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lemma 9.6 with #‘ll in place of d and 2d in place of d + d’, and get

s+1 s+ 1\ 207D 9251 19025 .
NR—2d({Iu7hs}) 2d2 ||I ||R< S ) s < d2 +ﬁ>

22s5—1g2 2e2d -1
<Er (B0 48) e

d? d?
A similar computation using (12.6) gives
. (s +1)e? 225¢ (2e2 sl .
Nroaal{hh}) < T, 20 (220 4 8) Naalh)
s—1—-1
(s—1+ 1) 9251428 (925
Nraa(( Hio-i) < O VS, 2 (250 458) Naa()

We can now proceed as in the computation of the estimate (12.5), (12.7) and (12.8),
and get

24e’F 5\
[0 6 e)| < 2285 (22)

24e?F 55\
[, Y0 o', e)| < ZE T 2B (52) 1

2102
o, dt

{1 KON ! 7€) <

50
(m + 1)Ed2, 54<5 > 11|

and collect all these inequalities to get, for r > 1,

{1 ROV o 7€)
242 , (60 82,8y  25(r+1)02 F
< € 54 (_) ||Iu||R <1 + (T_I_ ) xr—~0 + (’I“—|— ) xT > 7

d? Osr a,d? a,d?

so that (7.9) follows by again noting that the last factor, via to the explicit expression

of d,,, does not exceed 2. Here too the estimate for r = 1 should be separately

computed by using R = h() + H@, The lemma is thus proven.
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so that one has

s>m (12.8)

In order to get (7.6) we recall now that the remainder R(") is defined for r > 1 as
R = b)) 4 e2h=1) L H() | (see (6.2) and (6.4)), so that from (12.7) and (12.8) one

obtains

=\ 2r
R(T)(p/7$/77r/7€/’€)‘ < 25E64 <66> <

1 62 E 265;15)
Sur

r+1 o,pd? o, d?

and (7.6) follows from the trivial inequality <Hl_1 + 5(;:5;0 + 21{*(;2]5) < riv which in
turn is obtained via the very definition of d,,. For r = 1 the remainder reduces to
RM = pM + 7% and the estimate is trivially checked.

In order to conclude the proof of theorem 7.1 we must prove (7.5). To this end,
we use the bound (6.11) on the norms of Z,, and again transform to real variables by

lemma 9.2. This gives, for 1 < s <,

22s-|-2 s—1 24 o(s—
Np—a(Z) < 2P g« Zs2e-np
S S

so that in the domain Dr_s4 , one has
2(s—1)

T
Z(r) ! /_ Y ‘ 25E'54
(p ) x 3 ™ ) E ) 6) < Zl 5*7‘ )

sS=

and (7.5) follows by simply extending the sum to infinity. This concludes the proof of

theorem 7.1.

Next, we come to the
Proof of corollary 7.2. That I, is a prime integral of the normalized part of the
Hamiltonian (7.2) follows from the characterization of the normal form with respect to
the module M given in sect. 2, and from the condition p L M. Indeed, using complex
variables one immediately sees that {I,, Z("} = 0. The bound (7.8) has already been
proven above. So, we only need to prove the bound on the time derivative ju-

Using I, = {I,, R} and the expression of the remainder, namely R(") = n(") 4
e2h("=1) + H(")  we are led to look for bounds on {1,,hs}, {1, h} and {I,,H;s_1}.

To this end we use the bound (12.4) on the norm of h; with —#5d in place of d and
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60 < 04, /\/2, on the domain DRr—_24,, One has

2(s—1)

1 (65

m) (1 ¢! 4Rt
h! )(p;-r:ﬂ':fvg)‘SQE(s Zg<(s*r>
s>m (12.5)

BE L [(o6\ "
<m+1(s <6*T>

Inequality (7.3) then follows by just recalling the exchange theorem, i.e. that hq(7,§)

is changed by the canonical transformation 7)) to ho(n’,¢’) + RO (p', ! 7 € ¢).
By similar computations one proves the inequalities (7.4), (7.6) and (7.8). Indeed,
denote Ty Iy =37 50 Is: Ty h = D650 hs and Ty Ygs1 Hs = D51 Y1 His—y.
By lemma 10.2 one has that I; and hg are of class Pogy24s and H; ,_; is of class
Pos+2,4s—21+2. Again, we use lemma 10.3 in order to get the estimates for the norms
of I, izs and H; ,_; in complex variables, and lemma 9.2 to transform back to real

variables, so that we get

s—1
ot 8) Il

s s—1
2P (@ n 5) Na_a(h) (12.6)

22s—l+2(I) <2€2(I)

s—1—1
7 ot 5) Np_q(H))

Nr_2d(Hjs-1) <

Proceeding now as above, one gets
o 2°F 66
‘I( )(p/733/17r,1£,7€)‘ d2|| HHR d <E>

2m
- 2°E 56
‘h(m) (p/7x/, W’,f’,&‘)‘ < E064 < )

o, d? Oser

(12.7)

For m = 0, these inequalities immediately give (7.8) and (7.4). Denoting now H(™) =
D esm >j_1 His—, and recalling that in complex variables one has by hypothesis
Ngr(H;) < (20)'714E, one gets

Z 25—2(5 1-1) )1—152(5—1)32(5—0 _

s>m [=1

Hm (2 7' e ‘

Using now the definition (7.1) of d,,, and using also 6 > 1 one easily computes

Sl 80T ()15 < 2 TE T e (116)1 < 26,707,
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12. Proof of the theorem on the estimate of the remainder

According to sect. 7, we now collect the results of the previous sections and give
the estimates for the Hamiltonian in normal form up to the order r. We start with
the
Proof of theorem 7.1. Starting with the Hamiltonian H(p,z, 7, £, €) in real vari-
ables, as in the hypotheses of the theorem, we first perform a transformation to com-
plex variables via the canonical transformation (2.8), so that, omitting the primes,
we recover an Hamiltonian of the same form with e2h(p, z) of class Py (in fact it is
unchanged) and H; of class Pagy2 2542 on the same domain G, while hq is changed
to the form required by theorem 6.1. From the hypotheses of the theorem and lemma,

9.2, the norms of the new Hamiltonian change according to
Np(e®h) < Ey,  Ng(H) <~""'F, s>1, (12.1)

with
v=20, F=4F, (12.2)

while the norm of hg, or more generically the norm of I, is unchanged, as is easily
computed. By substitution of these values in (6.12) we obtain for the generating
sequence the bound (6.11), as required by the theorems on canonical transformations,
with

& — 1E  g= 12(4E + Ep)(r — 1)

oy a,d?

+4do . (12.3)

Since the bounds on the norms of the generating sequence are given in a domain
Dr—_4,0, we can apply the theorems on canonical transformations only on a smaller
domain, that we choose to be Dg_2q4,,; the quantity d, in (5.6) turns out to be larger
than d,, given by (7.1). This proves the consistency of the canonical transformation.

Coming now to the bounds, consider first the inequality (7.3). As in sect. 10,
denote T, hg = Zszo hs, and also h(™) =% hs. By lemma 10.2 one has that

hs is of class Pas42.45, and lemma 11.3 gives the estimates for the norms in complex

s>m

variables. By lemma 9.2 one can then produce the norms in real variables, namely

225 F (902 st
Nr-za(hs) < — <7+5> . (12.4)

1\ a2
and 3, the definition (7.1) of 0., is immediately obtained; moreover, by the hypothesis

-1
By defining now 62, = 1 (282(} + 6) , and substituting the expressions (12.3) for ®
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form
hi = —LhQX1
s—1 .
J
hs: _Ljhs—'_LhX57 QSSST:
jz::l s X . (11.16)

roo.
Z J
hs = ;ijhs_j s s>r
i=1

(the second line exists only for » > 1), and recall that, by (6.4), Lp,xs = Zs — ¥, for
1 < s < r. The proof now closely follows the line of the proof of lemmas 10.2 and
10.3. Precisely, we can build a sequence {C,} ., such that Ngr_s4(hs) < C via the

recursive definition

Cy = Np_24(Z1 — V1)

22 $21 . .
Cs - @ Z](S _])NR—d(X])CS_] -I_NR—Qd(ZS — \I]s) , 2 S s S r
j=1
2¢2 o . .
Cs = sd? j(s _J)NR—d(Xj)CS_j , S>r,
j=1

analogous to that of lemma 10.2 for the sequence I;. Here a factor s — j appears in

the sum instead of s — j + 1 as in (10.14) because hy can be computed by at most

s — 1 Poisson brackets, since Ly, X5 is already known and bounded in Dr_4. From
j—1 s—1

this, using Nr—a(x;) < F—® and Ng_sa(Zs — ¥,) < Np_a(¥,) < £~ F one gets

NR—2d(hs) < Cs, with

Ci=F

- 202 2 i1 Bt

CS:Sdz .1(3—17)5] C’s_j-l—T]:, 2<s<r
J:

5 202 N\ i1 A

Cs = e (s =B Csj ., s>r,
1=1

which are the analogous of (10.18). Proceeding now as in the proof of lemma 10.3 one

gets

C, <

s—1 (262(1)

2 +/B>C~’s—1-, 5>1-,

S

and this immediately gives (11.15), so that the lemma is proven.
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are known, one easily computes

s—125—32s—2

S jOfi+
0= 3 S e g =

7=1 k=1 I=s

N EC fitt N Iyfi
(L= Co)F2(L—72)*2 T (1= Cg)F(1—52)]

This would allow us to explicitly compute the coefficients «; ;. However, we can

avoid these horrendous computations, and note that g(*)(0) = Dkt Yk ds 1€

s—125—32s—2

00 =35 S Bipa [+ RO+ 1]
7=1 k=1 I=s
< (s—1)(3C +2y) Z Bj k1 -

3.kl

This allows us to obtain the final estimate

< (3C + 2y)*~1

Ne > ———————
S

so that, by using the explicit expressions of C' given by (11.14) and of C given by
(11.11), we obtain (11.12), and the lemma is proven.

We can now conclude the proof of the theorem. Indeed, by (11.3) and (11.8) one
has Ng_q4(Zs) < 7sF and Ng_g4(xs) < ﬁsai, and using 75 < 7s we immediately obtain
the bound (6.11) with # and ® given by (6.12), so that the theorem 6.1 is proven.

Before concluding this section we prove the following

Lemma 11.3:  The sequence {hs},~, defined by T, hg is bounded by

s—1
<262q) +6> F. (11.15)

Such lemma will be useful in bounding the remainder, since the estimate given here

is definitely better than the one given in lemma 10.3 for a generic function I,,.

Proof. Recall that the terms of the generating sequence are bounded on the common

domain Dr_q4,,, and look for bounds of hs in Dr_24,,. To this end, write h, in the
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Next, we define two new sequences {s},.,,_; and {ns},<., by

Jo=1
m=1
C S
Vs=— > by 1<s<r (11.13)
=1
C,s—l 1 s
o= — Y lmner+ ) 1T, 2<s <
=1 =1

with
C =C(F+ Ep) . (11.14)

It is an easy matter to check that one has (; < 95 and 1 < s, so we now look for an
estimate of the sequence {ns}. To this end, we forget the limitations on s in (11.13),
and consider the sequences 95 and 7, as being defined for any s. Thus, we can look
for two functions f and g of the complex variable z

f(z) = Z 0s2°

5>0

9(2) = ns2*,

s>1

so that 1, can be evaluated via the s-th derivative of g(z), being n, = ¢(*)(0)/s!. Eq.
(11.13) then gives

f'=Cfq
y o /
(1-Cg)(1—v2)*"
and the conditions ¥y = n; = 1 above can be translated into the equivalent con-
ditions ¢g(0) = 0 and f(0) = ¢’(0) = 1. Here, use was also made of the identity
ey 5757127t = (1 — v2)72. We note now that, by induction, the s—th derivative

of g(z) has the general form

s f?
9( ) = Z Z Zo‘jzk:l (1—Cg)k(1 —Hz)t’

where a; j; are nonnegative coefficients. Indeed, this is true for s = 1, and by assuming
that the coefficients 3 5 ; of

s—125—32s—2

o f
gt = Z Z Z Bj ke, (1= Cg)F(1 — 72)!

7=1 k=1 I=s
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and
- C
Cl,s——j: ]n]<l537 1<l<r, 1<s<r-—1I,
s =
CF &
Cs=— > JNiCs—j 1<s<r-1,
5 4
= . (11.10)
~ CF -~ S — I)C'EIO~
= —— Y liltfls—1 Ms—1
=1
+_Zl5lsl+ Csl, 2<s<r,
=1
with
- 4(r—1

In fact, we are only interested in bounding the sequence {7}, .,.,. This is given by

the following

Lemma 11.2: The sequence {75}, ., defined by (11.9) and (11.10) is bounded by

s—1
+ 2y : (11.12)

1 12(F + Eop)(r — 1)
s o, d?

31

Proof. First, it is immediately checked that one has (N“l,s = ~!=1¢,, so that, using also

71 = 1, we can write the sequence (11.10) in the simpler form

COZ 1 )
ﬁlz 1~7
CF A .
Cs:Tl_lemCs—z, I<s<r-1,
. CFE s—1)CE, .
fa= —— Y liils—s + ) S is—1
l=1

+= Zl'y’ 1<sl+ Gt 2<s<r.



48 G. Benettin, L. Galgani and A. Giorgilli

Then we look for sequences {ﬁ5}1§s§r7 {Cs}ogsgr—lv and {&75}1§l970359_l such that

Np_aq, (V) <@ F ,
Ng_a,., (hs) < (Eo (11.8)
Np—q,.,(H;,) < <~l,s~7: :

Here we can take 71 = (o = 1 and &,0 = ~!~1. In order to determine such sequences,
we put them in the recursive formula (11.5), and use also the definition (5.2) of T,

and lemma 9.6 to get

w

2) . 2
’ 77'<l,s—'f )
— (s = d) (s — diag)og 0

) s 2 )

Npg_ hg) < (s_iFEy ,
R ds+1( ) ; S(d5+1 — dj)(ds—i—l — ds—j)a’j 773( 7 0
N (\11)<s_1 21 T

R—ds s) = = S(ds o dl)(ds _ ds_l)al nlns—l
-1
+ ° ns—1F Eo

s(ds - ds—l)dsas—l

~ 1 1
+) O
=1

Recalling now the definition (11.6) of dg, and using the inequality

1
(\/3—1—\/]'—1) <\/s—1—\/s—j—1)25
for 1 < j <s—1, we immediately get

1 _2Ar—1)
(ds = dj)(ds —ds—y) = d>

recall moreover that one has a; > «, for 1 < j <r, so that the sequences above can
be defined by

G=1, o (11.9)
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This is seen as follows. Using the second and third of (6.4) for h;, write (6.6) in the

form

s—1

U, =
!

s—1 I s—1 I s—1
9%
_§ ;Lxﬂg hs—l—l_E ;LXI § Hm,s—l—m
=1 =1 m=1

S
s—1 s—1 .-
+)° —Hya+ ——tha
=1

-1 R
5 LX37182h0

s
[ 1 5
- Lles—l + l_zl ;Hl,s—l + 552}7/5—1 +

» | =~

S

The first four terms give exactly the expression (11.5), so we should only check that
the remaining terms vanish. To this end, use the explicit expression of ils_l and H; ,_;

given by the definition (5.2) of T, and compute the latter two terms as

s—1
s—1 ,- l -
2 2
e°hs_1 = _Lxlf": hs—1—1
S S
=1
and
s s—1 s—1 s—1 s—I m
Z Hl,s—l = Z Z Lmel,s—l—m
S S s—1
=1 =1 m=1
s—1 m s—m
- ?Lxm E Hl,s—l—m )
m=1 =1

and check that these terms compensate the negative terms in the expression above for
V.

We are now ready to obtain the estimates on the generating sequence. Recalling
the result of lemma 11.1, namely the inequalities (11.3), we note that we just have to
estimate the norms of ¥y, for 1 < s < r, via the recursive formula (11.5). To this end,
we fix d, with 0 < d < R, and introduce a sequence 0 = d; < ... < d, = d by

s—1

ds = 1 1<s<r. (11.6)

Then we look for a recursive estimate of ¥, in the domain Gr_g4,, so that ¥, will be
estimated in Gr_4. Starting with s = 1, one has, by (11.5), Nr(¥,) = Nr(H;) < F,

and so also

f
Ngr(Z1) <F, Nr(xi) < o (11.7)
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resonant part) all the monomials 7/¢* with j — k € Mg, and in ¥, (the nonresonant
part) the remaining ones; then, the equation above splits into Z, = U, which defines
the normalized part of the Hamiltonian, and Lp,xs = U, which can be uniquely
solved by the method above, and gives the generating sequence.

In fact, we can do something better, by including into the normal form Z; more
resonant terms than in the previous solution, precisely also terms such that (j — k) - Q
is very small, although not vanishing. This is done by considering a larger resonance
module M such that M D Mg, and by performing the splitting of ¥, by the condition
(j — k) € M instead of (j — k) € Mg as above.

Coming now to the estimates on the solution of the eq. (6.5), we can prove the

following

Lemma 11.1:  For a known function ¥ of class Pasy2 45 on the domain Gr and with
reference to a resonance module M O Mg, eq. (6.5) admits a solution Zs and xs of

class Pasi2 45 such that one has the bounds

NR(ZS) S NR(\IIS) )

N(xs) € - Na(¥,) | (1L3)

where ay satisfies (6.10).

Proof. We write W, in the form (4.9), ie. W, = S, o, el™) with
o™ e 10, Then, denoting by Z5™ and X(J’m) the solutions of eq. (6.5) in
I1,,, using the fact that {as},., is a nonincreasing sequence, and by the definition
(4.13) of the norm, one finds
m m m 1 m
1Z8¢™ e < O™, (IxE™r < a—ll‘l’ﬁ” e

S
Finally, the statement follows from the definition (4.14) of the norm, so that the lemma

is proven.

Before coming to the estimates on the generating sequence, let us obtain for ¥
a more suitable form than (6.6). We claim that (6.5) and (6.6) can be written as

Lpoxs+2Zs =V, , (11.4)

where
\Ijl == H1 s
s—1 l s l 1
Ve = ; ELXIZS_I T Ly,_,e%ho + ; ;Hl,s—l + ;e’:‘th—l .

(11.5)

s—1
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which implies (10.23). So, in order to prove (5.8) for f it is enough to prove that, for

any [, one has
(B f ) @2 '€ e) = fOUT( o7 € o)

i.e., that it holds for polynomials. This is immediately obtained by the properties of
T, of being linear and preserving products. So, we have proven (5.8) in a polydisk
Dr_q(p,Z) x Agr—ay for any (p,T) € G, and this implies that the same holds on
Gr—d X Ag(r—d) = Dr—4,,- This concludes the proof.

11. Proof of the theorem on the generating sequence

We determine the generating sequence (™) and the normal form Z(") by recur-
sively solving the eq. (6.5). In fact, this is the general problem of solving an equation

of the form
Ly,f=g9g, (11.1)

g being a known function of class Pa x, with the condition that f also be of class
P, x. Let us discuss in some detail how such equation is solved.

Let us first consider g € IIo; the extension of the result to the class Py x
is immediate, by the linearity of the operator L;,. We can write g(p,z, 7, &) =
D ik gk (p,x)mIk | with known coefficients gjx(p, z). Assuming for f the same form
with unknown coefficients fji(p, z), and taking hq in complex variables as in (2.7),
we compute

Luof =Y (5= k) - Qfju(p, x)n/¢k .
ik

Then, the solution of the equation (11.1) above in IT, exists and is given by
i
; = ——g.k(D, 11.2

provided the polynomial expansion of g(p, z, 7, ¢) in 7, ¢ contains no monomials 7/ ¢*
such that (j —k&)-Q = 0, i.e such that (j — k) € Mg, the resonance module associated
to hg defined by (2.10). This solution is unique up to a term g(p, z, 7, &) € II5 such
that Lp,g = 0, i.e. such that the polynomial expansion of g(p, xz, 7, ) in 7, & contains
only monomials m7¢F with j — k € Mq. However, we will not need to introduce such
arbitrary terms, and the solution will be made unique by simply taking g(p, x, 7, £) = 0.

Coming back to eq. Lp,xs + Zs = Vg, the obvious solution is to consider the
polynomial expansion of ¥, in =, ¢, and to split U, into W, +\ifs, by putting in ¥, (the
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and (5.6) of 8, § and 4., one has, for (p',2', 7', ¢') € Dr_q.p,

20 262(1) Tt =2r+K-A
TS0 w60 < TN Y (K ) s

d2 d2
r>0
~K—A 2¢2d T,
<65 NR(f)Z( 7 +B> (66)° (10.20)
r>0
_ -1
A<K—A 525"

On the other hand, it is an easy matter to see that if | f(p, z, 7, £, €)| < a on the domain
Dr.,, then there exists a positive constant C’ such that Nr(f) < C’a, so that

T f (0 7€ e) < Ca, C=2585" "¢ . (10.21)

The actual size of C’ is not relevant in what follows. Coming to the formula (5.8),
namely the exchange theorem, denote by D, (p,%) a polydisk of radius « in the
, and consider the power series expansion of

f(p,z,m &, e) in the polydisk Dr(p,T) x A,r, with (p,Z) € G. This means that

we can write

variables (p,z) with center in (p,7)

fpa,m&e)=> fOpz,me), (10.22)
1>0
f® being an homogeneous polynomial in the variables p, z, 7, ¢, and also a function
of class Py k, and such series convergent in the domain Dg(p,Z) x A,r, where f is
analytic by hypothesis. We prove now that at every point (p’, z’, 7, £’) of the polydisk
Dr_a(P,T) X Ay(r—q) One has
(L)' o' 7' € ) = Y (T fD) (W' a' 7' € e) (10.23)
1>0
Indeed, the convergence of (10.22) means that for any 7 > 0 there exists L = L(n) such
that for L > L one has ‘f(p,x,ﬂ,f,s) — Y i<l f(l)(p,x,w,f,g)‘ < n for (p,z,m &) €
Dpr x Ayg, and we can use the fact that f—3>",_, f® is a function of class Pa .k, the
linearity of T, and (10.21) to compute

(Txf) (p/,ZE/., 71-’76/78) - Z (Txf(l)> (p/,CE/., 71-’76/78)

I<L

(g

I<L

<Cn,
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It is now an easy matter to check that the latter two terms do not exceed BBT_l, SO

. 2¢2P .
BrS( c +6>Br—1-

that one has

a2
Moreover, it is immediately seen that this holds also for » = 2, so that one has

- 2e2d r=l
B, < ( 7 -I-,3> By,

and the last of (10.16) follows from the definition (10.18) of B;. The remaining
inequalities in (10.16) are obtained in essentially the same way. The lemma is thus

proven.

We can now come to the
Proof of theorem 5.1. As in lemma 10.2, denote by z any of the canonical coordi-
nates p, z and by ¢ any of the coordinates m, £, and recall that z, is of class Pa,42 4r
and ¢, of class Poy41,4,—1. In order to investigate the convergence of the series defining
T\ z and T, ¢ we follow the procedure illustrated at the end of sect. 4, making use of
the explicit estimates on the norms given by lemma 10.3 and the definitions (5.5) and
(5.6) of 4, 0 and d,, and get

54 262 Tl (-
Tz — 2| < e Z < 32 + 5) 52(r—1)52( 1)
r>1

54 d 5752\
a \'Te )
§3P 2e2P T <2(r—1
‘TXC o C‘ < 7 < d2 ‘l‘ﬁ) 52( 1)5 ( )
r>1

— -1
P
d 52 :

provided 85 < d,. This shows that the canonical transformation defined by T, is
analytic. Using now the conditions o > ¢/e? and d6 < d,/v/2 one easily checks that
the inequalities (5.7) hold, and moreover that % < d and @ < od, so that
Dr-2d4,0 C T\ (Dr—d,,) C Dr,, . This concludes the proof.

IN

AN

IN

We come now to the
Proof of theorem 5.2. First, we prove that T, f is analytic in Dgp_gq,,. Still applying
the procedure illustrated at the end of sect. 4, by lemma 10.3 and the definitions (5.5)
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Then, for any positive d < R and for r > 1 one has the bounds

y
2e2P 1y
< _
Noale) < (%50 +8) 5
262 g
Np_a(I,) < ( - +B> Sllz (10.16)
. 2e2P 1 g
Nr_q(hy) < ( 7 +B> @VL‘R ;
2e2P 19
Nr_q(fr) < ( 7 +5> ﬁNR(f)

Proof. Using the hypothesis on x; in the recursive formula (10.13) one immediately
has, by lemma 10.2,

Nr_a(2z)< Gy, Np_q(¢:)<T,, Ng_q(I,)<C, ,

T N (10.17)
NR—d(hT‘)S -DT‘ 3 NR—d(fT‘)S BT‘ )
with

. P - 282D < e P

- . = o 1 7—1 i = pr—1
D S 202D < = P

= — e A j—1 . _ r—1
Fl d 9 Fr sz j=1(r J + 1)6 Fr—] + T‘dﬁ 9
~ b ~ 2¢2P d . i—1 5 o r—1
Cr=5llllg.  Cr=-7 j_l(r DTG+ 5B g s (10.18)
~ b . ~ 2¢2P d . i—1 o r—17
Dl :ﬁ‘hhz 3 DT - ’I"d2 ‘ I(T_J_'_l)ﬁj Dr—j_'_ﬁﬂ |h‘R 3

.7:

- 20 . 22D - 2P
By = =N B, = — —j+ 1) 'B,_; + —p" !N :

Consider now the last of (10.18), and take r» > 3. By isolating the term j = 1 in the
sum, and replacing j by 7 + 1 in the remaining ones we obtain
2e2P -

2 '3 - o (10.19)
% Z(T‘ - j)ﬂj_lBr—l—j + 7i?ﬂr_lj\]}g(f) .

j=1

B, =
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most r operators L, ., and c, a suitable set of coefficients. Thus, from lemma 10.1 on
the repeated application of Poisson brackets, one has Ng_4(E,f) < A,, where A, can
be explicitly computed via the recursive formula (10.10) once the actual factorization of
E, is known. So, one has Nr_4(fr) < >, |ca| Aq. We look now for a recursive bound
of the latter quantity. If we assume that the actual factorization of fs = Zﬁ Egf is
known for 1 < s < r, which is obviously true for » = 2, then the definition (10.15)
immediately gives the factorization of f,. (notice that the set of indexes 3 actually
depends on s). So, in order to obtain a recursive bound, we assume that the constants
Ap are known, and that > 5 [cg| Ag < B, with known constants B, and use lemma
10.1 to evaluate a single term in the factorization of L, f,_; = ZB cgLy,;Egf. This
gives

2e2(r —j+1)

NR—d(LXjE,Bf) < J2

Nr(x;)Ap .

Here use has been made of the fact that the only relevant informations needed in
applying the recursive formula (10.10) are the number of Poisson brackets in the actual
factorization of Eg, in our case at most r — j, and the norm of x;. The contribution of
Ly, fr—j t0 Y, |cal Aq can then be estimated by simply performing the sum over the
set of indexes 3, which is a trivial task, since Ag is multiplied by a coefficient which
does not depend on 3, and gives

2e2(r —j+1
Nr_q(Ly, fr—j) < ( 7 )NR(Xj) Z sl Ag
B

< 2e2(r —j+1)

NR(Xj)BT‘—j

Finally, we perform the sum over j which appears in (10.15), and add the estimate for
Ly, f, and obtain )__ |cq| Aq < B, with B, defined by (10.14). The lemma is thus

proven.

We specialize now the contents of lemma 10.2 to the case, assumed in theorem

5.1, in which the generating sequence {x;},5; is characterized by the condition that

Nr(xi) < 51[1 ® for some real positive constants 8 and ®. We have the

Lemma 10.3: Consider the generating sequence {x;},-, the functions z, , I,,(7,§),
h(p,.’l?) and f: and the sequences {Zr}rzoa {CT}TZOJ {Ir}rzoa {h’r‘}T‘ZOJ and {fr}rzo as
in lemma 10.2. Assume moreover that there exist real positive constants 3 and ® such

that Ng(xi) < & for 1 > 1.
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fined by
1
Gy = ENR(Xl)
1
I = ENR(Xl)
1
Cr = 23 NrOx) Tl - (10.13)
1 ~
D, = ?NR(Xl)‘MR ,
2
B, = @NR(Xl)NR(f) ,
and
1
Gr = TdQ Z] r—j+1)Nr(x;)Gr—j + dNR(Xr)
7j=1

1
I, = sz Z] r—J+DNr(xj) r—j + S Nrxr)

1
Cp = rd2 Z] r =+ DNR(G)Crj + 2 N () 1 Tull g (10.14)
1
I%m@Zw%Hnwmwu+dwmmm

1=1

2e% <~ . . 2
j=1

Proof. That z, is of class Poyi2.4r, C is of class Poyi1,4r—1, I, is of class Poyyo 4p,
hy is of class Pay4a.4r4+2 and f, is of class Paria ary i easily follows from lemma 10.1
So, we concentrate on the bounds.

Writing the recursive definition (5.2) in the equivalent form

r—1 .
J
fi=Laf. fr=) j;ijfr_j + Ly f, r>1 (10.15)
Jj=1

we immediately find G1, I'1, C1, D1 and By from lemma 10.1. The same holds for the
last term in the r.h.s of the recursive definition of G,., I';., C,., D, and B,.. So, we only
need to discuss the first term in the r.h.s. of (10.14), which is the really recursive part
of such formulae. This has the same form for all the sequences, so we only consider
the sequence for B,, i.e. the last one. Looking at (10.15) one immediately sees that

fr =Y, caFEqf for asuitable set of indices «, where each E, is a composition of at
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Such inequality can be applied s times, and gives the explicit estimate

° 252
Nr_4(ns) < s2A —_Ng(¥) , 10.11
r-d(ns) < 8 111:[21d2 r(V) ( )
which holds for any s > 0. It is now immediate to check that (10.10) holds for s = 2.
To prove it for s > 3 we use induction. Write the r.h.s of (10.11) by isolating the term

[ = s in the product, and compute

2s 252
5 Nr(9) - A [ 7z Nr(0)
1=2
2(s—1) s—1 2
S 2s 2(s —1
- (s— 1) Ve A ] ( 12 = Na(i)
1=2
2se?
WNR(ﬁs)As—l

2(s—1)
Here the inequality <5f1> < e? was used. This concludes the proof of the

lemma.
We can now come back to the operator T, and prove the

Lemma 10.2: For a given generating sequence {xs},,; with x5 of class Pag12 45 01

A~

a domain Gg, and for functions z, ¢, I,,(m,§), h(p,z) and f(p,z, 7§, €) as in lemma

10.1, with ho(, ) of class Pz 2, iz(p, x) of class Py o and f(p,x,m, &, €) of class Py k on
the same domain G, the sequences {2z, },~, {¢+},50: {Ir}, 505 {BT}T205 and {fr},~,
defining the transformed functions under the operator T, have the following properties

for0<d< R andr > 1:

1. zy is of class Par42.4r , and Np_4(2,) < G, ,
ii. ¢ isofclass Poyy1ar—1, and Nrp_4(¢) <T,,
iii. I, is of class Par42.4r and Ng_4(I,) < C, (10.12)
iv. h, is of class Pori2.ar and NR_d(A,«) <D,,
V. fr is of class Poyyparyix » and Nep_q(fr) < B, .

The sequences {Gr}, <1, {I'r}, 51, {Cr}, 51, {Dr},>, and {B}, ., are recursively de-
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~

domain Ggr. Let g be any of the functions z, ¢, I,(7,§), h(p,x) and f(p,z, 7, &, ¢)

above, and consider the sequence {1}, of functions recursively defined by

Mm=9, Ns=Lyns-1. (10.7)

Then, for s > 1 one can determine three sequences {My} <, {Ns},~, and {As} o,

such that n, is of class Py, n,, and, for any positive d < R, one has the estimate
Nr_q(ns) < A, . (10.8)

The sequences {M} <, {Ns},~, and {Ag} 5, are recursively defined as follows:

1. ifg:Z, then M1:A1 s leKl s Alz ENR(’ﬂl)
1
il Hcg:C, theanzAl—l, N1:K1—1, AlzaNR(/&l)
e 1
iii. if g = 1I,,, then My = Ay, Ny = Ky, A = ﬁNR(ﬂI)HIuHR
A 1 A
1v. Ifg:h, then M1:A1 s N1:K1 s A1: ENR(ﬁlﬂh‘R
2
V. Ifg = f, then M1 = A1 -|-A— 2 s N1 = Kl -|-K s A1 = ENR(Q?I)NR(]()
(10.9)
and, for s > 2,
Ms:Ms—1+As_27 Ns:Ns—1+K87
2se> (10.10)

Ay = 2 Np(9,)As_1 .

d2

Proof. The fact that n, is of class Py, n, immediately follows from the definition
of My and N;, and from the algebraic properties enunciated in sect. 4. Moreover, for
s = 1 the inequalities (10.9) are trivial consequences of lemmas 9.4 and 9.6, taking
into account that the Poisson brackets {9, z} and {#;, (} are nothing but derivatives
of 91, and recalling that I, and h depend only on m, & and p, x respectively. So, we
fix s > 1 and d, and introduce the sequence of domains G,_,;, with d = d/s, for
0 <1 <s. We start with Np_s(n1) < s?A;, where Ay is known by (10.9) and the
factor s? has been introduced because the bound holds in the domain Gr_g4> and, for

2 <[ < s, weuse lemma 9.6 with (I — l)ci in place of d’ and d in place of d, and obtain

2
NR—IJ(m) < ENR(ﬁl)NR_(l_l)J(m—l)
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iii. f has the form I,,(m, &) = >, & (77 +&7), with 0 # 1 € R”. In such case the
transformed function will be denoted by
T I, => 1. (10.3)
r>0
This is similar to considering a function of the variables 7, ¢ only. In particular
the unperturbed Hamiltonian hg has exactly such form, with p = Q.
iv. f coincides with il(p,.’lf). In such case the transformed function will be denoted
by
Th=> h, . (10.4)
>0
This is similar to considering a function of the variables p, x only, i.e. a function
of class Py .
v. f is a generic function f(p,z,m £, ¢€) of class Py g for some K > A > 0. The
transformed function will be denoted by

Tt =S 1. (10.5)

r>0

Here, the sequences {2, },~¢, {¢r}osor {2r )50 {ilr}rzo, and {f},~ are recursively
defined as in (5.2)., i.e.

20 =2, Zp = ZZLijT_j ,
i=1"
—~j
CO - C s Cr - Z ;ijCr—j 3
1=1
L=1, ,=Y1r,,1.;, (10.6)
=1 "
T j .
= Z ;ijhur_j I}
j=1

fo=1, fr:Z%ijfr_j .
j=1

>
=)

I
>
>

3

Before coming to the estimates on the sequences {z.}.<q, {(}rsgr {Ir}rso
{ilr}rzo, and {fr},>o, we generalize the lemma 9.6 by giving the estimate for the

repeated application of the Poisson bracket.

Lemma 10.1:  Let {A;},5, and {K;},», . with K; > A; > 2, be sequences of

integers, and {9;},-, a sequence of functions, with ¥, of class Py, x, on a common
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Lemma 9.6: For two functions f of class Py x on the domain Gr and f' of class
Par i+ on the domain Ggr_g with 0 < d' < R, and for any positive d < R — d' one has

NrcaalF S} y) < d(d,1+ RN (7
Np_q— ({f f }ﬂ- g) = d(d/ n d) NR(f)NR—d'(f/) (910)
Naw-alf- 1) < g Vel N (1)

Proof. Using the form (4.9) for f and f’, compute

(U f s = Z Z gl-l-l’{f(l,m)’f/(l’,m')}pym :
A<I+m<K N <l'4+m/<K'
then, by using the definition (4.14) of the norm and lemma 9.5, one has

N-a-al{f: ) < 30 D0 |70 00,

Im I’ m'
1
- d(d’+d)§;Hf R

and the first of (9.10) follows from the definition of the norm. The second inequality is

R—d'—

R—d'

deduced by essentially the same computation, and the third one immediately follows
from the previous ones by {f, f'} = {f, f'}p.« +{f, f'}r,e. so that the lemma is proven.

10. Proof of the theorems on canonical transformations

In order to prove the theorems on canonical transformations of sect. 5 we must
estimate the application of the operator T, to a function f(p,z,m, £, ). We shall
consider the following cases.

i. f is one of the canonical coordinates p, xz. In such case we shall denote by z any
of these coordinates, and the transformation will be denoted by
Tyvz=> z . (10.1)
>0
ii. f is one of the canonical coordinates 7, £. In such case we shall denote by ( any
of these coordinates, and the transformation will be denoted by

=3¢ (10.2)

r>0
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Lemma 9.5: For two functions f € IIp on the domain Gr and f' € TIx on the
domain Gr_4 with 0 < d' < R, and for any positive d < R — d’ one has

/ 1 /
H{fvf o meHRHf lr—ar -

| - | (9.9)
H{f,f bl gy S meHRHf lr—a -

Proof. Using the form (4.7) for f and f’, compute

{f-, f/}p,w = Z {fjk7 f}'k'}p,xﬂj—i—jlgk—’—kl ;

jkj'k!

then, by the definition (4.13) of the norm and by (9.8), one has

I{f: Yol peg—a < (B—d =)™ " W fir. fbpa

jkjlkl

<W{RA§;J‘M} {R d)* %j,f,kfml,

—d

and the first of (9.9) follows from the definition of the norm. In order to prove the

second one compute
Jiky — Jlkl aiti’ k+k’
(£ e = D, fjkf,klz 7 grHr
jkji'k’

then, by the definition (4.13) of the norm, one has

6]y < R =Y S Uil

Jk;Jlkl

e Z(jlk; + ko)

R—d'—d

IN

A(R—d’ A 1Z|f'7k|R . A R d/ )Al_lz‘f;/k/

jlkl

R—d'

R (R—d)™
< mz firlg| - —a Z ‘fal"k’
! ik

R—d' | ’
jlkl

and the second of (9.9) follows from the definition of the norm. Here the inequalities
S (k) 4 k) < A (k) +j]) < AN and s(R—§)57! < RTS for 0 < § < R and

s > 1 were used. The lemma is thus proven.

Such a result is extended to functions of class Pa x by the following
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i.e. the first of (9.6); using now the trivial inequality A(R—d)A~! < RTA for0<d< R
and A > 1, one has

(R — d)A~ 1Zﬂ|fgk|R<A<R DN fikl g

7,k
_R Z|fyk‘R ’

i.e., the third of (9.6). The derivatives with respect to z and & are bounded in exactly

Haﬂ'l

Q| =

the same way, so that the lemma is proven.
Such a result is extended to functions of class Pa g by the

Lemma 9.4:  For a function f of class Pa kx on the domain Gr one has, for 0 < d <

R,
NR_d<g£l><CllNR(f), Ng_ d<§§l>S$NR(f)7 1<l<n
(9.7)
0 1 0 1
NR—d<a7{l><dNR(f), Nr_ d(agl)S ENR(f)a 1<I<vw

Proof. Using the form (4.9) for f, compute

of _ Z jaf(j,m)

el
opy A<S <K Opy

then, by the definition (4.14) of the norm and by lemma 9.3, one has

(G.m)
v (5)- 2%

opy A< <K Opy

1
=
R— A<+ <K

i

and the first of (9.7) follows. The remaining inequalities are proven in exactly the

same way. The lemma is thus proven.

Concerning the Poisson bracket, we first consider two analytic bounded functions
¢(p, ) on the domain Gg and ¢’ (p, x) on the domain Gg_4, with 0 < d’ < R. In such

case we use the bound

|§0‘R‘§0"R—d'

[{e, 80’}|R_df_d < W ; (9.8)

where 0 < d < R — d'. This is nothing but a trivial generalization of lemma 2 in the

first part of the paper.

Using such results we prove the
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Lemma 9.2: For a function f(p,z,m,§,¢) of class Py gk with 0 < A < K on the
domain Gg the transformed function f (p,x, T, £, e) under the canonical transformation

(2.8) is of class Pa k., and its norm is bounded by

Ngr(f) < 2% Ng(f) . (9.3)

Conversely, for a function g(p,x,fr,é, €) of class Pa,x on the domain Gr the trans-
formed function g(p,x, 7, &, ) under the inverse of the canonical transformation (2.8)

also is of class P i, and its norm is bounded by
Nr(g) < 2% Na(g) - (9.4)

The proof is a straightforward application of lemma 9.1, by only taking into account
the fact that f and g are polynomials of degree < K in the variables 7, ¢ and ﬁ,é

respectively.

We come now to the technical lemmas related to derivatives and Poisson brackets.
In estimating the derivatives of the coefficients in the polynomial expansions in 7, £ we
make use of Cauchy’s inequality. Precisely, for an analytic bounded function ¢(p, z)

on a domain G and for any positive d < R Cauchy’s inequality reads

%R—d§%7 ‘g—;oleSWTR- 95)
Using those inequalities we can prove the
Lemma 9.3: For a function f € II5 on the domain Gr one has, for 0 < d < R,
Z 7 ﬁ l 7 1<i<n,
I <qisie. || fnfnR .
Ham <fle. S| <qn. 1<i<

Proof. Using the form (4.7) for f, compute

Ofik .k of K
apl ija]jl ¢ o = ngk ¢

so that, by the definition (4.13) of the norm and the Cauchy’s inequality (9.5), one
has
Ifik RA
—= = S Ufiklg
J:k

(R—d)% o

H ||
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Part C — Technical sections.

9. Technical lemmas

We prove here some technical lemmas used in the paper.
First, we consider the canonical transformation (2.8) to complex variables (7', £').

The norm of a function f € I1, is changed according to the following

Lemma 9.1: For a function f(p,z,m, &) € II5 on the domain Gg the transformed
function f(p, z,7,€) under the canonical transformation (2.8) also belongs to I, and

its norm is bounded by
; A
17 <221l (9.1)

Conversely, for a function §(p, x, T, é) € IIx on the domain Gg the transformed function
g(p,z, 7, &) under the inverse of the canonical transformation (2.8) also belongs to Il

and its norm is bounded by
A-
l9llr <22 ||9llR - (9.2)

Proof. Take f = Z|j+k\=A fir(p, x)mi¢k, and perform the substitution

f=3" Mo pp,2) (7 + i€ (7 — i)

J:k
. . k
= ’|k|2_ ‘j;k‘ f TS TN Gi—s l ki k) —r ~s+rsjitki—s—r
= t ik(p, T) L . )" T & ,
jyk =1 s=0 r=0

so that f € TI,, and using the definition (4.13) of the norm one has
Al < pA o %E v Ji il Ky
W= m 2 1132 (1) 2 ()
= RAZQ%M ikl g
j.k

A
=22R") | fiklp

gk

so that (9.1) follows. The statement about the inverse transformation is proven by

essentially the same computations, and this concludes the proof of the lemma.

Such result is immediately extended to a function of class P g by the following
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and replacing E by E(p, x), as illustrated in sect. 2. The only point where the global
constant F is needed is the choice of the optimal normalization order 7qp¢ in sect. 7
(otherwise we would not obtain one and the same canonical transformation on the
whole domain Dp ,,). The proof then immediately follows.

For what concerns corollary 2.2, (2.20) follows from (7.17) by using ||I,| p_, =
lul (R —d)? = % |u| R?, and B < 2e7; (2.21) follows from (7.18) by substituting

the explicit expressions for A, d and ||1,[|,. This proves corollary 2.2.

Let’s now come to corollaries 2.3 and 2.4. By the estimate (2.21), which holds in
the domain D, g ,, one immediately gets, for [¢| < min(Tp, T)

_ _ t
(0. €(0)) ~ T (0).€/(0))] < 224 | 2 B L (5.5)
and such estimate can be made similar to (2.20) by using the inequalities A > e™ 1),
M1 < 279R2/Ey and v < |€], from which (2.22) easily follows. The first of (2.25) is
nothing but (8.5) with y = €, and the second one follows from the energy conservation,

by using

h(p'(£), 2'(£)) — h(p'(0),2(0))| < [Aha(x' (1), € (1)) — Mha(n'(0),£'(0))]
+21Z(p 27 & N+ 2 RGP 2 7 N
and using the estimates (2.19) for Z and R. This proves corollary 2.3. Next, (2.26) and
the first of (2.27) are obtained by summing up the deformation due to the canonical
transformation, which is estimated by (2.19) and (2.20), to the change above due to
the noise of the remainder; the second of (2.27) is still obtained via the conservation of

energy in the original Hamiltonian (2.16). This concludes the proof of the corollaries.
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and this is the bound to be used in evaluating the norm of Hg in (4.6), by just
computing the number of terms in the sum, which, since |j| =1 and |k| = s, does not
exceed (”"'f_l) (”"'2_1) < v**l. So, by the definition (4.14) of the norm, one has

L VR s+l
Ng(H;) < [—] F=0"'E
(Hs) ; ;
provided one takes
R 1—oglt!
=", E=—"2_4F. (8.3)
n 1—0

These general estimates of the values of & and E can be used in theorem 2.1.

Better values of these constants, mainly for what concerns the dependence on
v, can instead be found if one knows more about the perturbation f. For example,
consider the case of a diatomic gas of v identical molecules. Then f(p,z, 7, §), as
well as h(p,z), can be written as the sum of v(v — 1)/2 terms due to the interaction
between pairs of molecules. Thus F, as well as Fy, turns out to be of order »2, while
the number of terms in the sum (8.2) turns out not to exceed 25+, Moreover, since
the interaction does not depend on the momenta 7, one has K = 0, so that the values

of o and F can be replaced by

2R
o=—, E=cFw(v-1)
n

with constants n and F|; independent of v.

(8.4)

3

The proof of theorem 2.1 is now just a matter of straightforward computation.
First take ¢ = ¢ = 6, and recall that ¢ = A~'/2, so that it is natural to assume
also 6 < 1, which in turn gives 6 = 1. Then take d = R/4, so that the canonical
transformation is defined in the domain Dip e and the image of Dip,contains Dip
and is contained in D%Ryg. With these settings one computes A, = (5*_12. Finally, the
estimates for Z(p/, 2, 7', &', A) and R(p’, 2’, 7', &', A) are multiplied by A, because the
Hamiltonian was previously divided by the same factor. The inequalities (2.19) then
follow from (7.15) by just substituting the explicit expressions (7.16) for A and B and
the trivial estimate B < 22e~7, which in turn follows from the definition of d,;, and
this proves theorem 2.1.

Let us now add a few words on the very minor changes which are needed in order
to prove the local version of the theorem, namely theorem 2.1°. We just notice that
all theorems given in sects. 5 to 7 admit a local formulation, which is obtained by

simply considering domains of the form Dpg ,, (p, z) in place of the full domain Dg ,, ,
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and one has the bound

ANES
o' 7 €0) - Lm0 < Bl (32) 7 @an

*1

with B given by (7.16). Moreover, the time derivative of I, taking into account the
full system (7.14) is bounded in the domain Dg_sq4,, by

. Ae T4+1 (6, w4
. 7,616) < Aty | THL (%) ]nlunR (7.1

d2

with A defined by (7.16).

8. Connection with the main results

We show now how the results of the previous section can be applied to the models
discussed in sect. 2. Coming back to the Hamiltonian (1.1), let f(p,z, 7, &) be an
analytic function of its variables in a domain of the form Gg x An: where Gp is defined
by (2.12), and A, has the form

By ={(m &)t lmyl <02, I <" 1< < v (8.1)

Q being defined as in (2.1). Let now F = SUPg, A, f(p,z,m,&)], and consider the

power series development (4.1), which can be given the more explicit form

e =3 Y 150 w)riek

JI=tk|=s

Then, by using Cauchy’s inequality, in the domain G one has the bound
s l) F k=g
‘f] p, T ‘ < WQ 2.
Performing the transformation (2.2) we now get

10, n',€) 1 .oy €"

so that, by ignoring the power of A which does not contribute to the norm, and noting
that the factor Q= cancels out, just due to the initial choice of A, in (8.1), the
coefficient of W’jf’k is bounded in Gg by F/n*tt. Since f(5)) € TI,,;, we immediately
get

s+l
(5.0) AN
f <> F, (8-2)
BSE N
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be a resonance module, and assume
k-Q>~k|”" forkeZ¥\ M

with real constants v > 0 and 7 > 0. Consider a domain D , = Gr X Ay with A,r
defined by (2.14) and with ¢ > €/e?, and define § = max(g, €) and 6 = max(1, 7).
Then for any positive d < R/3 and for

T+1

60 < e 2 by, (7.13)

where 0,1 is defined by (7.11), one can find a real analytic, near to identity canonical
transformation (p,x,m, &) = C.(p/,2',n',¢') from Dr_34, to Dg,,, and such that
Dr-3d,0 C Cc(Dr—24,p) C DRr—a,p, which puts the Hamiltonian into the form
H(p’,l",ﬂ'/,f’,g) - hﬂ(ﬂ-’v&./) _'_52;7’(17/737/) (7 14)
+ 20, @' 7' € e) + R, 7w, € e) |

where Z(p',x', 7' &', €) is in normal form with respect to the resonance module M.

Moreover in the domain Dgr_2q4,, one has the bounds

ho(n',€') = ho(m,€)| < 2°E5*

h(p',2") — h(p,z)| < BES? <%> o
‘Z(’")(p’,x’,w’, 'e)| < 2°Es* (7.15)
30 T T+1 (04 =
N
where
A=2"2E  B= %531 : (7.16)

In fact, the condition (7.13), which follows from (7.12) by requiring ropt > 1, intro-
duces, besides the threshold d,1, an effective threshold, in the sense that above the
latter one the perturbation procedure is useless.

It is now straightforward to remove the dependence on r also from the estimate

given in corollary 7.2, thus obtaining the following

Corollary 7.4: The normalized part hqo(n', &) + €2iL(p’, Y+ Z(p, 2 7', ¢ e) of the
Hamiltonian (7.14) admits v — dim M independent prime integrals of the form (7.7),
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The existence of integrals of the form above is a classical result which follows from the
characterization of the normal form given in sect. 2. The proofs of the bound (7.9)

and of theorem 7.1 are deferred to sect. 12.

Our aim is now, in the spirit of Nekhoroshev’s theory, to remove the normalization
order r from our theory. Thus, along the lines of ref. [9], we look for an optimal
normalization order ., which minimizes the bound (7.6) on the remainder R(") .

In order to do that, we must give an explicit expression for «,.. As described in

sect. 2, we use the diophantine bound (2.11) for the small denominators, and define
a. =yr~ " (7.10)

with v > 0 and 7 > 0. Moreover, since the explicit expression (7.1) of d,, is too

complicated for an analytical optimization, we use the inequality

Vv

5 =t fhk (7.11)
= et YT 4\ 2e2E + 3(4E + Ey) + yd?0 ‘

The quantity d,; introduced here plays the role of a threshold above which no pertur-
bation procedure can be done.
By substituting these simpler expressions in (7.6), one is thus led to look for the

—\ 2r
minimum with respect to r of r(7thr (%) , and so to choose 74, as the integer

satisfying the inequality

PPN L (6 P
(2 <y, <o (2 . 12
e<66> <rpt—e<66> (7-12)

This choice is not in contrast with the condition 66 < 5*7«/\/5 of theorem 7.1, since in
(7.11) one has

*Topt
T+1

Topt

Finally, we substitute 7,p¢ everywhere in (7.10), (7.4) and (7.6) in order to completely

remove the dependence of the bounds on r. This proves the

Theorem 7.3:  Consider the Hamiltonian H (p, x, m,&.€) = Y .o Hs(p, z, 7, &, €) with
Ho(p,x,m,&,¢) = ha(m, &) + 2h(p,x), ho(r,&) = 130 y(n2 + €2), H, of class
P2s+2.2s+2 on the domain G defined by (2.12), and € a real parameter. Assume that
NR(iz) < Ey and Ng(H,) < 0°~'FE for positive o, Ey and E. With reference to the
vector € of the frequencies of hg and to the module Mg related to it, let M D Mg
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and define § = max (g, e) and § = max(1,§).
Then, for any positive d < R/3 and any integer r > 1, and for 66 < 0,,/\/2, with

1 [2e?E + 3(4F + Eo)(r — 1) + a,.d?c :
Or = — 1
4 o d? (7.1)

there exists a real analytic, near to identity canonical transformation T, from
DRr-2d,0 t0 Dr—d,p; With Ty (Dr—24,0) O DRr—3d,0, Which puts the Hamiltonian in

normal form up to order r with respect to the module M, i.e.

H(T)(p/,a?’,ﬂ'l,fl,&‘) — hQ(ﬂ",f/) + &‘Qil(p’,xl)

(7.2)
+Z0O@ 2 7 o)+ RO 2 ' € e)
and one has the bounds
\ha(n', &) — ha(n, €)| < 2°E6* (7.3)
b2y — ()| < 2E0 gt (7.4)
P, 2 o d? -
‘Z(T)(p’,a:’,wl,f’,s) < 2°F64 (7.5)
206 F s\

(r) (0! ! Y] 54

ROW, o' ¢ )| < 22 (5) . (7.6)

The theorem has the following

Corollary 7.2:  The normalized part ho(7', &) + iL(p’, 2+ Z0) (', 2! 7', € €) of the
Hamiltonian (7.2) admits v — dim M independent prime integrals of the form

v

L' €)=Y B’ + 7). (7.7)
=1

with M 1 p € RY. Moreover, if n',¢" and w, & are related by the canonical transfor-

mation T, ), for any such integral one has

2°F
a,d?

(') = Lu(m. )| < 0 1l » (7.8)

and its time derivative taking into account the full system (7.2) is bounded in the

domain Dr_s4,, by

. 2°¢?F 50 2
0| < 2285t (32) e (7.9
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Now we can state the

Theorem 6.1: Consider the Hamiltonian H(p,z,m &, e) = > .o Hs(p,z, 7, & €),
with Ho(p, x,7,&,€) = ho(m, &) +€2il(p, z), hg =11, umé&;, Hy of class Past2,2542
on the domain Gg, defined by (2.12), and ¢ a real parameter. Assume that Ng(e2h) <
Ey and Ng(H,) < v*~1F for positive v, Ey and F. With reference to the vector
Q) of the frequencies of hg and to the module Mgq related to it, let M D Mgq be a
resonance module, and {as} -, a sequence of positive constants satisfying (6.10).

Then, for any positive d < R_/2 and any integer r > 1, there exists a generating se-
quence x(") = {xi}1<1<p, with x; of class Pajy2.4; on the domain Gr_q, which brings
the Hamiltonian into its normal form H"), defined by (2.7), with respect to the module

M, and one has the estimates

/Bl_l
Nr_a(Z1) < ] F,
b (6.11)
Nr_a(xi) < 7 P,
with
oL pBELEIZD (6.12)
oy o,d?

The proof of the theorem is deferred to the technical section 11.

7. Exponential estimates on the remainder

We can now use the canonical transformation of sect. 5, with the generating
sequence of sect. 6 in order to get the normalized Hamiltonian in the form (6.1) with
the remainder in the form (6.2). So, making a transformation up to a finite order r,

we prove the following

Theorem 7.1:  Consider the Hamiltonian H(p, x, m,&,€) = Y o Hs(p, z, 7, &, ) with
Ho(p,x,m,&,¢) = ho(m &) + 2h(p,x), ho(r,&) = L3V (n2 + €2), H, of class
Pas+2,2s+2 on the domain G defined by (2.12), and € a real parameter. Assume that
NR(iAz) < Ey and Ng(H,) < 0°~'FE for positive o, Ey and E. With reference to the
vector €) of the frequencies of hq and to the module Mq related to it, let M D Mg
be a resonance module, and {as} . 4 a sequence of positive constants satisfying (6.10).
Consider a domain Dg,, = Gr X A, with A,g defined by (2.14) and with ¢ > €/e?,
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module Mgq defined by (2.10), one chooses a module M with the condition M D Mg,
and splits ¥, into
U, = Es + \ils ’ (67)

U being the resonant part of U, with respect to M, and T, the nonresonant one. So,

eq. (6.5) can be split into
Zs = Es ) LhQXS = ijs ’ (68)

and the first of these equations determines the normalized part of the Hamiltonian,
while the second one can be solved, and gives the generating sequence. In solving the
latter equation, as is well known, small denominators appear of the form k - 2 with
k € Z", but, thanks to the polynomial dependence of ¥, on the variables m, &, one
has the bound |k| < 4s. The details on the method of solution, as well as its relations

with the classes Py g, are deferred to the technical section 11.

This shows that the Hamiltonian can be formally put in normal form with re-
spect to the resonance module M up to an arbitrary order r. In order to have a
rigorous result we must produce estimates on the norms of the generating sequence
{xi1}1<;<,. Precisely, we look for constants 3 and ®, possibly dependent on r, such
that Nr_q(x1) < #@ for 1 < | < r, as required by the theorems on canonical
transformations. To this end, we make a convergence hypothesis on the Hamiltonian

H by assuming that there exist positive real constants v, Fy and F such that
Nr(e?h) < Ey,  Ng(H,) <~ 'F, s>1. (6.9)

Moreover, we need a lower bound on the small denominators which appear in the
generating function in solving eq. (6.5). To this end, let {a,} ., be a nonincreasing

sequence of positive real constants satisfying
|k - Q| > ag for k€ ZV \ M and |k| < 4s . (6.10)

The condition M D Mg ensures that none of the a;’s needs to be zero. The apparently
most natural choice would seem to be ag = ming(|k - Q|) for k € Z¥ \ M and |k| < 4s.
However, such choice can be handled in a numerical approach, but must be replaced
by a more regular function of s if explicit analytic estimates are required (see for
example ref. [10]). On the other hand, an explicit expression will be used only at the
end of our perturbative treatment, while the monotonicity property will be enough
at each step of the procedure. That’s why we prefer to leave the sequence undefined

until an explicit choice will be unavoidable.
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ZS>0 szﬁs. Assuming now that x; is of class Pasy2 44, it is an easy matter to check
that_, for s > 1, hy is of class Pag42.45 and 52ﬁs is of class Pasya.4542 C Po(sg1)42,4(s+1)-
This elementary remark is the key which allows to shift e2hy to an higher order, thus
allowing to consider the variables p, x essentially as parameters in our perturbation
scheme. Moreover, using the properties (4.11), it is also easily checked that H; ;_; is

of class Pasi2,45—21+2 € Past2.4s. Thus, eq. (6.3) gives the system

Zo = Hy
Z1 = hi + Hy
Zy=hs+e*hy 1+ Y Hyy, 2<s<r (6.4)
=1
HS(T) :hs+€2ils—l+ZHl,s—l , s>r.
=1

Here, only the second and third equations need further discussion, because they actu-
ally allow to determine all the required quantities, i.e. x1,...,X» and Z1,..., Z,.. The
fourth one just gives the explicit expression for the remainder, but contains no infor-
mation about Z(" and x("); we shall use it in determining the size of the remainder,
in sect. 12. So, we concentrate on the second and third equations.

By using the explicit expressions

s—1
l

hy = Ly, ha , hS:Z;Lxlhs_hLLxshQ, 2<s<r
=1

these equations immediately give

Lpoxs+ Zs =¥y, (6.5)
where
\Ijl — Hl 9
s—1 s
- l (6.6)
U, =e2hy y + ; Ly oot + ;Hl,s_l , 2<s<r.

These expressions can also be used to check that the assumption that x be of class
Posy2,4s for s > 1 is consistent, provided that if Wy is of class Pagi2 45, the equation
(6.5) above can be solved with x, and Z; of the same class. Moreover, H as defined
by (6.4) is of class Pas42,4s.

Eq. (6.5) is the standard one of perturbation theory, and can be solved in our
case by considering the variables p, z as parameters. The solution of such equation is a

well known topic. Given the set 2 of the frequencies of hg, and the related resonance
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for (p',x', 7', ¢') € Dp_q,p.

In virtue of such theorem the construction of the transformed function (f oT)) can
be done by an explicit algorithm, and does not involve any inversion. The proof is
deferred to sect. 10.

6. Construction of the generating sequence

We come now to the heart of our perturbative scheme, i.e. the reduction of the
Hamiltonian to normal form up to a finite order.

Starting with an Hamiltonian of the form (4.4) transformed to complex variables
via the canonical transformation (2.8), i.e. with hq(m, &) of the form (2.9) and H,
of class Pasi22s42 on a domain Gg, we look for a truncated generating sequence
) = {xi}1<;<, on a reduced domain Gr_4, with 0 < d < R/2, which puts the

Hamiltonian into the normal form up to order r,
H") (p,z,7,¢,) = ha(m, &) + h(p, z)
_'_ Z(r) (p7 'ri 7T7 57 8) _'_ R(r) (p7 x? 7[-7 57 6) 3

where

Z(T)(p,;n,ﬂ',f,&‘): Z Zs(p,a?,ﬂ',f,é‘) (6'1)
1<s<r

is the normalized part, and

RO (p.z.m &e) =D HP (px.7m. & ) (6.2)
s>r

is the unnormalized remainder. The canonical transformation is the one generated by

) will turn out to be of

the operator T, of sect. 5, and the functions x,, Zs; and HS(T
class Posy24s. Our aim is then to establish the equations needed in order to determine
the generating sequence {x;},<;<, and the normal form Z{)  and to give estimates
on the norms of y;. o

Thus, we start with the formal deduction of the equations. Denoting T,»Hs =

> >0 Hsi, we write the equation T, H = H) in the form

>N Hi=> Z,+ Y H". (6.3)
s=0

s>0 1=0 s>r

We look now for a more explicit expression by isolating the terms of the same class.
To this end we use Hy = hg + sziz, and denote Ty (nhq = > < hs and T) (sziz) =
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Then, for any positive d < R/2 and for 0 < 66 < 6,/v/2, with

2 2(1) _%
5, = <Z—2 +B) (5.6)

the canonical transformation (p,z,m,&) = T (p',2',n',¢’) defined by (5.4) analyti-
cally maps the domain Dg_g,, into Dg,, in such a way that T\ (Dr—4,p) O Dr—24,-

Moreover, for (p',z',7',¢') € Dr_4,, one has

;204 . 204®
P — < .z —a|< . 1<i<n,
d d (5.7)
) 26%D 203
im — mp|< T & — &1< ——. 1<i<w

In virtue of such theorem, the canonical transformation (5.4) is not just formal, and
moreover, thanks to (5.7), we can estimate the deformation of coordinates induced by

T,.. The proof is given in sect. 10.

Consider now the problem of applying the transformation to a function. More
precisely, let f(p,z,m, &) be a function of the coordinates (p,z,, &), and denote by
/@2, 7", &) = (foTy) (p/,a', ', &) the transformed function under the canonical
transformation (5.3). By definition it is f'(p’, 2", 7", ¢') = f(T) (P, 2,7, ¢')), and
this is an analytic function on the domain Dgr_4 , where the canonical transformation
is defined and analytic. A standard result in the theory of Lie series, namely the
exchange theorem,'? states that f’ is nothing but T, f as defined in (5.1). More

precisely, we state the following

Theorem 5.2:  Let {x;},~,, with xi(p,z, 7, &, ¢€) of class Pay2.4; on Gg and ¢ a real
parameter, be a generatiné sequence, and assume that there exist positive constants
B and ® such that Ngr(x;) < #CI). Consider a domain Dg,, = Gr X A,gr, with
canonical coordinates (p,z,m, ), where Gg has the form (2.12) and A,r the form
(2.14). Assume ¢ > e/e?, and define 6 and 0 as in (5.5). Let f(p,z,m &, ¢€) be a
function of class Py kg on the domain Ggr for some K > A > 0, and consider the
function T f =Y, fr defined as in (5.2).

Then, for any posit;ve d < R and for 0 < 66 < 6,/+/2, with 6, defined by (5.6), the
function T, f is analytic in Dr_g4, ,, and coincides there with the transformed function

of f by the canonical transformation (5.3), i.e.

(f OTX) (p/7$/77r’7£’7€) = (Txf) (plﬁx’ﬁﬂ";s’?g) : (58)
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5. Canonical transformations

We first recall how a canonical transformation can be defined by purely algebraic
methods, and avoiding any inversion. At a formal level, as in ref. [11], we consider
a generating sequence {x;},5; with x; of class Paj12 4 on a domain Gr. The choice
that x; be of class Paj12 4 ig adapted to our case: we do not look for a more general
characterization. Let’s also introduce the operator L, by L, = {g,-}. Then, for any
function f of class Py x we define the transformed function T f as a series of the
form

T.f = Zfr ; (5.1)
>0

where the sequence {f,},, is recursively defined by

fOZf: fr:Z£Lxlfr—l . (52)

=1
The operator T, so defined turns out to be linear and invertible, and to pre-
serve products and Poisson brackets. So, considering T as acting on the canonical

coordinates, we can define a formal canonical transformation T, on the domain Dg,

i.e.
(p','T', ﬂ-';é-) = Tx(p,,l‘l,ﬂ'l,fl) . (53)
by
pl:Tp", 'Tl:T'CLJ7 ]_Slén,
X1l X1 (54)
m=Tm , &=T)¢ , 1<i<v.

Such a transformation is near the identity, in the sense that the change of coordinates
is of the order O(g). These formal properties can be directly checked, as was done in

ref. [11], so the proof is omitted.

Coming now to rigorous results, we first consider the coordinate transformation

(5.3). We have the

Theorem 5.1: Let {Xl}lgp with x;(p, z, 7, &, €) of class Pai12,41 on G and € a real
parameter, be a generating sequence, and assume that there exist positive constants
B and ® such that Ng(x;) < #@. Consider a domain Dgr,, = Gr X A,gr, with
canonical coordinates (p,z,m, ), where Gg has the form (2.12) and A,r the form
(2.14). Assume o > ¢/e?, and define

§ = max(e, 0) , 0= max(1,9). (5.5)



Realization of holonomic constraints. .., part Il 19

Then we introduce the norm for f

A
Il = B> 1 fiklg (4.13)
3.k
the factor R?, which is also suggested by dimensional reasons, will turn out to be very
relevant in simplifying the estimates.
Coming now to a function f of class Py g, and recalling the form (4.9) or (4.10)

for f, we introduce the norm

Ne(f)= >, %™z, (4.14)
A<I+m<K
or, equivalently,
Nr(f) = Z R‘j|+‘k‘|f;2|3 _

A<I+|j|+|k|<K

The choice of the norms made above allows us to conveniently bound derivatives

and Poisson brackets. The technical estimates are deferred to sect. 9.

We finally consider a function of the form

f(p,a:,ﬂ,f,s)=Zfs(p,;c,7r,§,€) (4.15)

5>0
with fs of class Px, k., on a domain Gg, for given sequences {As} ., and {K} o,
of nonnegative integers A; < K,. In order to investigate the conve;gence of such a
series, we consider fs(p, z,m §,¢), for s > 0, as defined on the domain Dg , defined
by (2.15), and look for values e, and p. such that the series (4.15) converges for
€ < &, and p < g,. Such procedure obviously depends on the sequences {A;},-, and

{Ks},~q, as well as on the norms Ng(fs). Precisely, by introducing the parameters
§ = max(e, ) , 0= max(l,0) (4.16)

one easily sees, using the form (4.9) for f,, that for (p,z,7,&) € Dgr, one has the
bound

~(Ks—A,
fulpa,m g0 <M T NR (L) (4.17)
The problem of the convergence of (4.15) is thus reduced to that of the convergence

of the series > <, 5A53(KS_AS)NR(fS). The actual application of such method will be

done below, when needed.
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the maximal degree, i.e. the second index, will allow to work at each step of the
perturbative procedure with polynomials of finite order.
It is now an easy matter to check that for two functions f of class Py x and f’

of class Pas g+ one has the following properties:

0 0
i. 8—1{; , 8—551 is of class P i ;
0 0
il. 3—7{1 , a—é is of class Pa—1 k-1 ;
iii. f+f is of class Prin(a, A7), max(K,K")
(4.11)
iv. f-f" isof class Payar k4K ;
V. {f, 1"}, isofclass Payar wik
vi. {f, fl}m& is of class Parar—2 k1K' -2 ;
Vvii. {f, f'} isof class Payn—2 k1K' -

Notice that all of these properties but the last one have a correspondent property in the
framework of the spaces IT. It is just the property vii. that makes the characterization
by the classes Pp g more suitable for our perturbative scheme.

With such a formal algebraic framework the Hamiltonian (4.4) is characterized
by the fact that hq(m, ) and 82iz(p, x) are of class Py o, while Hy is of class Pagy2 2542
for s > 1.

To complete the formal algebraic framework we must consider an equation of the
form Ly, f = g, where g is a known function of class Pp g for some A and K. A
classical result, recalled in sect. 11, is that such equation can be solved if g satisfies
suitable conditions depending on the frequencies €2, and that in such case the solution

[ is of class Py k.

Within the above algebraic framework, the perturbation theory can be formally
developed. In order to make it rigorous, we must introduce norms for functions and

some technical inequalities.

Consider first a function f € I of the form (4.7). As the coefficients f;x(p, z)
are analytic functions of (p,z) in a domain Gg, defined by (2.12), with positive R, we

bound them by the usual supremum norm

fiklg = sup  [fir(p,w)| (4.12)
(p,z)EGR
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properties:
: of of
. — eIl —— e 1l, ;
N of of
. —— €Illa_y, == €llp_q1;
ii 87”6 A—1 0&6 A—1 3
iii. if A=A, then f+ f €1Ily ; (4.8)

iv.  f-f €Magar;
V. {f? f’}p}x E HA+AI ;
vi. {f, f,}ﬂyﬁ € HA-|—A’—2 .

Here, {-, -}, and {:,-}r ¢ denote the Poisson bracket restricted to the p,z and ¢
variables respectively, so that {-,-} = {-,-}p.« + {-,-}x¢. The properties v. and vi.
in particular show that, due to the inhomogeneity of the Poisson bracket between
homogeneous functions, the spaces I, are not suitable for the development of our
perturbation scheme, and that we need a weaker algebraic characterization, where sets
of nonhomogeneous functions are considered. Moreover, in the latter characterization
we also want to make reference to the order in e; so, we introduce the classes of
functions Py g, with K > A > 0 defined as follows: a function f(p,z,m, &, ¢) is said
to be of class Py g if it can be written in the form

fpomée)= > fPm(pa, T8 (4.9)

I,m>0
A<Ll+m<K

with f(t™) e 11,,; equivalently one can write

fpemée)= > flmane (4.10)
ALI+H|j|+k|I<K
Notice in particular that if A < A’ and K > K’ then Py x D Par k', and that the
class Py, contains functions of the variables p, z only.

Let us give some motivations. As explained above, our aim is to develop our
perturbation scheme by considering ¢ as a small parameter and 7, confined to a
polydisk of radius pR, with o of the same order of . So, it is natural to consider
functions of a definite order with respect to m, &, . However, for reasons which will be
evident below, we cannot have complete homogeneity in 7, &, ¢; that is why we allow
the class Pa i to contain functions which are non homogeneous polynomials in 7, , €,
at the same time keeping track of the minimal and maximal degree. The minimal
degree, i.e. the first index, will work as a perturbation order in reordering the series

arising from the perturbative algorithm, as was done above for the Hamiltonian, while
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using f(p,z, 7, &) of the form (4.2), can be written as

L

Hy(p,z,m, & e) = e 2 fb(p,a, Q1 2m, Q712 (4.6)
=0

Such a reordering of the power series development of f(p,x, 7, §) requires some ad-
ditional comment. In order to apply the methods of perturbation theory we must
choose one or more perturbative parameters. On the other hand, we cannot simply
identify such parameter with €, because in the power series expansion of f(p,x,7,§)
one finds terms which are of the same order of 2h. So, as was already done in the first
part of this paper, we consider the variables 7, ¢ confined to a polydisk whose radius
is of the same order of £ This means that, besides €, we can use as a perturbative
parameter also the size of the domain of the m, ¢ variables. The reordering above then
corresponds to considering Hg(p, x, 7, &, ) as an homogeneous polynomial of degree
25 + 2 in ¢, 7, ¢, due to the fact that f(**) is an homogeneous polynomial of degree [

in 7 and of degree s in £.

The algebraic framework we are going to build takes into account such remarks.
Moreover, from now on we shall assume L < 2, so that negative powers of € do not

appear in the expression (4.6) of H,.

Starting with a formal viewpoint, we first introduce the spaces IIp of the ho-
mogeneous polynomials of degree A in the canonical variables (m,&) € C2?”, whose
coefficients are analytic bounded functions of (p, z) € Ggr (and independent of €), with
Gr defined by (2.12). A function f € II5 can be represented as

fpz,m= > filpx)rith, (4.7)

71+1k|=A

where 7/ ¢F = 7r{1 . .7rZV§f1 ...&% 5, and k; being nonnegative integers for 1 <[ < v,

and |j| = [j1] + ...+ |ju|. and similarly for |k|.

It is an easy matter to check that, for f € IIp and f’ € I/, one has the following
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Part B — The perturbation scheme.

4. The algebraic framework

In order to apply the apparatus of classical perturbation theory, along the lines
of refs. [11] and [9], we need to build an algebraic framework compatible with the
operations required by our perturbative algorithm.

To this end, we first use the fact that we are interested in a neighbourhood of the
origin of the m, ¢ variables, where we can perform a power series development of the

perturbation f(p,z,m, &) in the Hamiltonian (1.1), thus obtaining

L
fpa,m)=> > f“pam8), (4.1)

s>11=0
where f:5)(p, 2, 7, ¢) is an homogeneous polynomial of degree [ in © and of degree s
in ¢, whose coefficients are analytic functions of (p,z) in the domain G. Here, use has
been made of the fact that f(p,z,m, &) is assumed to vanish for { = 0 and to be a
polynomial of finite order L in the 7 variables.

Next, we perform the canonical transformation (2.2), thus transforming hq(m, €)

to the form (2.3) and f(p,z,m, &) as in (2.4), or, more explicitly, to the form

L
Flpa, ' &) =3 O (px, AQ)V2r, ()73 (4.2)

s>11=0

Divide now the whole Hamiltonian by A, which corresponds to a rescaling of the time

variable, and denote

e=\"12, (4.3)

then the Hamiltonian takes the form, omitting the primes,

H(p,.’l?,ﬂ',f,&‘):ZHS(]?,.I‘,W,&.,E), (44)
§>0
where

Ho(p,l',ﬂ',f,g) = hQ(ﬂ.7£) + gzil(p‘;x)

v 4.5
ho(rm )= 2301 (2 €) o
=1

and H,, for s > 1, is a nonhomogeneous polynomial of degree s + L in m,& which,
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local estimates of theorem 2.1’ the canonical transformation reduces to the identity
(i.e. w(t) —n'(t) — 0 and &(t) — &'(t) — 0 as t — +oco). This means that we have

proven the following

Corollary 3.1:  Consider the Hamiltonian system (1.3), describing the interaction
of two diatomic molecules; assume that the interaction potential decays sufficiently
rapidly as |zs — 1| — oo, as discussed above, and let the two molecules have a
collision, which satisfies the above assumptions i. and ii. Then there exists a constant
Vo independent of A\, such that one has

lim sup |ho(w(t), £(1)) = ha(m(~1),&(~1)| < A~le” =Ty .

t— o0
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Let us now consider the problem of the relaxation times in a polyatomic gas,
and discuss in particular the Hamiltonian system (1.3). In this case €2 is completely
resonant, so that, as commented in sect. 2, one can take 7 = 0 and v = 4, while on
the other hand one must take M = Mg and p parallel to €. Taking p = €24, so that
I, = hq and |pu| = vy = 2€4, one can use theorem 2.1 and estimate

‘iLQ(ﬂ'/,f’) < 2116391)\_16_%E(p,.’17) .

We now assume that the interaction potential between the two molecules decays
with the distance 7 = |ro — 1| more rapidly than r~!; this means that for large r,
say for r > rq, there exists a function V (r) such that E is bounded by E(p,z) < V(r)

and the integral f:;o V (r)dr converges to a constant, Vj say.

3

We then assume that the two molecules have a collision, precisely that

i. for t = 400 one has r(t) — oo;

ii. there exists a finite time Ty and a positive constant wg, such that 7(¢) < —wq for
all t < =Ty and 7(t) > wq for all ¢ > Ty (this means essentially that the collision
time is bounded). One can always take T such that r(+£T) > 7.

It could be seen that if one makes the assumptions i. and ii. for a model of
perfectly rigid molecules, i.e. for a model described by the Hamiltonian H(p,z) =
lAz(p,a:) = %(p% + p2) + V(x1,79,0,0), then the same assumptions are automatically
satisfied also for the Hamiltonian (1.3), if A is sufficiently large.

From the above assumptions one gets immediately

limsup [ha (' (1), €' (1)) — ha(r'(~0),€'(~0))

+oo
gzﬂemlxle—%/ B(p(t), o(t)dt

— 0

and the integral clearly converges: indeed one has
oo -To +To oo
| Bew.seas [ Ve [ Bew.emas [ Voo
— 00 —0Q —TO TO

and both the first and the third integrals are bounded by wg ' [V (r(t))dt < wy 'V,
while the second one is clearly finite. Denoting by Vo the sum of the three integrals,
multiplied by 2'1e3Q);, one gets finally
lim sup [ho (' (1), €' (1)) — ha(x' (=), €' (=) < A~'e™ 3V .
t—o00

Now, in the l.h.s. of this inequality one can clearly drop the primes: indeed, in

the above assumptions, one has E(p(t), 2(t)) — 0 for ¢ — 400, and, in virtue of the

’
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The proofs of the corollaries are deferred to sect. 8.

3. Physical application

Before entering the perturbation scheme, let us briefly discuss the application to
the physical systems discussed in the introduction, namely a constrained system with
nonresonant frequencies, and a statistical model of a diatomic gas.

Consider first the case of a constrained system. In a practical application we are
interested in real values of the p, x, 7, £ variables in a domain G x B, as discussed in the
introduction. In particular we are interested in systems for which the energy surfaces
iz(p,:c) — & have a compact component for, say, & < Ey. Assume now that these
energy surfaces are contained in the complex domain G1 p, defined by (2.12), and take

1/2

real initial data (pg, 2o, 70, &o) € Dig,p: still with o = A7/, Assume moreover that

the harmonic frequencies are nonresonant, and that the usual diophantine condition
k-wl >y k7"

holds with real constants v > 0 and 7 > n — 1, so that the normalized system admits
v approximate prime integrals I; = 1 (p + 27), 1 <1 < v. Then a sufficient condition
to guarantee a small energy exchange among the subsystems described by iL(p, x) and
hq(m, &) is that the initial datum satisfies the condition

il(po,l’o) S EO - 28)\_1E

1 1 __(A\7T
—_ — _e —_—

8 4 A
(notice that the second bound is certainly positive, since A > e7T1),). Indeed, corol-
lary 2.4 states that for [t| < T one has |h(p(t), z(t))| < Eo and I;(r(t),£(t)) < 1A~'R?,

so that (p(t),z(t),7(t),£(t)) € Dig,. This in turn implies, by theorem 2.1, that the
transformed point (p'(t), z'(t), 7' (t),&'(t)) belongs to Dip ,, so that the escape time

(3.1)

Ij(mo, &o) < AT'R?, 1<i<v

Ty from the latter domain actually exceeds T', and the energy sharing, according to
the definition of T" in corollary 2.4, takes an exponentially large time. In such case the
constant A, according to its definition (2.17) and the estimated values of o and E in
sect. 8, turns out to be proportional to some positive power of v, and the exponent a
in (1.4) turns out to be of order 1/v.
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(2.18), the time derivative of I,,(n',¢') is bounded in Dyp , by
1
T+1 [/ X\ H
- <A—> ] . (2.21)

An easy consequence of theorem 2.1 is that one can estimate the change in time

L0 2 ' €N < 20T H3A"1 4] B exp

of the approximate integrals I,,(m, £). In particular we are interested in orbits starting
from initial data (m,&n) € G x R” with (7, &) close enough to the origin of RY.
Denoting by (p(t),z(t),n(t),£(t)) such an orbit, and by (p'(t),z'(t),n'(t),&'(t)) the

transformed orbit under the canonical transformation Cy, we can prove the following

Corollary 2.3:  For an orbit of the Hamiltonian system (2.16) with the initial datum
(po, o) € G and real (my, &) € A%QR, with o = A='/2, one has the bound

il

1, (1),€(8)) — Lu(w'(0).€(0))] < 277 || 2=\~ <7> o

= 2.22
2 (222

for
it = min(Tp, T) , (2.23)

where Ty is the (possibly infinite) escape time of (p'(t),z'(t),7'(t),£'(t)) from Dyip ,,

and 1
T+1 [ A\t
— . 2.24
= (x) ] (2:24)
Moreover, if M = Mg, one has over the same time interval the bound
|ha (' (), €' (t) — ha(n'(0),£'(0)| < 2°A72F
B (), 2 () — h(p' (0), 2'(0))] < 2°A7'E .

T =24 Q ' A lexp

(2.25)

Analogous results hold for the same functions of the original variables. One has

in this connection the following

Corollary 2.4: For the same orbit of corollary 2.3 over the same time interval one
has the bound

B (0),€00) = Fu(m(0), 60) | < 2% | A~ (%) RRRLDRCEY

Moreover, if M = Mgq one has
|ho(n(t),£(1) — ha(m(0),£(0))] < 2°A7°E

) ) 2.27
h(p(t), z(t)) = h(p(0),2(0))] < 2°A7'E . (220
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The proof is deferred to sect. 8, where an indication is also given on how to compute

the constants F and o. According to such indication, a possible choice is ¢ = QL and

3 *
E = 11_—% O-Sup'DR,Q,k ‘f(p,l‘,ﬂ',f)‘.

In some applications, in particular in dealing with colliding molecules, the esti-
mates (2.19) involving the “global” constant E turn out to be slightly rough, because
they do not exploit the possibility that in some regions of phase space (say when the
molecules are far apart) the coupling term f(p,z, 7, ¢) in the Hamiltonian (2.16) be
negligible. One then needs a more detailed, so to say “local”, version of the above
estimates, obtained by replacing in the r.h.s. of (2.19) the constant E by a convenient
function E‘(p, x). In fact, one can prove the following theorem, which will be used in

discussing the collision of molecules in sect. 3.

Theorem 2.1': In the same assumptions of theorem 2.1, there exists a function
E‘(p,:c), (p,x) € G, with 0 < E(p,:v) < E, such that the same conclusions of that
theorem hold, with E(p,:v) in place of E everywhere in the inequalities (2.19). A

possible choice of E is

N 1—03

E(p,z) =

o Sup ‘f(p/';'/l/?ﬂ.?é-)‘ bl
1 -0 DR,Q* (pzm)

with Dg ,. (p,x) = Dr(p,x) X Ay, r, and Dg(p, z) defined by (2.13).

The proof of this local version of the theorem requires very minor changes with
respect to the proof of theorem 2.1, and will be sketched in sect. 8. Essentially, the
local formulation is possible because canonical transformations are themselves locally
defined.

The theorem 2.1 has the following

Corollary 2.2:  The normalized part Ahg (', €') + h(p', ') + Z(p', &', @', €, \) of the
Hamiltonian (2.18) admits v—dim M independent prime integrals of the form I,,(r’,¢")
1 %(w’?-l—f’?), with pp € RY and p L M. If ', ¢ and ©, € are related by the canon-

ical transformation Cy, then one has the bound

1
i (AT L E
L) - Ln ol < 2ema (3) 7 R (2.20)

with |u| = Y°,_, |m|. Moreover, if one takes into account the whole Hamiltonian
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and introducing the complex domain
DR’Q = QR X AQR . (2.15)

The value of p must be chosen in such a way that the Hamiltonian is convergent in
Drg,p-
We can now state the main theorem of this paper, which is proven in Part B in a

more general and mathematically more natural form.

Theorem 2.1: Consider the Hamiltonian

H(p,z,m, & \) = Aha(m, ) + h(p, z) + %fx(p,-r, m, ) (2.16)

with ho(m, &) of the form (2.6) and fy a polynomial in © of order L < 2. Assume that
H is analytic in the interior of a domain Dg ,, defined by (2.15), with positive g, and
bounded in Dg,,, and denote Eq = sup(,, ,)egn \h(p, z)|. With reference to the vector
Q) of the frequencies of hg and to the module Mgq related to it, let M > Mgq be a
resonance module, and assume the nonresonance condition (2.11) with real constants
v>0and 7 > 0.

Then there exist positive constants E and o, depending on p,, on v and on the

perturbation fy, such that for any A > e™t1\,, with

Ay = 72—; 2¢°E + 3(4F + Eq) + i'yRQU : (2.17)
and for p = min(A~1/2,p,) there exists a real analytic, near to identity canonical
transformation Cx from D, , to Dzp ,, with Cx(Dyg ,) D Dig ,, which puts the
Hamiltonian into the form

H' Y,z 7', &%) = Mq(r', &) + h(p/,2") 218
+Zp, 2,7 &N+ R 2 7 €N

where Z(p',x', 7', &', X) is in normal form with respect to the resonance module M.

Moreover, for (p’,x', 7', &) € Dig,, one has the bounds

ho(r', &) — ha(r, €)| < 2°A7%E

~ ~ )\* TF1
(s 2') — b, )] < 22e~7A~] (—) E

2.19
‘Z(p’,x’,ﬂl,fl, )\)| < 25>\_1E ( )

Ax
RO € 0] < 20 (3
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As is typical in perturbation theory, we shall use the bound
k-Q|>~|k|”" for ke ZV\ M (2.11)

with real constants v > 0 and 7 > 0. In particular we shall consider the two extreme
cases of nonresonance, i.e. k- = 0 implies £ = 0, and of complete resonance with
equal positive frequencies Q1 = ... = ,. In the first case one has Mg = {0}, so that
any M can be used; as is well known, even for M = Mq = {0}, which gives the most
stringent normal form, the condition (2.11) is satisfied, for 7 > v —1, by a set of 2’s of
large measure if 7 is small enough. In the latter case Mg is (v — 1)—dimensional, and
we are forced to take M = Mg; concerning v and 7, we can take vy = 2; and 7 = 0.
Notice that in this latter case the expression |k - Q| either vanishes, if k € Mg, or is
a multiple of €1, so that there are no small denominators at all. As will be shown in
sect. 7, this elementary remark lies at the very heart of the r—independence of the
exponent ¢ in (1.4).

In order to use the standard methods of perturbation theory, in particular the
Cauchy’s estimates for the derivatives of analytic functions, we must consider a com-
plex domain Gg, defined as the union of polydisks centered on every point of G. More

precisely, we define

Gn= | Dalpa). (212
(p,x)€g
where
Dr(p.z)={(p.,2") € C* i |p,—p}| < R,|zy — x| <R, 1<1<n} . (2.13)

Here, for the sake of simplicity, the (p, x) variables are assumed to be dimensionally
homogeneous, as the variables (m, &) are (all of them being square roots of actions).
The extension to the case of dimensionally nonhomogeneous variables is just a trivial
technical fact. For what concerns the variables 7, £, we make a power series expansion
of the perturbation fy(p, z, 7, {) in the neighbourhood of the origin, and the coefficients
of such expansion can be assumed to be analytic functions of p, 2 in the interior of the
domain G and bounded in Ggr. The natural domain of definition of the Hamiltonian
H(p,x,m, &, \) defined by (2.5), as well as of the normal form (2.7), can then be built
up by considering the variables 7, ¢ confined, for a given dimensionless parameter

0 > 0, in the polydisk A, of radius gR around the origin of C?”, i.e.

AQR = {(71-75) € Czu : ‘7Tl| < QR, |£l| < Qva < ! < V} ’ (214)
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in the form f = £f, and consequently the transformation (2.2) gives a factor A=/,
moreover, we shall consider the new variables 7/, ¢’ confined in a neighbourhood of
the origin of size A~1/2, so that the perturbation turns out to be of size A1,
According to the usual procedure in perturbation theory we try now to put the
Hamiltonian (2.5) in normal form, i.e. we look for a near to identity canonical trans-

formation (p,z,7,&) = Cx(p', 2', 7', "), which puts the Hamiltonian in the form
H’(p',:c', ﬂ"-,f’, )\) — )\hQ(ﬂ",f/) + iL(p’,l”)

(2.7)
+ Z(p/7 xli T‘-’? 5/7 A) _'_ R(p/7 xli T‘-’? 5/7 A) 3

where Z is the normalized part, and R is a small unnormalized remainder (noise).
Since the variables p, z must be essentially considered as parameters, we define
the normal form with respect to the variables 7, & only. Precisely, we introduce the

usual linear canonical transformation to complex variables ﬁ,é defined by

L /. - L. .
"= (7 +id1) El—ﬁ<m—ifl) , (1<i<w), (2.8)
which puts the unperturbed Hamiltonian hq(, ) into the form
ho(7,€) =iy umd (2.9)
=1

while iz(p, x) is unchanged. Moreover, with reference to the vector 2 of the harmonic

frequencies of hq (7, ), we introduce the resonance module Mg defined by
Mo={keZ’ k-Q=0} . (2.10)

Then, by considering a (possibly larger) module M > Mg, Z is said to be in normal
form with respect to M in case the power expansion of Z in the complex variables
ﬁ,g contains only monomials ﬁjgk such that j — k € M.

In fact, for our problem of giving a bound on the energy exchange between h,,
and iL, we are mainly interested in the case M = Mg, because in this case, as is im-
mediately checked, the Poisson bracket {hg, Z} vanishes, and consequently hq (7', ¢’)
turns out to be a constant of motion, up to the small noise due to R. However, it is
more natural in perturbation theory to take M possibly larger than Mg, so we will
present our main result in this slightly more general case, and deduce from it some
corollaries adapted to the case M = Mgq.

As is well known, in performing the normalization procedure with reference to
the module M, there appear small denominators of the form & - Q, with k € Z" \ M.
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Part A — Results.

2. Statement of the results

We start with the Hamiltonian (1.1) with h, given by (1.2), and assume both
iz(p, z) and f(p,z,m, &) to be analytic functions of the canonical variables (p, z, 7, &) €
G x B, where G C R?" is a bounded domain (it can be thought of as the natural domain
of definition of il, say a domain inside a compact energy surface), and B C R*
is a suitable neighbourhood of the origin of R?”, to be specified later. Moreover,
f(p,z,m, &) is assumed to vanish for £ = 0, and to be a polynomial of finite order L
in 7. In the following, we shall assume L = 2, which covers all the cases of physical
interest illustrated in the introduction, and at the same time simplifies the task of
building an adapted algebraic framework, as will be done in sect. 4.

Introduce now the dimensionless parameter A by setting
w= A2, (2.1)

where Q = (Qq,...,Q,) is a fixed set of frequencies (for example chosen of the same
order of the inverse of a typical time scale of iz), and perform the usual canonical

change of variables
&=0Q) %, m=0Q)?, 1<I<v, (2.2)

which transforms h,, into
A — 2 2
(€)= 53 (n +67) (2.3)
1=1

while f(p,z, 7, §) is transformed into

f'p,z. 7' &) = f(p,x, MY, (AQ)~Y2¢') . (2.4)

Then the Hamiltonian takes the form, omitting primes,

H(p,2,m, 6 X) = Mia(m, ) + h(p, 2) + 3 fr(0,,7,€) (2.5

where ,
ha(m€) = 5 S0 (nf + 7). (26)

=1

The factor % in front of fy recalls the fact that the perturbation is of order A~!, and

is explained as follows: by hypothesis f vanishes for & = 0, so that it can be written
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of refs. [11], [9] and [10]. However, due to the peculiarities of the model, such a
scheme must be adapted in several nontrivial points, and for this reason we give here

all estimates in detail.

The paper is organized in three parts as follows. In Part A (sects. 2 and 3)
the general results and the application to physical systems are discussed in synthetic
form, without details on the proofs. In particular, sect. 3 contains a discussion on
the relevance of our results in the thermodynamic limit. The rest of the paper is
devoted to the development of the perturbative scheme; we try to make reading easier
by separating the general scheme (Part B, sects. 4 to 8) from technical lemmas and
proofs (Part C, sects. 9 to 12). For what concerns Part B, first the perturbation
procedure is explained in sections 4 to 7 in a slightly more general framework than
that of sect. 2. More precisely, in sect. 4 we give the Hamiltonian a suitable form and
build up an algebraic framework adapted to our problem; in sect. 5 we illustrate an
algebraic approach to canonical transformations and give the necessary estimates; in
sect. 6 we produce the generating sequence of the canonical transformation which puts
the Hamiltonian in suitable normal form; in sect. 7 the canonical transformation is
used and the exponential estimates on the remainder are obtained. The theorems of
sect. 7 can be considered as the main general results of the paper, and could be applied
to several models. Then, in sect. 8 such results are applied to the models discussed
above, and the results claimed in Part A are proven. The remaining part of the paper,

namely Part C, is devoted to the detailed proofs of all theorems of sections 4 to 7.

Part of this work was done when two of the authors (G.B and A.G.) were guests
of the Institute of Theoretical Physics of ETH, Ziirich. We are grateful to Professor
J. Frohlich for his kind invitation.



4 G. Benettin, L. Galgani and A. Giorgilli

during a collision is estimated by
AE < tWoe M (1.5)

where 7 is the collision time. So, if one accepts that only the few body colli-
sions are relevant in reaching the statistical equilibrium (as usual in discussing
the Boltzmann equation), one has a freezing of the internal vibrational degrees
of freedom of the molecules for times of the order e*/*+, as suggested by Boltz-
mann and Jeans; this is quite relevant for the dynamical foundations of classical
statistical mechanics.

ii. In the problem of realization of constraints the energy exchange between the
motion along the constraints and the transversal vibrations is negligible up to a

time of order e(*/A«)”

From a technical point of view, this part IT is substantially different and more
complicated than part I. In particular, in order to have an effective control on the v—
dependence of the constants, in particular of a, the relevance of which was illustrated
above, one needs a careful choice of the algebraic characterization of the problem and
generically of all the ingredients of classical perturbation theory.

The most apparent technical difference is that here we work directly in cartesian
coordinates 7, ¢ instead of using action—angle variables, I, ¢ say, as is customary in
perturbation theory, and as was done in part I. The reason is that the action—angle
variables have a singular point for I = 0, and this requires to work within domains
excluding such points. This is not a serious difficulty if ¥ = 1, and even in the general
case v > 1, provided the frequencies w are strongly nonresonant, because in such cases
one can bound the motion away from I = 0. However, the difficulty becomes serious
when resonance relations exist between the w’s, because in the latter case the point
I = 0 cannot be excluded by dynamical considerations. On the other hand, this is
obviously not an intrinsic difficulty, being just due to the choice of the coordinates.
Taking instead into account the fact that we are interested in initial data for the
variables 7, ¢ in a neighbourhood of the origin, the problem looks more similar to that
of a system of harmonic oscillators, with a polynomial or analytic perturbation, at
least if we can consider the variables p, x, in some sense, as parameters, as we shall
do. In fact, we develop our perturbative scheme having in mind the formal results of
Whittaker,[8] Cherry!”l and Birkhoff,!®] and just add rigorous estimates along the lines
of refs. [9] and [10].

The perturbation scheme developed in this paper is strongly reminiscent of that
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the system we propose to keep in mind is a point mass confined to a closed curve
in space, for example a circle of radius R in the z,y plane. Using cylindrical
coordinates r = R+ &1, 9 =z, 2 = &3, one has

p2

(r+&1)?

where V is the external potential, while ki, ko are large elastic constants, say

1

) n % (k&2 + ka82) + V(@, £1,6s)

ki = \2K;, i = 1,2, providing in the limit A — oc the required confinement.
Here too one easily gets the above form (1.1), by putting h = % + V(z,0,0),

f=V(x,&,&)—V(x,0,0)+ 2m(%2—|—§)2 - 277’;2}22, and introducing as above a trivial

rescaling of the 7, & coordinates.

While in part I we were dealing, by a rather simple direct technique, with the
particular case v = 1 (collision of one molecule with a wall; realization of just one
constraint, as for example in a spherical pendulum), in the present part IT we deal
instead with the much more difficult general case v > 1.

Roughly speaking, denoting by W the rate of the energy transfer between the two

subsystems, we look for Nekhoroshev’s like exponential estimates!? of the type
W < W,e”A/X)" (1.4)

with explicit expressions for the constants W,, A, and a, which in general turn out to
be dependent on v, as typical of perturbation theory.

However, in the very relevant case of identical frequencies (collision of identical
molecules), for the constant a, which is clearly the most relevant one in asymptotic
estimates, we find @ = 1 for any v. This is exactly the value conjectured by Jeans
already in the year 190313, later independently proposed, for example by Landau and
Rapp!¥, on the basis of heuristic considerations; for a numerical study oriented to the
above problem i., also giving a = 1, see ref. [5]. On the other hand, the value obtained
by just adapting the common perturbation techniques would be 1/v2 or 1/v (this fact
led some authors to conclude that such a kind of results are irrelevant for statistical
mechanics). One might point out, in this connection, the curious fact that the proof of
the independence of the quantity a from the number of degrees of freedom is obtained
by suitably exploiting resonance; indeed, according to a kind of folklore, resonance
is often considered to be responsible for the pretended failure of the freezing of the
energy exchanges in the thermodynamic limit.

From (1.4) we get two consequences:

i. In the problem of a collision of v identical molecules, the energy exchange AFE
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1. Introduction

As in the first part of this paper!!! we consider a Hamiltonian system of the form

H(p,.’lﬁ',ﬂ',f):hw(ﬁ,f)—Fil(pll‘)—|—f(p,.I‘,7T,§) ) (11)
here hy, (7, €), with (7,&) = (71, ..., 7, &1, ..., &) € R?, is the Hamiltonian of a set
of v uncoupled harmonic oscillators of angular frequency w = (wy,...,w,), i.e.

1 14
hw:gZ(le‘l'wlzle) ) (1.2)

=1

while iz(p, r), with (p,2) = (p1,. .., Pn, 1, ..., Ty) € G C R2", represents any dynam-
ical system with n degrees of freedom, defined on a domain G, and f(p,z, 7, &) is a
coupling term which is assumed to vanish for £ = 0. We are interested in the case of
large w’s, say w = AQ, with some fixed Q = (Q4,...,Q,) € R” and large A. Our aim
is to study the rate of the energy exchange between the two subsystems described by
the Hamiltonians h, (7, ) and il(p,l‘), due to the coupling term f(p,x,w,§); notice
that the Hamiltonian (1.1) is not in general a perturbation of an integrable system.

A Hamiltonian like (1.1) naturally appears in at least two typical problems in
classical physics:

i. The relaxation times in statistical mechanics, in particular the efficiency of v—body
collisions in polyatomic gases for the energy exchanges among different degrees of
freedom, possibly leading to equilibrium. The simplest model example one should
have in mind is the collinear collision of two identical diatomic molecules, with
short-range interaction forces, namely

(106, i

+ —> + V(z1, 22,61, €2) , (1.3)

2
H =

1=1

where: x1, 29 are the coordinates of the centers of mass of the molecules; &1, &>

those of the internal degrees of freedom (£ = 0 for molecules at rest); p1, pa, 71, T2

are the conjugate momenta; M and p are the total and the reduced mass re-

spectively of a molecule; finally, V is a short range interaction potential, as

will be made precise below. One recovers the above form (1.1) by putting h =

717 (01 + p3) + V(21,22,0,0), f = V(z1,29,&1. &) — V(21,22,0,0); the trivial
rescaling m = \/umy, & = & /\/It, | = 1,2, gives to h, the form (1.2).

ii. The realization of holonomic constraints in classical mechanics. This problem is

discussed to some extent in part I, where some basic references are also given;
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Abstract. As in Part I of this paper, we consider the problem of the energy exchanges between two
subsystems, of which one is a system of v harmonic oscillators, while the other one is any dynamical
system of n degrees of freedom. Such a problem is of interest both for the realization of holonomic
constraints of classical mechanics, and for the freezing of the internal degrees of freedom in molecular
collisions. The results of Part I, which referred to the particular case v = 1, are here extended
to the more difficult case v > 1. For the rate of energy transfer we find exponential estimates of
Nekhoroshev’s type, namely of the form exp(A*/A)l/a, where A is a positive real number giving the
size of the involved frequencies, and A« and a are constants. For the particularly relevant constant a

we find in general a = 1/v; however, in the particular case when the v frequencies are equal (collision

of identical molecules), we find a = 1 independently of v, as conjectured by Jeans in the year 1903.



