —6.0701804574696823
x 1072 £9¢, —2.7549740027179186
x 1072 ¢in? —2.0878989193600397
x 1071 ¢in2 —1.2799874137338532
x 1071 &3¢m? —1.0754609127577874
x 100 €3&m3  —3.0996153271501390
x 1071 €2¢2p2  —3.9977642968441485
x 100 €2¢2n2  —1.3017334854810814
x 1071 2n3n,  —1.6091206979341728
x 100 E2mm3  —1.6707157626697120
x 100 £,63 —6.5831703615139023
x 100 &&3mmy —7.3380945672001685
x 1071 &1&nt  —1.0570482388082987
x 100 &&n?n2 —6.1600785219363594
x 100 &16m5  —1.2962091387801093
x 1071 &3n? —4.3130729937971006
x 109 ¢&3n2 —3.7694653469144916
x 100 &2n3n,  —5.8658678966225395
x 100 E2mnd  —6.2640076184402940
x 1072 9 —3.5591582332419240
x 10% nin3 —3.3335872837233516
x 100 n2ns —5.0893561220459285
x 109 7

x 1075 n?

x 1075 53

x 1073 €3¢,
x 1073 &2
x 1073 &2n3
x 1073 &&om3
x 1073 &169m3
x 1073 37
x 1072 £3n3
x 1073 3,
x 1073 nyn3

x 1073 &5

x 1071 £1€3

x 1071 &dmne

x 10° £7¢3

x 10° &&amng
x 10° €263

x 107 £7&3mne
x 107" &2y

x 10° &fnin3
x 100 €203
x 101 &1&3n?
x 100 &1&3n2
x 107 & &ming
x 107 &&mn;
x 100 &8

x 10° &3mmne
x 1071 &3t

x 10° &E3nin;
x 100 €2n5

x 1071 plne

x 10° nin3

x 100 myn3
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