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56 G. Benettin, L. Galgani and A. Giorgillilemma 9.6 with ds+1 in pla
e of d and 2d in pla
e of d+ d0, and getNR�2d(fI�; hsg) � s+ 12d2 kI�kR �s+ 1s �2(s�1) 22sFs �2e2�d2 + ��s�1< 22s�1e2d2 F �2e2�d2 + ��s�1 kI�kR :A similar 
omputation using (12.6) givesNR�2d(fI�; ĥsg) < (s+ 1)e22d2 kI�kR 22s�d2 �2e2�d2 + ��s�1NR�d(ĥ)NR�2d(fI�; Hl;s�lg) < (s� l + 1)e22d2 kI�kR 22s�l+2�d2 �2e2�d2 + ��s�l�1NR�d(Hl) :We 
an now pro
eed as in the 
omputation of the estimate (12.5), (12.7) and (12.8),and get ���fI�; h(m)g(p0; x0; �0; �0; ")��� < 24e2Ed2 Æ4� ÆÆÆ�r�2m kI�kR���fI�; ĥ(m)g(p0; x0; �0; �0; ")��� < 24e2E�rd4 (m+ 2)E0Æ4� ÆÆÆ�r�2m kI�kR���fI�;H(m)g(p0; x0; �0; �0; ")��� < 210e2E�rd4 (m+ 1)EÆ2�rÆ4� ÆÆÆ�r�2m kI�kR ;and 
olle
t all these inequalities to get, for r > 1,���fI�;R(r)g(p0; x0; �0; �0; ")���< 24e2Ed2 Æ4 � ÆÆÆ�r�2r kI�kR �1 + (r + 1)Æ2�rE0�rd2 + 25(r + 1)Æ2�rE�rd2 � ;so that (7.9) follows by again noting that the last fa
tor, via to the expli
it expressionof Æ�r, does not ex
eed 2. Here too the estimate for r = 1 should be separately
omputed by using R(1) = h(1) +H(1). The lemma is thus proven.
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onstraints: : : , part II 55so that one has ���H(m)(p0; x0; �0; �0; ")��� < 210E2�rd2 Æ2�rÆ4 Xs>m� ÆÆÆ�r�2(s�1)� 211E2�rd2 Æ2�rÆ4� ÆÆÆ�r�2m (12:8)In order to get (7.6) we re
all now that the remainder R(r) is de�ned for r > 1 asR(r) = h(r)+ "2ĥ(r�1)+H(r), (see (6.2) and (6.4)), so that from (12.7) and (12.8) oneobtains ���R(r)(p0; x0; �0; �0; ")��� < 25EÆ4� ÆÆÆ�r�2r � 1r + 1 + Æ2�rE0�rd2 + 26Æ2�rE�rd2 � ;and (7.6) follows from the trivial inequality � 1r+1 + Æ�rE0�rd2 + 26Æ�rE�rd2 � < 2r+1 , whi
h inturn is obtained via the very de�nition of Æ�r. For r = 1 the remainder redu
es toR(1) = h(1) +H(1), and the estimate is trivially 
he
ked.In order to 
on
lude the proof of theorem 7.1 we must prove (7.5). To this end,we use the bound (6.11) on the norms of Zs, and again transform to real variables bylemma 9.2. This gives, for 1 � s � r,NR�d(Zs) � 22s+2�s�1s E < 24s Æ�2(s�1)�r E ;so that in the domain DR�2d;% one has���Z(r)(p0; x0; �0; �0; ")��� < 25EÆ4 rXs=1� ÆÆÆ�r�2(s�1) ;and (7.5) follows by simply extending the sum to in�nity. This 
on
ludes the proof oftheorem 7.1.Next, we 
ome to theProof of 
orollary 7.2. That I� is a prime integral of the normalized part of theHamiltonian (7.2) follows from the 
hara
terization of the normal form with respe
t tothe moduleM given in se
t. 2, and from the 
ondition � ?M. Indeed, using 
omplexvariables one immediately sees that fI�; Z(r)g = 0. The bound (7.8) has already beenproven above. So, we only need to prove the bound on the time derivative _I�.Using _I� = fI�;R(r)g and the expression of the remainder, namely R(r) = h(r) +"2ĥ(r�1) +H(r), we are led to look for bounds on fI�; hsg, fI�; ĥsg and fI�; Hl;s�lg.To this end we use the bound (12.4) on the norm of hs with ss+1d in pla
e of d and



54 G. Benettin, L. Galgani and A. GiorgilliÆÆ � Æ�r=p2, on the domain DR�2d;% one has���h(m)(p0; x0; �0; �0; ")��� � 24EÆ4 Xs>m 1s � ÆÆÆ�r�2(s�1)< 25Em+ 1Æ4� ÆÆÆ�r�2m (12:5)Inequality (7.3) then follows by just re
alling the ex
hange theorem, i.e. that h
(�; �)is 
hanged by the 
anoni
al transformation T�(r) to h
(�0; �0) + h(0)(p0; x0; �0; �0; ").By similar 
omputations one proves the inequalities (7.4), (7.6) and (7.8). Indeed,denote T�(r)I� =Ps�0 Is, T�(r) ĥ =Ps�0 ĥs and T�(r)Ps�1Hs =Ps�1Psl=1Hl;s�l.By lemma 10.2 one has that Is and ĥs are of 
lass P2s+2;4s and Hl;s�l is of 
lassP2s+2;4s�2l+2. Again, we use lemma 10.3 in order to get the estimates for the normsof Is, ĥs and Hl;s�l in 
omplex variables, and lemma 9.2 to transform ba
k to realvariables, so that we getNR�2d(Is) � 22s�d2 �2e2�d2 + ��s�1 kI�kR�dNR�2d(ĥs) � 22s�d2 �2e2�d2 + ��s�1NR�d(ĥ)NR�2d(Hl;s�l) � 22s�l+2�d2 �2e2�d2 + ��s�l�1NR�d(Hl) (12:6)
Pro
eeding now as above, one gets��I(m)(p0; x0; �0; �0; ")�� � 25E�rd2 kI�kR�dÆ4 � ÆÆÆ�r�2m��ĥ(m)(p0; x0; �0; �0; ")�� � 25E�rd2E0Æ4� ÆÆÆ�r�2m : (12:7)For m = 0, these inequalities immediately give (7.8) and (7.4). Denoting now H(m) =Ps>mPsl=1Hl;s�l, and re
alling that in 
omplex variables one has by hypothesisNR(Hl) � (2�)l�14E, one gets���H(m)(p0; x0; �0; �0; ")��� � 29E2�rd2 Æ4 Xs>m sXl=1 Æ�2(s�l�1)�r (4�)l�1Æ2(s�1)Æ2(s�l) :Using now the de�nition (7.1) of Æ�r, and using also Æ > 1 one easily 
omputesPsl=1 Æ�2(s�l�1)�r (4�)l�1Æ2(s�l) < Æ�2(s�2)�r Æ2(s�1)Psl=1(1=16)l�1 < 2Æ�2(s�2)�r Æ2(s�1),
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ording to se
t. 7, we now 
olle
t the results of the previous se
tions and givethe estimates for the Hamiltonian in normal form up to the order r. We start withtheProof of theorem 7.1. Starting with the Hamiltonian H(p; x; �; �; ") in real vari-ables, as in the hypotheses of the theorem, we �rst perform a transformation to 
om-plex variables via the 
anoni
al transformation (2.8), so that, omitting the primes,we re
over an Hamiltonian of the same form with "2ĥ(p; x) of 
lass P2;2 (in fa
t it isun
hanged) and Hs of 
lass P2s+2;2s+2 on the same domain GR, while h
 is 
hangedto the form required by theorem 6.1. From the hypotheses of the theorem and lemma9.2, the norms of the new Hamiltonian 
hange a

ording toNR("2ĥ) � E0 ; NR(Hs) � 
s�1F ; s � 1 ; (12:1)with 
 = 2� ; F = 4E ; (12:2)while the norm of h
, or more generi
ally the norm of I�, is un
hanged, as is easily
omputed. By substitution of these values in (6.12) we obtain for the generatingsequen
e the bound (6.11), as required by the theorems on 
anoni
al transformations,with � = 4E�r ; � = 12(4E + E0)(r � 1)�rd2 + 4� : (12:3)Sin
e the bounds on the norms of the generating sequen
e are given in a domainDR�d;%, we 
an apply the theorems on 
anoni
al transformations only on a smallerdomain, that we 
hoose to be DR�2d;%; the quantity Æ� in (5.6) turns out to be largerthan Æ�r given by (7.1). This proves the 
onsisten
y of the 
anoni
al transformation.Coming now to the bounds, 
onsider �rst the inequality (7.3). As in se
t. 10,denote T�(r)h
 = Ps�0 hs, and also h(m) = Ps>m hs. By lemma 10.2 one has thaths is of 
lass P2s+2;4s, and lemma 11.3 gives the estimates for the norms in 
omplexvariables. By lemma 9.2 one 
an then produ
e the norms in real variables, namelyNR�2d(hs) � 22sFs �2e2�d2 + ��s�1 : (12:4)By de�ning now Æ2�r = 14 � 2e2�d2 + ���1 , and substituting the expressions (12.3) for �and �, the de�nition (7.1) of Æ�r is immediately obtained; moreover, by the hypothesis
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�1hs = s�1Xj=1 jsL�jhs�j � Lh
�s ; 2 � s � r ;hs = rXj=1 jsL�jhs�j ; s > r (11:16)
(the se
ond line exists only for r > 1), and re
all that, by (6.4), Lh
�s = Zs �	s for1 � s � r. The proof now 
losely follows the line of the proof of lemmas 10.2 and10.3. Pre
isely, we 
an build a sequen
e fCsgs�1 su
h that NR�2d(hs) � Cs via there
ursive de�nitionC1 = NR�2d(Z1 �	1)Cs = 2e2sd2 s�1Xj=1 j(s� j)NR�d(�j)Cs�j +NR�2d(Zs �	s) ; 2 � s � rCs = 2e2sd2 rXj=1 j(s� j)NR�d(�j)Cs�j ; s > r ;analogous to that of lemma 10.2 for the sequen
e Is. Here a fa
tor s � j appears inthe sum instead of s � j + 1 as in (10.14) be
ause hs 
an be 
omputed by at mosts � 1 Poisson bra
kets, sin
e Lh
�s is already known and bounded in DR�d. Fromthis, using NR�d(�j) � �j�1j � and NR�2d(Zs � 	s) � NR�d(	s) � �s�1s F one getsNR�2d(hs) � ~Cs, with~C1 = F~Cs = 2e2�sd2 s�1Xj=1(s� j)�j�1 ~Cs�j + �s�1s F ; 2 � s � r~Cs = 2e2�sd2 rXj=1(s� j)�j�1 ~Cs�j ; s > r ;whi
h are the analogous of (10.18). Pro
eeding now as in the proof of lemma 10.3 onegets ~Cs � s� 1s �2e2�d2 + �� ~Cs�1 ; s > 1 ;and this immediately gives (11.15), so that the lemma is proven.



Realization of holonomi
 
onstraints: : : , part II 51are known, one easily 
omputesg(s) = s�1Xj=1 2s�3Xk=1 2s�2Xl=s �j;k;l � jCf j+1(1� Cg)k+1(1� 
z)l+2+ kCf j+1(1� Cg)k+2(1� 
z)l+2 + l
f j(1� Cg)k(1� 
z)l+1 � :This would allow us to expli
itly 
ompute the 
oeÆ
ients �j;k;l. However, we 
anavoid these horrendous 
omputations, and note that g(s)(0) =Pj;k;l �j;k;l, i.e.g(s)(0) = s�1Xj=1 2s�3Xk=1 2s�2Xl=s �i;k;l [(j + k)C + l
℄� (s� 1)(3C + 2
)Xj;k;l�j;k;l :This allows us to obtain the �nal estimate�s � (3C + 2
)s�1s ;so that, by using the expli
it expressions of C given by (11.14) and of ~C given by(11.11), we obtain (11.12), and the lemma is proven.We 
an now 
on
lude the proof of the theorem. Indeed, by (11.3) and (11.8) onehas NR�d(Zs) � ~�sF and NR�d(�s) � ~�s F�r , and using ~�s � �s we immediately obtainthe bound (6.11) with � and � given by (6.12), so that the theorem 6.1 is proven.Before 
on
luding this se
tion we prove the followingLemma 11.3: The sequen
e fhsgs�1 de�ned by T�(r)h
 is bounded byNR�2d(hs) � 1s �2e2�d2 + ��s�1 F : (11:15)Su
h lemma will be useful in bounding the remainder, sin
e the estimate given hereis de�nitely better than the one given in lemma 10.3 for a generi
 fun
tion I�.Proof. Re
all that the terms of the generating sequen
e are bounded on the 
ommondomain DR�d;%, and look for bounds of hs in DR�2d;%. To this end, write hs in the



50 G. Benettin, L. Galgani and A. GiorgilliNext, we de�ne two new sequen
es f#sg0�s�r�1 and f�sg1�s�r by#0= 1�1= 1#s= Cs sXl=1 l�l#s�l ; 1 � s � r�s= Cs s�1Xl=1 l�l�s�l + 1s sXl=1 l
l�1#s�l ; 2 � s � r (11:13)
with C = ~C(F + E0) : (11:14)It is an easy matter to 
he
k that one has �s � #s and ~�s � �s, so we now look for anestimate of the sequen
e f�sg. To this end, we forget the limitations on s in (11.13),and 
onsider the sequen
es #s and �s as being de�ned for any s. Thus, we 
an lookfor two fun
tions f and g of the 
omplex variable zf(z) =Xs�0 #szsg(z) =Xs�1 �szs ;so that �s 
an be evaluated via the s{th derivative of g(z), being �s = g(s)(0)=s!. Eq.(11.13) then gives f 0 = Cfg0g0 = f(1� Cg)(1� 
z)2 ;and the 
onditions #0 = �1 = 1 above 
an be translated into the equivalent 
on-ditions g(0) = 0 and f(0) = g0(0) = 1. Here, use was also made of the identityPs�1 s
s�1zs�1 = (1 � 
z)�2. We note now that, by indu
tion, the s{th derivativeof g(z) has the general formg(s) = sXj=1 2s�1Xk=1 2sXl=s �j;k;l f j(1� Cg)k(1� 
z)l ;where �j;k;l are nonnegative 
oeÆ
ients. Indeed, this is true for s = 1, and by assumingthat the 
oeÆ
ients �j;k;l ofg(s�1) = s�1Xj=1 2s�3Xk=1 2s�2Xl=s �j;k;l f j(1� Cg)k(1� 
z)l
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onstraints: : : , part II 49and~�l;s= ~CFs sXj=1 j~�j ~�l;s�j ; 1 � l < r ; 1 � s � r � l ;�s= ~CFs sXj=1 j~�j�s�j ; 1 � s � r � 1 ;~�s= ~CFs s�1Xl=1 l~�l~�s�l + (s� 1) ~CE0s ~�s�1+1s sXl=1 l~�l;s�l + E0sF �s�1 ; 2 � s � r ; (11:10)
with ~C = 4(r � 1)�rd2 : (11:11)In fa
t, we are only interested in bounding the sequen
e f~�sg1�s�r. This is given bythe followingLemma 11.2: The sequen
e f~�sg1�s�r de�ned by (11.9) and (11.10) is bounded by~�s � 1s �12(F +E0)(r � 1)�rd2 + 2
�s�1 : (11:12)
Proof. First, it is immediately 
he
ked that one has ~�l;s = 
l�1�s, so that, using also~�1 = 1, we 
an write the sequen
e (11.10) in the simpler form�0= 1 ;~�1= 1 ;�s= ~CFs sXl=1 l~�l�s�l ; 1 � s � r � 1 ;~�s= ~CFs s�1Xl=1 l~�l~�s�l + (s� 1) ~CE0s ~�1~�s�1+1s sXl=1 l
l�1�s�l + E0sF �s�1 ; 2 � s � r :



48 G. Benettin, L. Galgani and A. GiorgilliThen we look for sequen
es f~�sg1�s�r, f�sg0�s�r�1, and f~�l;sg1�l�r;0�s�r�l su
h thatNR�ds (	s) � ~�sF ;NR�ds+1 (ĥs) � �sE0 ;NR�dl+s (Hl;s) � ~�l;sF : (11:8)Here we 
an take �1 = �0 = 1 and ~�l;0 = 
l�1. In order to determine su
h sequen
es,we put them in the re
ursive formula (11.5), and use also the de�nition (5.2) of T�and lemma 9.6 to getNR�dl+s(Hl;s) � sXj=1 2js(dl+s � dj)(dl+s � dl+s�j)�j ~�j ~�l;s�jF2 ;NR�ds+1 (ĥs) � sXj=1 2js(ds+1 � dj)(ds+1 � ds�j)�j ~�j�s�jFE0 ;NR�ds (	s) � s�1Xl=1 2ls(ds � dl)(ds � ds�l)�l ~�l~�s�lF2+ s� 1s(ds � ds�1)ds�s�1 ~�s�1FE0+ sXl=1 ls ~�l;s�lF + 1s�s�1E0 :Re
alling now the de�nition (11.6) of ds, and using the inequality�ps� 1�pj � 1��ps� 1�ps� j � 1� � 12for 1 � j � s� 1, we immediately get1(ds � dj)(ds � ds�j) � 2(r � 1)d2 ;re
all moreover that one has �j � �r for 1 � j � r, so that the sequen
es above 
anbe de�ned by ~�l;0= 
l�1 ; 1 � l � r ;�0= 1 ;~�1= 1 ; (11:9)
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ond and third of (6.4) for hl, write (6.6) in theform 	s = s�1Xl=1 lsL�lZs�l + sXl=1 lsHl;s�l + 1s"2ĥs�1 + s� 1s L�s�1"2ĥ0� s�1Xl=1 lsL�l"2ĥs�l�1 � s�1Xl=1 lsL�l s�lXm=1Hm;s�l�m+ sXl=1 s� ls Hl;s�l + s� 1s "2ĥs�1 :The �rst four terms give exa
tly the expression (11.5), so we should only 
he
k thatthe remaining terms vanish. To this end, use the expli
it expression of ĥs�1 and Hl;s�lgiven by the de�nition (5.2) of T�, and 
ompute the latter two terms ass� 1s "2ĥs�1 = s�1Xl=1 lsL�l"2ĥs�l�1and sXl=1 s� ls Hl;s�l = s�1Xl=1 s� ls s�lXm=1 ms� lL�mHl;s�l�m= s�1Xm=1 ms L�m s�mXl=1 Hl;s�l�m ;and 
he
k that these terms 
ompensate the negative terms in the expression above for	s. We are now ready to obtain the estimates on the generating sequen
e. Re
allingthe result of lemma 11.1, namely the inequalities (11.3), we note that we just have toestimate the norms of 	s, for 1 � s � r, via the re
ursive formula (11.5). To this end,we �x d, with 0 < d < R, and introdu
e a sequen
e 0 = d1 < : : : < dr = d byds =rs� 1r � 1 ; 1 � s � r : (11:6)Then we look for a re
ursive estimate of 	s in the domain GR�ds , so that 	r will beestimated in GR�d. Starting with s = 1, one has, by (11.5), NR(	1) = NR(H1) � F ,and so also NR(Z1) � F ; NR(�1) � F�1 : (11:7)



46 G. Benettin, L. Galgani and A. Giorgilliresonant part) all the monomials �j�k with j � k 2 M
, and in ~	s (the nonresonantpart) the remaining ones; then, the equation above splits into Zs = 	s, whi
h de�nesthe normalized part of the Hamiltonian, and Lh
�s = ~	s, whi
h 
an be uniquelysolved by the method above, and gives the generating sequen
e.In fa
t, we 
an do something better, by in
luding into the normal form Zs moreresonant terms than in the previous solution, pre
isely also terms su
h that (j� k) �
is very small, although not vanishing. This is done by 
onsidering a larger resonan
emoduleM su
h thatM�M
, and by performing the splitting of 	s by the 
ondition(j � k) 2 M instead of (j � k) 2 M
 as above.Coming now to the estimates on the solution of the eq. (6.5), we 
an prove thefollowingLemma 11.1: For a known fun
tion 	s of 
lass P2s+2;4s on the domain GR and withreferen
e to a resonan
e module M �M
, eq. (6.5) admits a solution Zs and �s of
lass P2s+2;4s su
h that one has the boundsNR(Zs) � NR(	s) ;NR(�s) � 1�sNR(	s) ; (11:3)where �s satis�es (6.10).Proof. We write 	s in the form (4.9), i.e. 	s = P2s+2�l+m�4s "l	(l;m)s with	(l;m)s 2 �m. Then, denoting by Z(l;m)s and �(l;m)s the solutions of eq. (6.5) in�m, using the fa
t that f�sgs�1 is a nonin
reasing sequen
e, and by the de�nition(4.13) of the norm, one �ndskZ(l;m)s kR � k	(l;m)s kR ; k�(l;m)s kR � 1�s k	(l;m)s kR :Finally, the statement follows from the de�nition (4.14) of the norm, so that the lemmais proven.Before 
oming to the estimates on the generating sequen
e, let us obtain for 	sa more suitable form than (6.6). We 
laim that (6.5) and (6.6) 
an be written asLh
�s + Zs = 	s ; (11:4)where 	1 = H1 ;	s = s�1Xl=1 lsL�lZs�l + s� 1s L�s�1"2ĥ0 + sXl=1 lsHl;s�l + 1s"2ĥs�1 : (11:5)
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h implies (10.23). So, in order to prove (5.8) for f it is enough to prove that, forany l, one has �T�f (l)� (p0; x0; �0; �0; ") = f (l)(T�(p0; x0; �0; �0; ")) ;i.e., that it holds for polynomials. This is immediately obtained by the properties ofT� of being linear and preserving produ
ts. So, we have proven (5.8) in a polydiskDR�d(p; x) � �%(R�d) for any (p; x) 2 G, and this implies that the same holds onGR�d ��%(R�d) = DR�d;%. This 
on
ludes the proof.11. Proof of the theorem on the generating sequen
eWe determine the generating sequen
e �(r) and the normal form Z(r) by re
ur-sively solving the eq. (6.5). In fa
t, this is the general problem of solving an equationof the form Lh
f = g ; (11:1)g being a known fun
tion of 
lass P�;K , with the 
ondition that f also be of 
lassP�;K . Let us dis
uss in some detail how su
h equation is solved.Let us �rst 
onsider g 2 ��; the extension of the result to the 
lass P�;Kis immediate, by the linearity of the operator Lh
 . We 
an write g(p; x; �; �) =Pjk gjk(p; x)�j�k, with known 
oeÆ
ients gjk(p; x). Assuming for f the same formwith unknown 
oeÆ
ients fjk(p; x), and taking h
 in 
omplex variables as in (2.7),we 
ompute Lh
f = iXjk (j � k) � 
fjk(p; x)�j�k :Then, the solution of the equation (11.1) above in �� exists and is given byfjk(p; x) = � i(j � k) � 
gjk(p; x) ; (11:2)provided the polynomial expansion of g(p; x; �; �) in �; � 
ontains no monomials �j�ksu
h that (j�k) �
 = 0, i.e su
h that (j�k) 2 M
, the resonan
e module asso
iatedto h
 de�ned by (2.10). This solution is unique up to a term g(p; x; �; �) 2 �� su
hthat Lh
g = 0, i.e. su
h that the polynomial expansion of g(p; x; �; �) in �; � 
ontainsonly monomials �j�k with j � k 2 M
. However, we will not need to introdu
e su
harbitrary terms, and the solution will be made unique by simply taking g(p; x; �; �) = 0.Coming ba
k to eq. Lh
�s + Zs = 	s, the obvious solution is to 
onsider thepolynomial expansion of 	s in �; �, and to split 	s into 	s+ ~	s, by putting in 	s (the



44 G. Benettin, L. Galgani and A. Giorgilliand (5.6) of Æ, Æ and Æ�, one has, for (p0; x0; �0; �0) 2 DR�d;%,jT�f(p0; x0; �0; �0; ")j � 2�d2 NR(f)Xr�0�2e2�d2 + ��r�1 Æ2r+�Æ2r+K��� Æ�ÆK��NR(f)Xr�0�2e2�d2 + ��r (ÆÆ)2r� Æ�ÆK�� 1� Æ2Æ2Æ2� !�1NR(f) : (10:20)
On the other hand, it is an easy matter to see that if jf(p; x; �; �; ")j � a on the domainDR;%, then there exists a positive 
onstant C 0 su
h that NR(f) � C 0a, so thatjT�f(p0; x0; �0; �0; ")j < Ca ; C = 2Æ�ÆK��C 0 : (10:21)The a
tual size of C 0 is not relevant in what follows. Coming to the formula (5.8),namely the ex
hange theorem, denote by D�(p; x) a polydisk of radius � in thevariables (p; x) with 
enter in (p; x), and 
onsider the power series expansion off(p; x; �; �; ") in the polydisk DR(p; x) � �%R, with (p; x) 2 G. This means thatwe 
an write f(p; x; �; �; ") =Xl�0 f (l)(p; x; �; �; ") ; (10:22)f (l) being an homogeneous polynomial in the variables p; x; �; �, and also a fun
tionof 
lass P�;K , and su
h series 
onvergent in the domain DR(p; x) � �%R, where f isanalyti
 by hypothesis. We prove now that at every point (p0; x0; �0; �0) of the polydiskDR�d(p; x)��%(R�d) one has�T�f�(p0; x0; �0; �0; ") =Xl�0�T�f (l)�(p0; x0; �0; �0; ") : (10:23)Indeed, the 
onvergen
e of (10.22) means that for any � > 0 there exists L = L(�) su
hthat for L � L one has ��f(p; x; �; �; ")�Pl�L f (l)(p; x; �; �; ")�� < � for (p; x; �; �) 2DR��%R, and we 
an use the fa
t that f �Pl�L f (l) is a fun
tion of 
lass P�;K , thelinearity of T� and (10.21) to 
ompute����(T�f) (p0; x0; �0; �0; ")�Xl�L �T�f (l)� (p0; x0; �0; �0; ")����= �����T��f �Xl�L f (l)��(p0; x0; �0; �0; ")���� < C� ;
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he
k that the latter two terms do not ex
eed � ~Br�1, sothat one has ~Br � �2e2�d2 + �� ~Br�1 :Moreover, it is immediately seen that this holds also for r = 2, so that one has~Br � �2e2�d2 + ��r�1 ~B1 ;and the last of (10.16) follows from the de�nition (10.18) of ~B1. The remaininginequalities in (10.16) are obtained in essentially the same way. The lemma is thusproven.We 
an now 
ome to theProof of theorem 5.1. As in lemma 10.2, denote by z any of the 
anoni
al 
oordi-nates p; x and by � any of the 
oordinates �; �, and re
all that zr is of 
lass P2r+2;4rand �r of 
lass P2r+1;4r�1. In order to investigate the 
onvergen
e of the series de�ningT�z and T�� we follow the pro
edure illustrated at the end of se
t. 4, making use ofthe expli
it estimates on the norms given by lemma 10.3 and the de�nitions (5.5) and(5.6) of Æ, Æ and Æ�, and getjT�z � zj � Æ4�d Xr�1�2e2�d2 + ��r�1 Æ2(r�1)Æ2(r�1)� Æ4�d  1� Æ2Æ2Æ2� !�1 ;jT�� � �j � Æ3�d Xr�1�2e2�d2 + ��r�1 Æ2(r�1)Æ2(r�1)� Æ3�d  1� Æ2Æ2Æ2� !�1 ;provided ÆÆ < Æ�. This shows that the 
anoni
al transformation de�ned by T� isanalyti
. Using now the 
onditions % � "=e2 and ÆÆ � Æ�=p2 one easily 
he
ks thatthe inequalities (5.7) hold, and moreover that 2Æ4�d < d and 2Æ3�d < %d, so thatDR�2d;% � T�(DR�d;%) � DR;% . This 
on
ludes the proof.We 
ome now to theProof of theorem 5.2. First, we prove that T�f is analyti
 in DR�d;%. Still applyingthe pro
edure illustrated at the end of se
t. 4, by lemma 10.3 and the de�nitions (5.5)



42 G. Benettin, L. Galgani and A. GiorgilliThen, for any positive d � R and for r � 1 one has the boundsNR�d(zr) � �2e2�d2 + ��r�1 �d ;NR�d(�r) � �2e2�d2 + ��r�1 �d ;NR�d(Ir) � �2e2�d2 + ��r�1 �d2 kI�kR ;NR�d(ĥr) � �2e2�d2 + ��r�1 �d2 jĥjR ;NR�d(fr) � �2e2�d2 + ��r�1 2�d2 NR(f) ;
(10:16)

Proof. Using the hypothesis on �l in the re
ursive formula (10.13) one immediatelyhas, by lemma 10.2,NR�d(zr)� ~Gr ; NR�d(�r)� ~�r ; NR�d(Ir)� ~Cr ;NR�d(ĥr)� ~Dr ; NR�d(fr)� ~Br ; (10:17)with~G1 = �rd , ~Gr = 2e2�rd2 rXj=1(r � j + 1)�j�1 ~Gr�j + �rd�r�1 ,~�1 = �d , ~�r = 2e2�rd2 rXj=1(r � j + 1)�j�1~�r�j + �rd�r�1 ,~C1 = �d2 kI�kR , ~Cr = 2e2�rd2 rXj=1(r � j + 1)�j�1 ~Cr�j + �rd2�r�1kI�kR ,~D1 = �d2 jĥjR , ~Dr = 2e2�rd2 rXj=1(r � j + 1)�j�1 ~Dr�j + �rd2�r�1jĥjR ,~B1 = 2�d2 NR(f) , ~Br = 2e2�rd2 rXj=1(r � j + 1)�j�1 ~Br�j + 2�rd2�r�1NR(f) ,
(10:18)

Consider now the last of (10.18), and take r � 3. By isolating the term j = 1 in thesum, and repla
ing j by j + 1 in the remaining ones we obtain~Br = 2e2�d2 ~Br�1+ 2�e2�rd2 r�2Xj=1(r � j)�j�1 ~Br�1�j + 2�rd2�r�1NR(f) : (10:19)
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onstraints: : : , part II 41most r operators L�j , and 
� a suitable set of 
oeÆ
ients. Thus, from lemma 10.1 onthe repeated appli
ation of Poisson bra
kets, one has NR�d(E�f) � A�, where A� 
anbe expli
itly 
omputed via the re
ursive formula (10.10) on
e the a
tual fa
torization ofE� is known. So, one has NR�d(fr) �P� j
�jA�. We look now for a re
ursive boundof the latter quantity. If we assume that the a
tual fa
torization of fs = P� E�f isknown for 1 � s < r, whi
h is obviously true for r = 2, then the de�nition (10.15)immediately gives the fa
torization of fr (noti
e that the set of indexes � a
tuallydepends on s). So, in order to obtain a re
ursive bound, we assume that the 
onstantsA� are known, and that P� j
� jA� � Bs, with known 
onstants Bs, and use lemma10.1 to evaluate a single term in the fa
torization of L�jfr�j =P� 
�L�jE�f . Thisgives NR�d(L�jE�f) � 2e2(r � j + 1)d2 NR(�j)A� :Here use has been made of the fa
t that the only relevant informations needed inapplying the re
ursive formula (10.10) are the number of Poisson bra
kets in the a
tualfa
torization of E�, in our 
ase at most r� j, and the norm of �j . The 
ontribution ofL�jfr�j toP� j
�jA� 
an then be estimated by simply performing the sum over theset of indexes �, whi
h is a trivial task, sin
e A� is multiplied by a 
oeÆ
ient whi
hdoes not depend on �, and givesNR�d(L�jfr�j) � 2e2(r � j + 1)d2 NR(�j)X� j
� jA�� 2e2(r � j + 1)d2 NR(�j)Br�jFinally, we perform the sum over j whi
h appears in (10.15), and add the estimate forL�rf , and obtain P� j
�jA� � Br, with Br de�ned by (10.14). The lemma is thusproven.We spe
ialize now the 
ontents of lemma 10.2 to the 
ase, assumed in theorem5.1, in whi
h the generating sequen
e f�lgl�1 is 
hara
terized by the 
ondition thatNR(�l) � �l�1l � for some real positive 
onstants � and �. We have theLemma 10.3: Consider the generating sequen
e f�lgl�1, the fun
tions z, �, I�(�; �),ĥ(p; x) and f , and the sequen
es fzrgr�0, f�rgr�0, fIrgr�0, fĥrgr�0, and ffrgr�0 asin lemma 10.2. Assume moreover that there exist real positive 
onstants � and � su
hthat NR(�l) � �l�1l � for l � 1.



40 G. Benettin, L. Galgani and A. Giorgilli�ned by G1 = 1dNR(�1) ;�1 = 1dNR(�1) ;C1 = 1d2NR(�1)kI�kR ;D1 = 1d2NR(�1)jĥjR ;B1 = 2d2NR(�1)NR(f) ;
(10:13)

and Gr = 2e2rd2 rXj=1 j(r � j + 1)NR(�j)Gr�j + 1dNR(�r)�r = 2e2rd2 rXj=1 j(r � j + 1)NR(�j)�r�j + 1dNR(�r)Cr = 2e2rd2 rXj=1 j(r � j + 1)NR(�j)Cr�j + 1d2NR(�r)kI�kRDr = 2e2rd2 rXj=1 j(r � j + 1)NR(�j)Dr�j + 1d2NR(�r)jĥjRBr = 2e2rd2 rXj=1 j(r � j + 1)NR(�j)Br�j + 2d2NR(�r)NR(f)
(10:14)

Proof. That zr is of 
lass P2r+2;4r, �r is of 
lass P2r+1;4r�1, Ir is of 
lass P2r+2;4r,ĥr is of 
lass P2r+4;4r+2 and fr is of 
lass P2r+�;4r+K easily follows from lemma 10.1So, we 
on
entrate on the bounds.Writing the re
ursive de�nition (5.2) in the equivalent formf1 = L�1f ; fr = r�1Xj=1 jrL�jfr�j + L�rf ; r > 1 (10:15)we immediately �nd G1, �1, C1, D1 and B1 from lemma 10.1. The same holds for thelast term in the r.h.s of the re
ursive de�nition of Gr, �r, Cr, Dr and Br. So, we onlyneed to dis
uss the �rst term in the r.h.s. of (10.14), whi
h is the really re
ursive partof su
h formulae. This has the same form for all the sequen
es, so we only 
onsiderthe sequen
e for Br, i.e. the last one. Looking at (10.15) one immediately sees thatfr =P� 
�E�f for a suitable set of indi
es �, where ea
h E� is a 
omposition of at
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h inequality 
an be applied s times, and gives the expli
it estimateNR�d(�s) � s2A1 sYl=2 2s2ld2NR(#l) ; (10:11)whi
h holds for any s > 0. It is now immediate to 
he
k that (10.10) holds for s = 2.To prove it for s � 3 we use indu
tion. Write the r.h.s of (10.11) by isolating the terml = s in the produ
t, and 
ompute2sd2NR(#s) � s2A1 s�1Yl=2 2s2ld2NR(#l)= � ss� 1�2(s�1) 2sd2NR(#s) � s2A1 s�1Yl=2 2(s� 1)2ld2 NR(#l)< 2se2d2 NR(#s)As�1 :Here the inequality � ss�1�2(s�1) < e2 was used. This 
on
ludes the proof of thelemma.We 
an now 
ome ba
k to the operator T�, and prove theLemma 10.2: For a given generating sequen
e f�sgs�1 with �s of 
lass P2s+2;4s ona domain GR, and for fun
tions z, �, I�(�; �), ĥ(p; x) and f(p; x; �; �; ") as in lemma10.1, with h
(�; �) of 
lass P2;2, ĥ(p; x) of 
lass P0;0 and f(p; x; �; �; ") of 
lass P�;K onthe same domain GR, the sequen
es fzrgr�0, f�rgr�0, fIrgr�0, fĥrgr�0, and ffrgr�0de�ning the transformed fun
tions under the operator T� have the following propertiesfor 0 < d < R and r � 1:i. zr is of 
lass P2r+2;4r , and NR�d(zr) � Gr ;ii. �r is of 
lass P2r+1;4r�1 , and NR�d(�r) � �r ;iii. Ir is of 
lass P2r+2;4r , and NR�d(Ir) � Cr ;iv. ĥr is of 
lass P2r+2;4r , and NR�d(ĥr) � Dr ;v. fr is of 
lass P2r+�;4r+K , and NR�d(fr) � Br : (10:12)
The sequen
es fGrgr�1, f�rgr�1, fCrgr�1, fDrgr�1 and fBgr�1 are re
ursively de-



38 G. Benettin, L. Galgani and A. Giorgillidomain GR. Let g be any of the fun
tions z, �, I�(�; �), ĥ(p; x) and f(p; x; �; �; ")above, and 
onsider the sequen
e f�sgs�0 of fun
tions re
ursively de�ned by�0 = g ; �s = L#s�s�1 : (10:7)Then, for s � 1 one 
an determine three sequen
es fMsgs�1, fNsgs�1 and fAsgs�1su
h that �s is of 
lass PMs;Ns , and, for any positive d < R, one has the estimateNR�d(�s) � As : (10:8)The sequen
es fMsgs�1, fNsgs�1 and fAsgs�1 are re
ursively de�ned as follows:i. if g = z, then M1 = �1 , N1 = K1 , A1 = 1dNR(#1)ii. if g = �, then M1 = �1 � 1 , N1 = K1 � 1 , A1 = 1dNR(#1)iii. if g = I�, then M1 = �1 , N1 = K1 , A1 = 1d2NR(#1)kI�kRiv. if g = ĥ, then M1 = �1 , N1 = K1 , A1 = 1d2NR(#1)jĥjRv. if g = f , then M1 = �1 + �� 2 , N1 = K1 +K , A1 = 2d2NR(#1)NR(f)(10:9)and, for s � 2, Ms =Ms�1 + �s � 2 ; Ns = Ns�1 +Ks ;As = 2se2d2 NR(#s)As�1 : (10:10)Proof. The fa
t that �s is of 
lass PMs;Ns immediately follows from the de�nitionof Ms and Ns, and from the algebrai
 properties enun
iated in se
t. 4. Moreover, fors = 1 the inequalities (10.9) are trivial 
onsequen
es of lemmas 9.4 and 9.6, takinginto a

ount that the Poisson bra
kets f#1; zg and f#1; �g are nothing but derivativesof #1, and re
alling that I� and ĥ depend only on �; � and p; x respe
tively. So, we�x s > 1 and d, and introdu
e the sequen
e of domains GR�l ~d, with ~d = d=s, for0 � l � s. We start with NR� ~d(�1) � s2A1, where A1 is known by (10.9) and thefa
tor s2 has been introdu
ed be
ause the bound holds in the domain GR� ~d, and, for2 � l � s, we use lemma 9.6 with (l�1) ~d in pla
e of d0 and ~d in pla
e of d, and obtainNR�l ~d(�l) � 2l ~d2NR(#l)NR�(l�1) ~d(�l�1)
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onstraints: : : , part II 37iii. f has the form I�(�; �) =P�l=1 �l2 ��2l + �2l �, with 0 6= � 2 R� . In su
h 
ase thetransformed fun
tion will be denoted byT�I� =Xr�0 Ir : (10:3)This is similar to 
onsidering a fun
tion of the variables �; � only. In parti
ularthe unperturbed Hamiltonian h
 has exa
tly su
h form, with � = 
.iv. f 
oin
ides with ĥ(p; x). In su
h 
ase the transformed fun
tion will be denotedby T�ĥ =Xr�0 ĥr : (10:4)This is similar to 
onsidering a fun
tion of the variables p; x only, i.e. a fun
tionof 
lass P0;0.v. f is a generi
 fun
tion f(p; x; �; �; ") of 
lass P�;K for some K � � � 0. Thetransformed fun
tion will be denoted byT�f =Xr�0 fr : (10:5)Here, the sequen
es fzrgr�0, f�rgr�0, fIrgr�0, fĥrgr�0, and ffrgr�0 are re
ursivelyde�ned as in (5.2)., i.e. z0 = z , zr = rXj=1 jrL�jzr�j ,�0 = � , �r = rXj=1 jrL�j�r�j ,I0 = I , Ir = rXj=1 jrL�jIr�j ,ĥ0 = ĥ , ĥr = rXj=1 jrL�j ĥr�j ,f0 = f , fr = rXj=1 jrL�jfr�j .
(10:6)

Before 
oming to the estimates on the sequen
es fzrgr�0, f�rgr�0, fIrgr�0,fĥrgr�0, and ffrgr�0, we generalize the lemma 9.6 by giving the estimate for therepeated appli
ation of the Poisson bra
ket.Lemma 10.1: Let f�lgl�1 and fKlgl�1 , with Kl � �l � 2, be sequen
es ofintegers, and f#lgl�1 a sequen
e of fun
tions, with #l of 
lass P�l;Kl on a 
ommon



36 G. Benettin, L. Galgani and A. GiorgilliLemma 9.6: For two fun
tions f of 
lass P�;K on the domain GR and f 0 of 
lassP�0;K0 on the domain GR�d0 with 0 � d0 < R, and for any positive d < R� d0 one hasNR�d0�d(ff; f 0gp;x) � 1d(d0 + d)NR(f)NR�d0(f 0)NR�d0�d(ff; f 0g�;�) � 1d(d0 + d)NR(f)NR�d0(f 0)NR�d0�d(ff; f 0g) � 2d(d0 + d)NR(f)NR�d0(f 0) (9:10)
Proof. Using the form (4.9) for f and f 0, 
omputeff; f 0gp;x = X��l+m�K X�0�l0+m0�K0 "l+l0ff (l;m); f 0(l0;m0)gp;x ;then, by using the de�nition (4.14) of the norm and lemma 9.5, one hasNR�d0�d(ff; f 0gp;x) �Xl;m Xl0;m0 


ff (l;m); f 0(l0;m0)gp;x


R�d0�d� 1d(d0 + d)Xl;m 


f (l;m)


R �Xl0;m0 


f 0(l0m0)


R�d0 ;and the �rst of (9.10) follows from the de�nition of the norm. The se
ond inequality isdedu
ed by essentially the same 
omputation, and the third one immediately followsfrom the previous ones by ff; f 0g = ff; f 0gp;x+ff; f 0g�;�, so that the lemma is proven.10. Proof of the theorems on 
anoni
al transformationsIn order to prove the theorems on 
anoni
al transformations of se
t. 5 we mustestimate the appli
ation of the operator T� to a fun
tion f(p; x; �; �; "). We shall
onsider the following 
ases.i. f is one of the 
anoni
al 
oordinates p; x. In su
h 
ase we shall denote by z anyof these 
oordinates, and the transformation will be denoted byT�z =Xr�0 zr : (10:1)ii. f is one of the 
anoni
al 
oordinates �; �. In su
h 
ase we shall denote by � anyof these 
oordinates, and the transformation will be denoted byT�� =Xr�0 �r : (10:2)
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tions f 2 �� on the domain GR and f 0 2 ��0 on thedomain GR�d0 with 0 � d0 < R, and for any positive d < R� d0 one has


ff; f 0gp;x


R�d0�d � 1d(d0 + d)kfkRkf 0kR�d0 ;


ff; f 0g�;�


R�d0�d � 1d(d0 + d)kfkRkf 0kR�d0 : (9:9)
Proof. Using the form (4.7) for f and f 0, 
omputeff; f 0gp;x = Xjkj0k0ffjk; f 0j0k0gp;x�j+j0�k+k0 ;then, by the de�nition (4.13) of the norm and by (9.8), one haskff; f 0gp;xkR�d0�d � (R� d0 � d)�+�0 Xjkj0k0 ��ffjk; f 0j0k0gp;x��R�d0�d� 1d(d0 + d) 24R�Xjk jfjkjR35 � 24(R� d0)�0Xj0k0 ��f 0j0k0 ��R�d035 ;and the �rst of (9.9) follows from the de�nition of the norm. In order to prove these
ond one 
omputeff; f 0g�;� = Xjkj0k0 fjkf 0j0k0 �Xl=1 jlk0l � j0lkl�l�l �j+j0�k+k0 ;then, by the de�nition (4.13) of the norm, one has


ff; f 0g�;�


R�d0�d � (R� d0 � d)�+�0�2 Xjkj0k0 jfjkjR ��f 0j0k0 ��R�d0Xl (jlk0l + j0lkl)� 24�(R� d0 � d)��1Xjk jfjkjR35 � 24�0(R� d0 � d)�0�1Xj0k0 ��f 0j0k0 ��R�d035� 24 R�d0 + dXjk jfjkjR35 � 24 (R� d0)�0d Xj0k0 ��f 0j0k0 ��R�d035 ;and the se
ond of (9.9) follows from the de�nition of the norm. Here the inequalitiesP�l=1(jlk0l + j0lkl) � �Pl(k0l + j0l) � ��0 and s(R � Æ)s�1 � RsÆ for 0 < Æ < R ands � 1 were used. The lemma is thus proven.Su
h a result is extended to fun
tions of 
lass P�;K by the following



34 G. Benettin, L. Galgani and A. Giorgillii.e. the �rst of (9.6); using now the trivial inequality �(R�d)��1 � R�d for 0 < d < Rand � � 1, one has



 �f��l 



R�d � (R� d)��1Xj;k jl jfjkjR � �(R� d)��1Xj;k jfjkjR� 1dR�Xj;k jfjkjR ;i.e., the third of (9.6). The derivatives with respe
t to x and � are bounded in exa
tlythe same way, so that the lemma is proven.Su
h a result is extended to fun
tions of 
lass P�;K by theLemma 9.4: For a fun
tion f of 
lass P�;K on the domain GR one has, for 0 < d <R, NR�d � �f�pl�� 1dNR(f) ; NR�d � �f�xl�� 1dNR(f) ; 1 � l � n ;NR�d � �f��l�� 1dNR(f) ; NR�d � �f��l�� 1dNR(f) ; 1 � l � � : (9:7)
Proof. Using the form (4.9) for f , 
ompute�f�pl = X��j+m�K "j �f (j;m)�pl ;then, by the de�nition (4.14) of the norm and by lemma 9.3, one hasNR�d � �f�pl� = X��j+m�K 



�f (j;m)�pl 



R�d � 1d X��j+m�K 


f (j;m)


R ;and the �rst of (9.7) follows. The remaining inequalities are proven in exa
tly thesame way. The lemma is thus proven.Con
erning the Poisson bra
ket, we �rst 
onsider two analyti
 bounded fun
tions'(p; x) on the domain GR and '0(p; x) on the domain GR�d0 , with 0 � d0 < R. In su
h
ase we use the bound jf'; '0gjR�d0�d � j'jR j'0jR�d0d(d0 + d) ; (9:8)where 0 < d < R� d0. This is nothing but a trivial generalization of lemma 2 in the�rst part of the paper.Using su
h results we prove the
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onstraints: : : , part II 33Lemma 9.2: For a fun
tion f(p; x; �; �; ") of 
lass P�;K with 0 � � � K on thedomain GR the transformed fun
tion ~f(p; x; ~�; ~�; ") under the 
anoni
al transformation(2.8) is of 
lass P�;K , and its norm is bounded byNR( ~f) � 2K2 NR(f) : (9:3)Conversely, for a fun
tion ~g(p; x; ~�; ~�; ") of 
lass P�;K on the domain GR the trans-formed fun
tion g(p; x; �; �; ") under the inverse of the 
anoni
al transformation (2.8)also is of 
lass P�;K , and its norm is bounded byNR(g) � 2K2 NR(~g) : (9:4)The proof is a straightforward appli
ation of lemma 9.1, by only taking into a

ountthe fa
t that f and g are polynomials of degree � K in the variables �; � and ~�; ~�respe
tively.We 
ome now to the te
hni
al lemmas related to derivatives and Poisson bra
kets.In estimating the derivatives of the 
oeÆ
ients in the polynomial expansions in �; � wemake use of Cau
hy's inequality. Pre
isely, for an analyti
 bounded fun
tion '(p; x)on a domain GR and for any positive d < R Cau
hy's inequality reads���� �'�pl ����R�d � j'jRd ; ���� �'�xl ����R�d � j'jRd : (9:5)Using those inequalities we 
an prove theLemma 9.3: For a fun
tion f 2 �� on the domain GR one has, for 0 < d < R,



 �f�pl 



R�d� 1dkfkR ; 



 �f�xl



R�d� 1dkfkR ; 1 � l � n ;



 �f��l 



R�d� 1dkfkR ; 



 �f��l



R�d� 1dkfkR ; 1 � l � � : (9:6)
Proof. Using the form (4.7) for f , 
ompute�f�pl =Xj;k �fjk�pl �j�k ; �f��l =Xj;k fjk jl�l�j�k ;so that, by the de�nition (4.13) of the norm and the Cau
hy's inequality (9.5), onehas 



 �f�pl 



R�d � (R� d)�Xj;k �����fjk�pl ����R�d � R�d Xj;k jfjkjR ;



32 G. Benettin, L. Galgani and A. GiorgilliPart C { Te
hni
al se
tions.9. Te
hni
al lemmasWe prove here some te
hni
al lemmas used in the paper.First, we 
onsider the 
anoni
al transformation (2.8) to 
omplex variables (�0; �0).The norm of a fun
tion f 2 �� is 
hanged a

ording to the followingLemma 9.1: For a fun
tion f(p; x; �; �) 2 �� on the domain GR the transformedfun
tion ~f(p; x; ~�; ~�) under the 
anoni
al transformation (2.8) also belongs to ��, andits norm is bounded by 


 ~f


R � 2�2 kfkR : (9:1)Conversely, for a fun
tion ~g(p; x; ~�; ~�) 2 �� on the domain GR the transformed fun
tiong(p; x; �; �) under the inverse of the 
anoni
al transformation (2.8) also belongs to ��,and its norm is bounded by kgkR � 2�2 k~gkR : (9:2)Proof. Take f =Pjj+kj=� fjk(p; x)�j�k, and perform the substitution~f =Xj;k ijkj2� jj+kj2 fjk(p; x)(~� + i~�)j(~� � i~�)k=Xj;k ijkj2� jj+kj2 fjk(p; x) �Yl=1 jlXs=0�jls�ijl�s klXr=0�klr�ikl�r~�s+rl ~�jl+kl�s�rl ;so that ~f 2 ��, and using the de�nition (4.13) of the norm one has


 ~f


R � R�Xj;k 2� jj+kj2 jfjkjR �Yl=1 jlXs=0�jls� klXr=0�klr�= R�Xj;k 2 jj+kj2 jfjkjR= 2�2 R�Xj;k jfjkjR ;so that (9.1) follows. The statement about the inverse transformation is proven byessentially the same 
omputations, and this 
on
ludes the proof of the lemma.Su
h result is immediately extended to a fun
tion of 
lass P�;K by the following
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onstraints: : : , part II 31and repla
ing E by Ê(p; x), as illustrated in se
t. 2. The only point where the global
onstant E is needed is the 
hoi
e of the optimal normalization order ropt in se
t. 7(otherwise we would not obtain one and the same 
anoni
al transformation on thewhole domain DR;%�). The proof then immediately follows.For what 
on
erns 
orollary 2.2, (2.20) follows from (7.17) by using kI�kR�d =j�j (R � d)2 = 916 j�jR2, and 916B < 2e�� ; (2.21) follows from (7.18) by substitutingthe expli
it expressions for A, d and kI�kR. This proves 
orollary 2.2.Let's now 
ome to 
orollaries 2.3 and 2.4. By the estimate (2.21), whi
h holds inthe domain D 12R;%, one immediately gets, for jtj < min(T0; T ),jI�(�0(t); �0(t))� I�(�0(0); �0(0))j < 26��2 j�j j
j�1E jtjT ; (8:5)and su
h estimate 
an be made similar to (2.20) by using the inequalities � > e�+1��,��1� < 2�9
R2=E0 and 
 < j
j, from whi
h (2.22) easily follows. The �rst of (2.25) isnothing but (8.5) with � = 
, and the se
ond one follows from the energy 
onservation,by using���ĥ(p0(t); x0(t))� ĥ(p0(0); x0(0))��� < j�h
(�0(t); �0(t))� �h
(�0(0); �0(0))j+ 2 jZ(p0; x0; �0; �0; �)j+ 2 jR(p0; x0; �0; �0; �)j ;and using the estimates (2.19) for Z andR. This proves 
orollary 2.3. Next, (2.26) andthe �rst of (2.27) are obtained by summing up the deformation due to the 
anoni
altransformation, whi
h is estimated by (2.19) and (2.20), to the 
hange above due tothe noise of the remainder; the se
ond of (2.27) is still obtained via the 
onservation ofenergy in the original Hamiltonian (2.16). This 
on
ludes the proof of the 
orollaries.



30 G. Benettin, L. Galgani and A. Giorgilliand this is the bound to be used in evaluating the norm of Hs in (4.6), by just
omputing the number of terms in the sum, whi
h, sin
e jjj = l and jkj = s, does notex
eed ��+l�1l ���+s�1s � � �s+l. So, by the de�nition (4.14) of the norm, one hasNR(Hs) < LXl=0 ��R� �s+l F = �s�1Eprovided one takes � = �R� ; E = 1� �L+11� � �F : (8:3)These general estimates of the values of � and E 
an be used in theorem 2.1.Better values of these 
onstants, mainly for what 
on
erns the dependen
e on�, 
an instead be found if one knows more about the perturbation f . For example,
onsider the 
ase of a diatomi
 gas of � identi
al mole
ules. Then f(p; x; �; �), aswell as ĥ(p; x), 
an be written as the sum of �(� � 1)=2 terms due to the intera
tionbetween pairs of mole
ules. Thus F , as well as E0, turns out to be of order �2, whilethe number of terms in the sum (8.2) turns out not to ex
eed 2s+l. Moreover, sin
ethe intera
tion does not depend on the momenta �, one has K = 0, so that the valuesof � and E 
an be repla
ed by� = 2R� ; E = �F0�(� � 1) ; (8:4)with 
onstants � and F0 independent of �.The proof of theorem 2.1 is now just a matter of straightforward 
omputation.First take " = % = Æ, and re
all that " = ��1=2, so that it is natural to assumealso Æ � 1, whi
h in turn gives Æ = 1. Then take d = R=4, so that the 
anoni
altransformation is de�ned in the domain D 12R;%, and the image of D 12R;% 
ontains D 14R;%and is 
ontained in D 34R;%. With these settings one 
omputes �� = Æ�2�1 . Finally, theestimates for Z(p0; x0; �0; �0; �) and R(p0; x0; �0; �0; �) are multiplied by �, be
ause theHamiltonian was previously divided by the same fa
tor. The inequalities (2.19) thenfollow from (7.15) by just substituting the expli
it expressions (7.16) for A and B andthe trivial estimate B < 22e�� , whi
h in turn follows from the de�nition of Æ�1, andthis proves theorem 2.1.Let us now add a few words on the very minor 
hanges whi
h are needed in orderto prove the lo
al version of the theorem, namely theorem 2.1'. We just noti
e thatall theorems given in se
ts. 5 to 7 admit a lo
al formulation, whi
h is obtained bysimply 
onsidering domains of the form DR;%�(p; x) in pla
e of the full domain DR;%� ,
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onstraints: : : , part II 29and one has the boundjI�(p0; x0; �0; �0; ")� I�(p; x; �; �; ")j< B EE0 kI�kR�dÆ2 � ÆÆ�1� 2�+1 ; (7:17)with B given by (7.16). Moreover, the time derivative of I� taking into a

ount thefull system (7.14) is bounded in the domain DR�2d;% by��� _I�(p0; x0; �0; �0; ")��� < Aed2 Æ4 exp"�� + 1e �Æ�1ÆÆ � 2�+1# kI�kR (7:18)with A de�ned by (7.16).8. Conne
tion with the main resultsWe show now how the results of the previous se
tion 
an be applied to the modelsdis
ussed in se
t. 2. Coming ba
k to the Hamiltonian (1.1), let f(p; x; �; �) be ananalyti
 fun
tion of its variables in a domain of the form GR� ~��, where GR is de�nedby (2.12), and ~�� has the form~�� = n(�; �) : j�j j � �
�1=2j ; j�jj � �
1=2j ; 1 � j � �o ; (8:1)
 being de�ned as in (2.1). Let now F = supGR� ~�� jf(p; x; �; �)j, and 
onsider thepower series development (4.1), whi
h 
an be given the more expli
it formf (s;l)(p; x; �; �) = Xjjj=l Xjkj=s f (s;l)j;k (p; x)�j�k :Then, by using Cau
hy's inequality, in the domain GR one has the bound���f (s;l)j;k (p; x)��� � F�s+l
 k�j2 :Performing the transformation (2.2) we now getf (s;l)(p; x; �0; �0) = � l�s2 Xj;k 
 j�k2 f (s;l)jk (p; x)�0j�0k ;so that, by ignoring the power of � whi
h does not 
ontribute to the norm, and notingthat the fa
tor 
 j�k2 
an
els out, just due to the initial 
hoi
e of ~�� in (8.1), the
oeÆ
ient of �0j�0k is bounded in GR by F=�s+l. Sin
e f (s;l) 2 �s+l, we immediatelyget 


f (s;l)


R �Xj;k �R� �s+l F ; (8:2)



28 G. Benettin, L. Galgani and A. Giorgillibe a resonan
e module, and assumejk � 
j � 
 jkj�� for k 2 Z� nMwith real 
onstants 
 > 0 and � � 0. Consider a domain DR;% = GR ��%R with �%Rde�ned by (2.14) and with % � "=e2, and de�ne Æ = max(%; ") and Æ = max(1; Æ).Then for any positive d < R=3 and forÆÆ � e� �+12 Æ�1 ; (7:13)where Æ�1 is de�ned by (7.11), one 
an �nd a real analyti
, near to identity 
anoni
altransformation (p; x; �; �) = C"(p0; x0; �0; �0) from DR�2d;% to DR;%, and su
h thatDR�3d;% � C"(DR�2d;%) � DR�d;%, whi
h puts the Hamiltonian into the formH(p0; x0; �0; �0; ") = h
(�0; �0) + "2ĥ(p0; x0)+ Z(p0; x0; �0; �0; ") +R(p0; x0; �0; �0; ") ; (7:14)where Z(p0; x0; �0; �0; ") is in normal form with respe
t to the resonan
e module M.Moreover in the domain DR�2d;% one has the boundsjh
(�0; �0)� h
(�; �)j < 25EÆ4���ĥ(p0; x0)� ĥ(p; x)��� < BEÆ2� ÆÆ�1� 2�+1���Z(r)(p0; x0; �0; �0; ")��� < 25EÆ4���R(r)(p0; x0; �0; �0; ")��� < AÆ4� ÆÆÆ�1� 2�+1 exp"�� + 1e �Æ�1ÆÆ � 2�+1# ; (7:15)
where A = 26e�+2E ; B = 25e��E0
d2 Æ2�1 : (7:16)In fa
t, the 
ondition (7.13), whi
h follows from (7.12) by requiring ropt � 1, intro-du
es, besides the threshold Æ�1, an e�e
tive threshold, in the sense that above thelatter one the perturbation pro
edure is useless.It is now straightforward to remove the dependen
e on r also from the estimategiven in 
orollary 7.2, thus obtaining the followingCorollary 7.4: The normalized part h
(�0; �0) + "2ĥ(p0; x0) + Z(p0; x0; �0; �0; ") of theHamiltonian (7.14) admits � � dimM independent prime integrals of the form (7.7),
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onstraints: : : , part II 27The existen
e of integrals of the form above is a 
lassi
al result whi
h follows from the
hara
terization of the normal form given in se
t. 2. The proofs of the bound (7.9)and of theorem 7.1 are deferred to se
t. 12.Our aim is now, in the spirit of Nekhoroshev's theory, to remove the normalizationorder r from our theory. Thus, along the lines of ref. [9℄, we look for an optimalnormalization order ropt whi
h minimizes the bound (7.6) on the remainder R(r) .In order to do that, we must give an expli
it expression for �r. As des
ribed inse
t. 2, we use the diophantine bound (2.11) for the small denominators, and de�ne�r = 
r�� (7:10)with 
 > 0 and � � 0. Moreover, sin
e the expli
it expression (7.1) of Æ�r is too
ompli
ated for an analyti
al optimization, we use the inequalityÆ�r � Æ�1pr�+1 ; Æ�1 = 14s 
d22e2E + 3(4E + E0) + 
d2� : (7:11)The quantity Æ�1 introdu
ed here plays the role of a threshold above whi
h no pertur-bation pro
edure 
an be done.By substituting these simpler expressions in (7.6), one is thus led to look for theminimum with respe
t to r of r(�+1)r � ÆÆÆ�1�2r, and so to 
hoose ropt as the integersatisfying the inequality1e �Æ�1ÆÆ � 2�+1 � 1 < ropt � 1e �Æ�1ÆÆ � 2�+1 : (7:12)This 
hoi
e is not in 
ontrast with the 
ondition ÆÆ � Æ�r=p2 of theorem 7.1, sin
e in(7.11) one has Æ�ropt > Æ�1qr�+1opt > e �+12 ÆÆ :Finally, we substitute ropt everywhere in (7.10), (7.4) and (7.6) in order to 
ompletelyremove the dependen
e of the bounds on r. This proves theTheorem 7.3: Consider the HamiltonianH(p; x; �; �; ") =Ps�0Hs(p; x; �; �; ")withH0(p; x; �; �; ") = h
(�; �) + "2ĥ(p; x), h
(�; �) = 12P�l=1 
l(�2l + �2l ), Hs of 
lassP2s+2;2s+2 on the domain GR de�ned by (2.12), and " a real parameter. Assume thatNR(ĥ) � E0 and NR(Hs) � �s�1E for positive �, E0 and E. With referen
e to theve
tor 
 of the frequen
ies of h
 and to the module M
 related to it, let M �M




26 G. Benettin, L. Galgani and A. Giorgilliand de�ne Æ = max(%; ") and Æ = max(1; Æ).Then, for any positive d < R=3 and any integer r � 1, and for ÆÆ � Æ�r=p2, withÆ�r = 14 �2e2E + 3(4E +E0)(r � 1) + �rd2��rd2 �� 12 (7:1)there exists a real analyti
, near to identity 
anoni
al transformation T�(r) fromDR�2d;% to DR�d;%, with T�(r)(DR�2d;%) � DR�3d;%, whi
h puts the Hamiltonian innormal form up to order r with respe
t to the module M, i.e.H(r)(p0; x0; �0; �0; ") = h
(�0; �0) + "2ĥ(p0; x0)+ Z(r)(p0; x0; �0; �0; ") +R(r)(p0; x0; �0; �0; ") ; (7:2)and one has the boundsjh
(�0; �0)� h
(�; �)j < 25EÆ4 (7:3)���ĥ(p0; x0)� ĥ(p; x)��� < 25E0�rd2EÆ4 (7:4)���Z(r)(p0; x0; �0; �0; ")��� < 25EÆ4 (7:5)���R(r)(p0; x0; �0; �0; ")��� < 26Er + 1Æ4� ÆÆÆ�r�2r : (7:6)The theorem has the followingCorollary 7.2: The normalized part h
(�0; �0) + ĥ(p0; x0) +Z(r)(p0; x0; �0; �0; ") of theHamiltonian (7.2) admits � � dimM independent prime integrals of the formI�(�0; �0) = �Xl=1 �l2 (�0l2 + �0l2) ; (7:7)with M ? � 2 R� . Moreover, if �0; �0 and �; � are related by the 
anoni
al transfor-mation T�(r) , for any su
h integral one hasjI�(�0; �0)� I�(�; �)j < 25E�rd2 Æ4kI�kR ; (7:8)and its time derivative taking into a

ount the full system (7.2) is bounded in thedomain DR�2d;% by��� _I�(p0; x0; �0; �0; ")��� < 25e2Ed2 Æ4� ÆÆÆ�r�2r kI�kR : (7:9)
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onstraints: : : , part II 25Now we 
an state theTheorem 6.1: Consider the Hamiltonian H(p; x; �; �; ") = Ps�0Hs(p; x; �; �; "),with H0(p; x; �; �; ") = h
(�; �)+"2ĥ(p; x), h
 = iP�l=1 
l�l�l, Hs of 
lass P2s+2;2s+2on the domain GR de�ned by (2.12), and " a real parameter. Assume that NR("2ĥ) �E0 and NR(Hs) � 
s�1F for positive 
, E0 and F . With referen
e to the ve
tor
 of the frequen
ies of h
 and to the module M
 related to it, let M � M
 be aresonan
e module, and f�sgs�1 a sequen
e of positive 
onstants satisfying (6.10).Then, for any positive d < R=2 and any integer r � 1, there exists a generating se-quen
e �(r) = f�lg1�l�r, with �l of 
lass P2l+2;4l on the domain GR�d, whi
h bringsthe Hamiltonian into its normal formH(r), de�ned by (2.7), with respe
t to the moduleM, and one has the estimates NR�d(Zl) � �l�1l F ;NR�d(�l) � �l�1l � ; (6:11)with � = F�r ; � = 12(F + E0)(r � 1)�rd2 + 2
 : (6:12)The proof of the theorem is deferred to the te
hni
al se
tion 11.7. Exponential estimates on the remainderWe 
an now use the 
anoni
al transformation of se
t. 5, with the generatingsequen
e of se
t. 6 in order to get the normalized Hamiltonian in the form (6.1) withthe remainder in the form (6.2). So, making a transformation up to a �nite order r,we prove the followingTheorem 7.1: Consider the HamiltonianH(p; x; �; �; ") =Ps�0Hs(p; x; �; �; ")withH0(p; x; �; �; ") = h
(�; �) + "2ĥ(p; x), h
(�; �) = 12P�l=1 
l(�2l + �2l ), Hs of 
lassP2s+2;2s+2 on the domain GR de�ned by (2.12), and " a real parameter. Assume thatNR(ĥ) � E0 and NR(Hs) � �s�1E for positive �, E0 and E. With referen
e to theve
tor 
 of the frequen
ies of h
 and to the module M
 related to it, let M �M
be a resonan
e module, and f�sgs>0 a sequen
e of positive 
onstants satisfying (6.10).Consider a domain DR;% = GR ��%R with �%R de�ned by (2.14) and with % � "=e2,
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 de�ned by (2.10), one 
hooses a moduleM with the 
onditionM�M
,and splits 	s into 	s = 	s + ~	s ; (6:7)	 being the resonant part of 	s with respe
t toM, and ~	s the nonresonant one. So,eq. (6.5) 
an be split into Zs = 	s ; Lh
�s = ~	s ; (6:8)and the �rst of these equations determines the normalized part of the Hamiltonian,while the se
ond one 
an be solved, and gives the generating sequen
e. In solving thelatter equation, as is well known, small denominators appear of the form k � 
 withk 2 Z� , but, thanks to the polynomial dependen
e of 	s on the variables �; �, onehas the bound jkj � 4s. The details on the method of solution, as well as its relationswith the 
lasses P�;K , are deferred to the te
hni
al se
tion 11.This shows that the Hamiltonian 
an be formally put in normal form with re-spe
t to the resonan
e module M up to an arbitrary order r. In order to have arigorous result we must produ
e estimates on the norms of the generating sequen
ef�lg1�l�r. Pre
isely, we look for 
onstants � and �, possibly dependent on r, su
hthat NR�d(�l) � �l�1l � for 1 � l � r, as required by the theorems on 
anoni
altransformations. To this end, we make a 
onvergen
e hypothesis on the HamiltonianH by assuming that there exist positive real 
onstants 
, E0 and F su
h thatNR("2ĥ) � E0 ; NR(Hs) � 
s�1F ; s � 1 : (6:9)Moreover, we need a lower bound on the small denominators whi
h appear in thegenerating fun
tion in solving eq. (6.5). To this end, let f�sgs>0 be a nonin
reasingsequen
e of positive real 
onstants satisfyingjk � 
j � �s for k 2 Z� nM and jkj � 4s : (6:10)The 
onditionM�M
 ensures that none of the �s's needs to be zero. The apparentlymost natural 
hoi
e would seem to be �s = mink(jk � 
j) for k 2 Z� nM and jkj � 4s.However, su
h 
hoi
e 
an be handled in a numeri
al approa
h, but must be repla
edby a more regular fun
tion of s if expli
it analyti
 estimates are required (see forexample ref. [10℄). On the other hand, an expli
it expression will be used only at theend of our perturbative treatment, while the monotoni
ity property will be enoughat ea
h step of the pro
edure. That's why we prefer to leave the sequen
e unde�neduntil an expli
it 
hoi
e will be unavoidable.
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onstraints: : : , part II 23Ps�0 "2ĥs. Assuming now that �s is of 
lass P2s+2;4s, it is an easy matter to 
he
kthat, for s � 1, hs is of 
lass P2s+2;4s and "2ĥs is of 
lass P2s+4;4s+2 � P2(s+1)+2;4(s+1).This elementary remark is the key whi
h allows to shift "2ĥs to an higher order, thusallowing to 
onsider the variables p; x essentially as parameters in our perturbations
heme. Moreover, using the properties (4.11), it is also easily 
he
ked that Hl;s�l isof 
lass P2s+2;4s�2l+2 2 P2s+2;4s. Thus, eq. (6.3) gives the systemZ0 = H0Z1 = h1 +H1Zs = hs + "2ĥs�1 + sXl=1 Hl;s�l ; 2 � s � rH(r)s = hs + "2ĥs�1 + sXl=1 Hl;s�l ; s > r : (6:4)
Here, only the se
ond and third equations need further dis
ussion, be
ause they a
tu-ally allow to determine all the required quantities, i.e. �1; : : : ; �r and Z1; : : : ; Zr. Thefourth one just gives the expli
it expression for the remainder, but 
ontains no infor-mation about Z(r) and �(r); we shall use it in determining the size of the remainder,in se
t. 12. So, we 
on
entrate on the se
ond and third equations.By using the expli
it expressionsh1 = L�1h
 ; hs = s�1Xl=1 lsL�lhs�l + L�sh
 ; 2 � s � rthese equations immediately giveLh
�s + Zs = 	s ; (6:5)where 	1 = H1 ;	s = "2ĥs�1 + s�1Xl=1 lsL�lhs�l + sXl=1 Hl;s�l ; 2 � s � r : (6:6)These expressions 
an also be used to 
he
k that the assumption that �s be of 
lassP2s+2;4s for s � 1 is 
onsistent, provided that if 	s is of 
lass P2s+2;4s, the equation(6.5) above 
an be solved with �s and Zs of the same 
lass. Moreover, H(r)s as de�nedby (6.4) is of 
lass P2s+2;4s.Eq. (6.5) is the standard one of perturbation theory, and 
an be solved in our
ase by 
onsidering the variables p; x as parameters. The solution of su
h equation is awell known topi
. Given the set 
 of the frequen
ies of h
, and the related resonan
e



22 G. Benettin, L. Galgani and A. Giorgillifor (p0; x0; �0; �0) 2 DR�d;%.In virtue of su
h theorem the 
onstru
tion of the transformed fun
tion (f Æ T�) 
anbe done by an expli
it algorithm, and does not involve any inversion. The proof isdeferred to se
t. 10.6. Constru
tion of the generating sequen
eWe 
ome now to the heart of our perturbative s
heme, i.e. the redu
tion of theHamiltonian to normal form up to a �nite order.Starting with an Hamiltonian of the form (4.4) transformed to 
omplex variablesvia the 
anoni
al transformation (2.8), i.e. with h
(�; �) of the form (2.9) and Hsof 
lass P2s+2;2s+2 on a domain GR, we look for a trun
ated generating sequen
e�(r) = f�lg1�l�r on a redu
ed domain GR�d, with 0 < d < R=2, whi
h puts theHamiltonian into the normal form up to order r,H(r)(p; x; �; �; ") = h
(�; �) + ĥ(p; x)+ Z(r)(p; x; �; �; ") +R(r)(p; x; �; �; ") ;where Z(r)(p; x; �; �; ") = X1�s�rZs(p; x; �; �; ") (6:1)is the normalized part, andR(r)(p; x; �; �; ") =Xs>rH(r)s (p; x; �; �; ") (6:2)is the unnormalized remainder. The 
anoni
al transformation is the one generated bythe operator T� of se
t. 5, and the fun
tions �s, Zs and H(r)s will turn out to be of
lass P2s+2;4s. Our aim is then to establish the equations needed in order to determinethe generating sequen
e f�lg1�l�r and the normal form Z(r), and to give estimateson the norms of �l.Thus, we start with the formal dedu
tion of the equations. Denoting T�(r)Hs =Pl�0Hs;l, we write the equation T�(r)H = H(r) in the formXs�0 sXl=0 Hl;s�l = rXs=0Zr +Xs>rH(r)s : (6:3)We look now for a more expli
it expression by isolating the terms of the same 
lass.To this end we use H0 = h
 + "2ĥ, and denote T�(r)h
 = Ps�0 hs and T�(r)("2ĥ) =
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onstraints: : : , part II 21Then, for any positive d < R=2 and for 0 < ÆÆ � Æ�=p2, withÆ� = �2e2�d2 + ��� 12 (5:6)the 
anoni
al transformation (p; x; �; �) = T�(p0; x0; �0; �0) de�ned by (5.4) analyti-
ally maps the domain DR�d;% into DR;% in su
h a way that T�(DR�d;%) � DR�2d;%.Moreover, for (p0; x0; �0; �0) 2 DR�d;% one hasjpl � p0lj� 2Æ4�d ; jxl � x0lj� 2Æ4�d ; 1 � l � n ;j�l � �0lj� 2Æ3�d ; j�l � �0lj� 2Æ3�d ; 1 � l � � : (5:7)In virtue of su
h theorem, the 
anoni
al transformation (5.4) is not just formal, andmoreover, thanks to (5.7), we 
an estimate the deformation of 
oordinates indu
ed byT�. The proof is given in se
t. 10.Consider now the problem of applying the transformation to a fun
tion. Morepre
isely, let f(p; x; �; �) be a fun
tion of the 
oordinates (p; x; �; �), and denote byf 0(p0; x0; �0; �0) = (f Æ T�) (p0; x0; �0; �0) the transformed fun
tion under the 
anoni
altransformation (5.3). By de�nition it is f 0(p0; x0; �0; �0) = f (T�(p0; x0; �0; �0)), andthis is an analyti
 fun
tion on the domain DR�d;% where the 
anoni
al transformationis de�ned and analyti
. A standard result in the theory of Lie series, namely theex
hange theorem,[12℄ states that f 0 is nothing but T�f as de�ned in (5.1). Morepre
isely, we state the followingTheorem 5.2: Let f�lgl�1, with �l(p; x; �; �; ") of 
lass P2l+2;4l on GR and " a realparameter, be a generating sequen
e, and assume that there exist positive 
onstants� and � su
h that NR(�l) � �l�1l �. Consider a domain DR;% = GR � �%R, with
anoni
al 
oordinates (p; x; �; �), where GR has the form (2.12) and �%R the form(2.14). Assume % � "=e2, and de�ne Æ and Æ as in (5.5). Let f(p; x; �; �; ") be afun
tion of 
lass P�;K on the domain GR for some K � � � 0, and 
onsider thefun
tion T�f =Pr�0 fr de�ned as in (5.2).Then, for any positive d < R and for 0 � ÆÆ � Æ�=p2, with Æ� de�ned by (5.6), thefun
tion T�f is analyti
 in DR�d;%, and 
oin
ides there with the transformed fun
tionof f by the 
anoni
al transformation (5.3), i.e.(f Æ T�) (p0; x0; �0; �0; ") = (T�f) (p0; x0; �0; �0; ") : (5:8)
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al transformationsWe �rst re
all how a 
anoni
al transformation 
an be de�ned by purely algebrai
methods, and avoiding any inversion. At a formal level, as in ref. [11℄, we 
onsidera generating sequen
e f�lgl�1 with �l of 
lass P2l+2;4l on a domain GR. The 
hoi
ethat �l be of 
lass P2l+2;4l is adapted to our 
ase: we do not look for a more general
hara
terization. Let's also introdu
e the operator Lg by Lg� = fg; �g. Then, for anyfun
tion f of 
lass P�;K we de�ne the transformed fun
tion T�f as a series of theform T�f =Xr�0 fr ; (5:1)where the sequen
e ffrgr�0 is re
ursively de�ned byf0 = f ; fr = rXl=1 lrL�lfr�l : (5:2)The operator T� so de�ned turns out to be linear and invertible, and to pre-serve produ
ts and Poisson bra
kets. So, 
onsidering T� as a
ting on the 
anoni
al
oordinates, we 
an de�ne a formal 
anoni
al transformation T� on the domain DR,i.e. (p; x; �; �) = T�(p0; x0; �0; �0) : (5:3)by pl= T�p0l ; xl= T�x0l ; 1 � l � n ;�l= T��0l ; �l= T��0l ; 1 � l � � : (5:4)Su
h a transformation is near the identity, in the sense that the 
hange of 
oordinatesis of the order O("). These formal properties 
an be dire
tly 
he
ked, as was done inref. [11℄, so the proof is omitted.Coming now to rigorous results, we �rst 
onsider the 
oordinate transformation(5.3). We have theTheorem 5.1: Let f�lgl�1, with �l(p; x; �; �; ") of 
lass P2l+2;4l on GR and " a realparameter, be a generating sequen
e, and assume that there exist positive 
onstants� and � su
h that NR(�l) � �l�1l �. Consider a domain DR;% = GR � �%R, with
anoni
al 
oordinates (p; x; �; �), where GR has the form (2.12) and �%R the form(2.14). Assume % � "=e2, and de�neÆ = max("; %) ; Æ = max(1; Æ) : (5:5)
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onstraints: : : , part II 19Then we introdu
e the norm for fkfkR = R�Xj;k jfjkjR ; (4:13)the fa
tor R�, whi
h is also suggested by dimensional reasons, will turn out to be veryrelevant in simplifying the estimates.Coming now to a fun
tion f of 
lass P�;K , and re
alling the form (4.9) or (4.10)for f , we introdu
e the normNR(f) = X��l+m�K kf (l;m)kR ; (4:14)or, equivalently, NR(f) = X��l+jjj+jkj�KRjjj+jkjjf (l)jk jR :The 
hoi
e of the norms made above allows us to 
onveniently bound derivativesand Poisson bra
kets. The te
hni
al estimates are deferred to se
t. 9.We �nally 
onsider a fun
tion of the formf(p; x; �; �; ") =Xs�0 fs(p; x; �; �; ") (4:15)with fs of 
lass P�s;Ks on a domain GR, for given sequen
es f�sgs�0 and fKsgs�0of nonnegative integers �s � Ks. In order to investigate the 
onvergen
e of su
h aseries, we 
onsider fs(p; x; �; �; "), for s � 0, as de�ned on the domain DR;% de�nedby (2.15), and look for values "� and %� su
h that the series (4.15) 
onverges for" < "� and % < %�. Su
h pro
edure obviously depends on the sequen
es f�sgs�0 andfKsgs�0, as well as on the norms NR(fs). Pre
isely, by introdu
ing the parametersÆ = max("; %) ; Æ = max(1; Æ) (4:16)one easily sees, using the form (4.9) for fs, that for (p; x; �; �) 2 DR;% one has thebound jfs(p; x; �; �; ")j � Æ�sÆ(Ks��s)NR(fs) : (4:17)The problem of the 
onvergen
e of (4.15) is thus redu
ed to that of the 
onvergen
eof the seriesPs�0 Æ�sÆ(Ks��s)NR(fs). The a
tual appli
ation of su
h method will bedone below, when needed.



18 G. Benettin, L. Galgani and A. Giorgillithe maximal degree, i.e. the se
ond index, will allow to work at ea
h step of theperturbative pro
edure with polynomials of �nite order.It is now an easy matter to 
he
k that for two fun
tions f of 
lass P�;K and f 0of 
lass P�0;K0 one has the following properties:i. �f�pl ; �f�xl is of 
lass P�;K ;ii. �f��l ; �f��l is of 
lass P��1;K�1 ;iii. f + f 0 is of 
lass Pmin(�;�0);max(K;K0) ;iv. f � f 0 is of 
lass P�+�0;K+K0 ;v. ff; f 0gp;x is of 
lass P�+�0;K+K0 ;vi. ff; f 0g�;� is of 
lass P�+�0�2;K+K0�2 ;vii. ff; f 0g is of 
lass P�+�0�2;K+K0 :
(4:11)

Noti
e that all of these properties but the last one have a 
orrespondent property in theframework of the spa
es ��. It is just the property vii. that makes the 
hara
terizationby the 
lasses P�;K more suitable for our perturbative s
heme.With su
h a formal algebrai
 framework the Hamiltonian (4.4) is 
hara
terizedby the fa
t that h
(�; �) and "2ĥ(p; x) are of 
lass P2;2, while Hs is of 
lass P2s+2;2s+2for s � 1.To 
omplete the formal algebrai
 framework we must 
onsider an equation of theform Lh
f = g, where g is a known fun
tion of 
lass P�;K for some � and K. A
lassi
al result, re
alled in se
t. 11, is that su
h equation 
an be solved if g satis�essuitable 
onditions depending on the frequen
ies 
, and that in su
h 
ase the solutionf is of 
lass P�;K .Within the above algebrai
 framework, the perturbation theory 
an be formallydeveloped. In order to make it rigorous, we must introdu
e norms for fun
tions andsome te
hni
al inequalities.Consider �rst a fun
tion f 2 �� of the form (4.7). As the 
oeÆ
ients fjk(p; x)are analyti
 fun
tions of (p; x) in a domain GR, de�ned by (2.12), with positive R, webound them by the usual supremum normjfjkjR = sup(p;x)2GR jfjk(p; x)j : (4:12)
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onstraints: : : , part II 17properties: i. �f�pl 2 �� ; �f�xl 2 �� ;ii. �f��l 2 ���1 ; �f��l 2 ���1 ;iii. if � = �0 ; then f + f 0 2 �� ;iv. f � f 0 2 ��+�0 ;v. ff; f 0gp;x 2 ��+�0 ;vi. ff; f 0g�;� 2 ��+�0�2 :
(4:8)

Here, f�; �gp;x and f�; �g�;� denote the Poisson bra
ket restri
ted to the p; x and �; �variables respe
tively, so that f�; �g = f�; �gp;x + f�; �g�;�. The properties v. and vi.in parti
ular show that, due to the inhomogeneity of the Poisson bra
ket betweenhomogeneous fun
tions, the spa
es �� are not suitable for the development of ourperturbation s
heme, and that we need a weaker algebrai
 
hara
terization, where setsof nonhomogeneous fun
tions are 
onsidered. Moreover, in the latter 
hara
terizationwe also want to make referen
e to the order in "; so, we introdu
e the 
lasses offun
tions P�;K , with K � � � 0 de�ned as follows: a fun
tion f(p; x; �; �; ") is saidto be of 
lass P�;K if it 
an be written in the formf(p; x; �; �; ") = Xl;m�0��l+m�K "lf (l;m)(p; x; �; �) (4:9)with f (l;m) 2 �m; equivalently one 
an writef(p; x; �; �; ") = X��l+jjj+jkj�K "lf (l)jk (p; x)�j�k (4:10)Noti
e in parti
ular that if � � �0 and K � K 0 then P�;K � P�0;K0 , and that the
lass P0;0 
ontains fun
tions of the variables p; x only.Let us give some motivations. As explained above, our aim is to develop ourperturbation s
heme by 
onsidering " as a small parameter and �; � 
on�ned to apolydisk of radius %R, with % of the same order of ". So, it is natural to 
onsiderfun
tions of a de�nite order with respe
t to �; �; ". However, for reasons whi
h will beevident below, we 
annot have 
omplete homogeneity in �; �; "; that is why we allowthe 
lass P�;K to 
ontain fun
tions whi
h are non homogeneous polynomials in �; �; ",at the same time keeping tra
k of the minimal and maximal degree. The minimaldegree, i.e. the �rst index, will work as a perturbation order in reordering the seriesarising from the perturbative algorithm, as was done above for the Hamiltonian, while



16 G. Benettin, L. Galgani and A. Giorgilliusing f(p; x; �; �) of the form (4.2), 
an be written as
Hs(p; x; �; �; ") = LXl=0 "s�l+2f (l;s)(p; x;
1=2�;
�1=2�) : (4:6)

Su
h a reordering of the power series development of f(p; x; �; �) requires some ad-ditional 
omment. In order to apply the methods of perturbation theory we must
hoose one or more perturbative parameters. On the other hand, we 
annot simplyidentify su
h parameter with ", be
ause in the power series expansion of f(p; x; �; �)one �nds terms whi
h are of the same order of "2ĥ. So, as was already done in the �rstpart of this paper, we 
onsider the variables �; � 
on�ned to a polydisk whose radiusis of the same order of " This means that, besides ", we 
an use as a perturbativeparameter also the size of the domain of the �; � variables. The reordering above then
orresponds to 
onsidering Hs(p; x; �; �; ") as an homogeneous polynomial of degree2s+ 2 in "; �; �, due to the fa
t that f (l;s) is an homogeneous polynomial of degree lin � and of degree s in �.The algebrai
 framework we are going to build takes into a

ount su
h remarks.Moreover, from now on we shall assume L � 2, so that negative powers of " do notappear in the expression (4.6) of Hs.Starting with a formal viewpoint, we �rst introdu
e the spa
es �� of the ho-mogeneous polynomials of degree � in the 
anoni
al variables (�; �) 2 C2� , whose
oeÆ
ients are analyti
 bounded fun
tions of (p; x) 2 GR (and independent of "), withGR de�ned by (2.12). A fun
tion f 2 �� 
an be represented asf(p; x; �; �) = Xjjj+jkj=� fjk(p; x)�j�k ; (4:7)
where �j�k = �j11 : : : �j�� �k11 : : : �k�� , jl and kl being nonnegative integers for 1 � l � �,and jjj = jj1j+ : : :+ jj� j, and similarly for jkj.It is an easy matter to 
he
k that, for f 2 �� and f 0 2 ��0 , one has the following
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onstraints: : : , part II 15Part B { The perturbation s
heme.4. The algebrai
 frameworkIn order to apply the apparatus of 
lassi
al perturbation theory, along the linesof refs. [11℄ and [9℄, we need to build an algebrai
 framework 
ompatible with theoperations required by our perturbative algorithm.To this end, we �rst use the fa
t that we are interested in a neighbourhood of theorigin of the �; � variables, where we 
an perform a power series development of theperturbation f(p; x; �; �) in the Hamiltonian (1.1), thus obtainingf(p; x; �; �) =Xs�1 LXl=0 ~f (l;s)(p; x; �; �) ; (4:1)where ~f (l;s)(p; x; �; �) is an homogeneous polynomial of degree l in � and of degree sin �, whose 
oeÆ
ients are analyti
 fun
tions of (p; x) in the domain G. Here, use hasbeen made of the fa
t that f(p; x; �; �) is assumed to vanish for � = 0 and to be apolynomial of �nite order L in the � variables.Next, we perform the 
anoni
al transformation (2.2), thus transforming h
(�; �)to the form (2.3) and f(p; x; �; �) as in (2.4), or, more expli
itly, to the formf 0(p; x; �0; �0) =Xs�1 LXl=0 ~f (l;s)(p; x; (�
)1=2�0; (�
)�1=2�0) : (4:2)Divide now the whole Hamiltonian by �, whi
h 
orresponds to a res
aling of the timevariable, and denote " = ��1=2 ; (4:3)then the Hamiltonian takes the form, omitting the primes,H(p; x; �; �; ") =Xs�0Hs(p; x; �; �; "); (4:4)where H0(p; x; �; �; ") = h
(�; �) + "2ĥ(p; x)h
(�; �) = 12 �Xl=1 
l ��2l + �2l � ; (4:5)and Hs, for s � 1, is a nonhomogeneous polynomial of degree s + L in �; � whi
h,
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al estimates of theorem 2.1' the 
anoni
al transformation redu
es to the identity(i.e. �(t) � �0(t) ! 0 and �(t) � �0(t) ! 0 as t ! �1). This means that we haveproven the followingCorollary 3.1: Consider the Hamiltonian system (1.3), des
ribing the intera
tionof two diatomi
 mole
ules; assume that the intera
tion potential de
ays suÆ
ientlyrapidly as jx2 � x1j ! 1, as dis
ussed above, and let the two mole
ules have a
ollision, whi
h satis�es the above assumptions i. and ii. Then there exists a 
onstantV̂0 independent of �, su
h that one haslim supt!1 jh
(�(t); �(t))� h
(�(�t); �(�t))j � ��1e� �e�� V̂0 :
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onstraints: : : , part II 13Let us now 
onsider the problem of the relaxation times in a polyatomi
 gas,and dis
uss in parti
ular the Hamiltonian system (1.3). In this 
ase 
 is 
ompletelyresonant, so that, as 
ommented in se
t. 2, one 
an take � = 0 and 
 = 
1, while onthe other hand one must take M =M
 and � parallel to 
. Taking � = 
1, so thatI� = h
 and j�j = �
1 = 2
1, one 
an use theorem 2.1' and estimate��� _h
(�0; �0)��� � 211e3
1��1e� �e�� Ê(p; x) :We now assume that the intera
tion potential between the two mole
ules de
ayswith the distan
e r = jx2 � x1j more rapidly than r�1; this means that for large r,say for r � r0, there exists a fun
tion V̂ (r) su
h that Ê is bounded by Ê(p; x) � V̂ (r),and the integral R1r0 V̂ (r)dr 
onverges to a 
onstant, V̂0 say.We then assume that the two mole
ules have a 
ollision, pre
isely thati. for t! �1 one has r(t)!1;ii. there exists a �nite time T0 and a positive 
onstant w0, su
h that _r(t) � �w0 forall t � �T0 and _r(t) � w0 for all t � T0 (this means essentially that the 
ollisiontime is bounded). One 
an always take T0 su
h that r(�T0) � r0.It 
ould be seen that if one makes the assumptions i. and ii. for a model ofperfe
tly rigid mole
ules, i.e. for a model des
ribed by the Hamiltonian H(p; x) =ĥ(p; x) = 12(p21 + p22) + V (x1; x2; 0; 0), then the same assumptions are automati
allysatis�ed also for the Hamiltonian (1.3), if � is suÆ
iently large.From the above assumptions one gets immediatelylim supt!1 jh
(�0(t); �0(t))� h
(�0(�t); �0(�t))j� 211e3
1��1e� �e�� Z +1�1 Ê(p(t); x(t))dt ;and the integral 
learly 
onverges: indeed one hasZ +1�1 Ê(p(t); x(t))dt � Z �T0�1 V̂ (r(t))dt+ Z +T0�T0 Ê(p(t); x(t))dt+ Z 1T0 V̂ (r(t))dt ;and both the �rst and the third integrals are bounded by w�10 R1T0 V̂ (r(t))dt � w�10 V̂0,while the se
ond one is 
learly �nite. Denoting by V̂0 the sum of the three integrals,multiplied by 211e3
1, one gets �nallylim supt!1 jh
(�0(t); �0(t))� h
(�0(�t); �0(�t))j � ��1e� �e�� V̂0 :Now, in the l.h.s. of this inequality one 
an 
learly drop the primes: indeed, inthe above assumptions, one has Ê(p(t); x(t)) ! 0 for t ! �1, and, in virtue of the



12 G. Benettin, L. Galgani and A. GiorgilliThe proofs of the 
orollaries are deferred to se
t. 8.3. Physi
al appli
ationBefore entering the perturbation s
heme, let us brie
y dis
uss the appli
ation tothe physi
al systems dis
ussed in the introdu
tion, namely a 
onstrained system withnonresonant frequen
ies, and a statisti
al model of a diatomi
 gas.Consider �rst the 
ase of a 
onstrained system. In a pra
ti
al appli
ation we areinterested in real values of the p; x; �; � variables in a domain G�B, as dis
ussed in theintrodu
tion. In parti
ular we are interested in systems for whi
h the energy surfa
esĥ(p; x) = E have a 
ompa
t 
omponent for, say, E < Ê0. Assume now that theseenergy surfa
es are 
ontained in the 
omplex domain G 14R, de�ned by (2.12), and takereal initial data (p0; x0; �0; �0) 2 D 14R;%, still with % = ��1=2. Assume moreover thatthe harmoni
 frequen
ies are nonresonant, and that the usual diophantine 
onditionjk � !j � 
 jkj��holds with real 
onstants 
 > 0 and � > n� 1, so that the normalized system admits� approximate prime integrals Il = 12 (p2l + x2l ), 1 � l � �. Then a suÆ
ient 
onditionto guarantee a small energy ex
hange among the subsystems des
ribed by ĥ(p; x) andh
(�; �) is that the initial datum satis�es the 
onditionĥ(p0; x0) � Ê0 � 28��1EIl(�0; �0) � "18 � 14e�� ���� � 1�+1#��1R2 ; 1 � l � � (3:1)(noti
e that the se
ond bound is 
ertainly positive, sin
e � > e�+1��). Indeed, 
orol-lary 2.4 states that for jtj < T one has jĥ(p(t); x(t))j < Ê0 and Il(�(t); �(t))< 18��1R2,so that (p(t); x(t); �(t); �(t)) 2 D 14R;%. This in turn implies, by theorem 2.1, that thetransformed point (p0(t); x0(t); �0(t); �0(t)) belongs to D 12R;%, so that the es
ape timeT0 from the latter domain a
tually ex
eeds T , and the energy sharing, a

ording tothe de�nition of T in 
orollary 2.4, takes an exponentially large time. In su
h 
ase the
onstant ��, a

ording to its de�nition (2.17) and the estimated values of � and E inse
t. 8, turns out to be proportional to some positive power of �, and the exponent ain (1.4) turns out to be of order 1=�.



Realization of holonomi
 
onstraints: : : , part II 11(2.18), the time derivative of I�(�0; �0) is bounded in D 12R;% byj _I�(p0; x0; �0; �0; �)j < 210e�+3��1 j�jE exp"�� + 1e � ���� 1�+1# : (2:21)An easy 
onsequen
e of theorem 2.1 is that one 
an estimate the 
hange in timeof the approximate integrals I�(�; �). In parti
ular we are interested in orbits startingfrom initial data (�0; �0) 2 G � R� with (�0; �0) 
lose enough to the origin of R� .Denoting by (p(t); x(t); �(t); �(t)) su
h an orbit, and by (p0(t); x0(t); �0(t); �0(t)) thetransformed orbit under the 
anoni
al transformation C�, we 
an prove the followingCorollary 2.3: For an orbit of the Hamiltonian system (2.16) with the initial datum(p0; x0) 2 G and real (�0; �0) 2 � 14%R, with % = ��1=2, one has the boundjI�(�0(t); �0(t))� I�(�0(0); �0(0))j < 2�3e�� j�jR2 EE0��1���� � 1�+1 jtjT (2:22)for jtj = min(T0; T ) ; (2:23)where T0 is the (possibly in�nite) es
ape time of (p0(t); x0(t); �0(t); �0(t)) from D 12R;%,and T = 2�4e�(�+3) j
j�1 ��1 exp"� + 1e � ���� 1�+1# : (2:24)Moreover, if M =M
, one has over the same time interval the boundjh
(�0(t); �0(t))� h
(�0(0); �0(0))j < 26��2Ejĥ(p0(t); x0(t))� ĥ(p0(0); x0(0))j < 28��1E : (2:25)Analogous results hold for the same fun
tions of the original variables. One hasin this 
onne
tion the followingCorollary 2.4: For the same orbit of 
orollary 2.3 over the same time interval onehas the boundjI�(�(t); �(t))� I�(�(0); �(0))j< 23e�� j�jR2 EE0��1 ���� � 1�+1 jtjT : (2:26)Moreover, if M =M
 one hasjh
(�(t); �(t))� h
(�(0); �(0))j< 26��2Ejĥ(p(t); x(t))� ĥ(p(0); x(0))j < 28��1E : (2:27)



10 G. Benettin, L. Galgani and A. GiorgilliThe proof is deferred to se
t. 8, where an indi
ation is also given on how to 
omputethe 
onstants E and �. A

ording to su
h indi
ation, a possible 
hoi
e is � = �%� andE = 1��31�� � supDR;%� jf(p; x; �; �)j.In some appli
ations, in parti
ular in dealing with 
olliding mole
ules, the esti-mates (2.19) involving the \global" 
onstant E turn out to be slightly rough, be
ausethey do not exploit the possibility that in some regions of phase spa
e (say when themole
ules are far apart) the 
oupling term f(p; x; �; �) in the Hamiltonian (2.16) benegligible. One then needs a more detailed, so to say \lo
al", version of the aboveestimates, obtained by repla
ing in the r.h.s. of (2.19) the 
onstant E by a 
onvenientfun
tion Ê(p; x). In fa
t, one 
an prove the following theorem, whi
h will be used indis
ussing the 
ollision of mole
ules in se
t. 3.Theorem 2.1': In the same assumptions of theorem 2.1, there exists a fun
tionÊ(p; x), (p; x) 2 G, with 0 � Ê(p; x) � E, su
h that the same 
on
lusions of thattheorem hold, with Ê(p; x) in pla
e of E everywhere in the inequalities (2.19). Apossible 
hoi
e of Ê iŝE(p; x) = 1� �31� � � supDR;%� (p;x) jf(p0; x0; �; �)j ;with DR;%�(p; x) = DR(p; x)��%�R, and DR(p; x) de�ned by (2.13).The proof of this lo
al version of the theorem requires very minor 
hanges withrespe
t to the proof of theorem 2.1, and will be sket
hed in se
t. 8. Essentially, thelo
al formulation is possible be
ause 
anoni
al transformations are themselves lo
allyde�ned.The theorem 2.1 has the followingCorollary 2.2: The normalized part �h
(�0; �0) + ĥ(p0; x0) + Z(p0; x0; �0; �0; �) of theHamiltonian (2.18) admits ��dimM independent prime integrals of the form I�(�0; �0) =P�l=1 �l2 (�02l +�02l ), with � 2 R� and � ?M. If �0; �0 and �; � are related by the 
anon-i
al transformation C�, then one has the boundjI�(�0; �0)� I�(�; �)j < 22e����1���� � 1�+1 j�jR2 EE0 ; (2:20)with j�j = P�l=1 j�lj. Moreover, if one takes into a

ount the whole Hamiltonian
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onstraints: : : , part II 9and introdu
ing the 
omplex domainDR;% = GR ��%R : (2:15)The value of % must be 
hosen in su
h a way that the Hamiltonian is 
onvergent inDR;%.We 
an now state the main theorem of this paper, whi
h is proven in Part B in amore general and mathemati
ally more natural form.Theorem 2.1: Consider the HamiltonianH(p; x; �; �; �) = �h
(�; �) + ĥ(p; x) + 1�f�(p; x; �; �) (2:16)with h
(�; �) of the form (2.6) and f� a polynomial in � of order L � 2. Assume thatH is analyti
 in the interior of a domain DR;%� de�ned by (2.15), with positive %�, andbounded in DR;%� , and denote E0 = sup(p;x)2GR jĥ(p; x)j. With referen
e to the ve
tor
 of the frequen
ies of h
 and to the module M
 related to it, let M � M
 be aresonan
e module, and assume the nonresonan
e 
ondition (2.11) with real 
onstants
 > 0 and � � 0.Then there exist positive 
onstants E and �, depending on %�, on � and on theperturbation f�, su
h that for any � � e�+1��, with�� = 28
R2 �2e2E + 3(4E +E0) + 14
R2�� ; (2:17)and for % = min(��1=2; %�) there exists a real analyti
, near to identity 
anoni
altransformation C� from D 12R;% to D 34R;%, with C�(D 12R;%) � D 14R;%, whi
h puts theHamiltonian into the formH 0(p0; x0; �0; �0; �) = �h
(�0; �0) + ĥ(p0; x0)+ Z(p0; x0; �0; �0; �) +R(p0; x0; �0; �0; �) ; (2:18)where Z(p0; x0; �0; �0; �) is in normal form with respe
t to the resonan
e module M.Moreover, for (p0; x0; �0; �0) 2 D 12R;% one has the boundsjh
(�0; �0)� h
(�; �)j < 25��2Ejĥ(p0; x0)� ĥ(p; x)j < 22e����1 ���� � 1�+1 EjZ(p0; x0; �0; �0; �)j < 25��1EjR(p0; x0; �0; �0; �)j < 26e�+2��1 ���� � 1�+1 E exp"�� + 1e � ���� 1�+1# (2:19)



8 G. Benettin, L. Galgani and A. GiorgilliAs is typi
al in perturbation theory, we shall use the boundjk � 
j � 
 jkj�� for k 2 Z� nM (2:11)with real 
onstants 
 > 0 and � � 0. In parti
ular we shall 
onsider the two extreme
ases of nonresonan
e, i.e. k � 
 = 0 implies k = 0, and of 
omplete resonan
e withequal positive frequen
ies 
1 = : : : = 
� . In the �rst 
ase one hasM
 = f0g, so thatanyM 
an be used; as is well known, even forM =M
 = f0g, whi
h gives the moststringent normal form, the 
ondition (2.11) is satis�ed, for � > ��1, by a set of 
's oflarge measure if 
 is small enough. In the latter 
ase M
 is (� � 1){dimensional, andwe are for
ed to take M =M
; 
on
erning 
 and � , we 
an take 
 = 
1 and � = 0.Noti
e that in this latter 
ase the expression jk � 
j either vanishes, if k 2 M
, or isa multiple of 
1, so that there are no small denominators at all. As will be shown inse
t. 7, this elementary remark lies at the very heart of the �{independen
e of theexponent a in (1.4).In order to use the standard methods of perturbation theory, in parti
ular theCau
hy's estimates for the derivatives of analyti
 fun
tions, we must 
onsider a 
om-plex domain GR, de�ned as the union of polydisks 
entered on every point of G. Morepre
isely, we de�ne GR = [(p;x)2GDR(p; x) ; (2:12)whereDR(p; x) = �(p0; x0) 2 C2n : jpl � p0lj � R; jxl � x0lj � R; 1 � l � n	 : (2:13)Here, for the sake of simpli
ity, the (p; x) variables are assumed to be dimensionallyhomogeneous, as the variables (�; �) are (all of them being square roots of a
tions).The extension to the 
ase of dimensionally nonhomogeneous variables is just a trivialte
hni
al fa
t. For what 
on
erns the variables �; �, we make a power series expansionof the perturbation f�(p; x; �; �) in the neighbourhood of the origin, and the 
oeÆ
ientsof su
h expansion 
an be assumed to be analyti
 fun
tions of p; x in the interior of thedomain GR and bounded in GR. The natural domain of de�nition of the HamiltonianH(p; x; �; �; �) de�ned by (2.5), as well as of the normal form (2.7), 
an then be builtup by 
onsidering the variables �; � 
on�ned, for a given dimensionless parameter% > 0, in the polydisk �%R of radius %R around the origin of C2� , i.e.�%R = �(�; �) 2 C2� : j�lj � %R; j�lj � %R; 1 � l � �	 ; (2:14)



Realization of holonomi
 
onstraints: : : , part II 7in the form f = � ~f , and 
onsequently the transformation (2.2) gives a fa
tor ��1=2;moreover, we shall 
onsider the new variables �0; �0 
on�ned in a neighbourhood ofthe origin of size ��1=2, so that the perturbation turns out to be of size ��1.A

ording to the usual pro
edure in perturbation theory we try now to put theHamiltonian (2.5) in normal form, i.e. we look for a near to identity 
anoni
al trans-formation (p; x; �; �) = C�(p0; x0; �0; �0), whi
h puts the Hamiltonian in the formH 0(p0; x0; �0; �0; �) = �h
(�0; �0) + ĥ(p0; x0)+ Z(p0; x0; �0; �0; �) +R(p0; x0; �0; �0; �) ; (2:7)where Z is the normalized part, and R is a small unnormalized remainder (noise).Sin
e the variables p; x must be essentially 
onsidered as parameters, we de�nethe normal form with respe
t to the variables �; � only. Pre
isely, we introdu
e theusual linear 
anoni
al transformation to 
omplex variables ~�; ~� de�ned by�l = 1p2 �~�l + i~�l� ; �l = ip2 �~�l � i~�l� ; (1 � l � �); (2:8)whi
h puts the unperturbed Hamiltonian h
(�; �) into the form~h
(~�; ~�) = i �Xl=1 
l~�l ~�l ; (2:9)while ĥ(p; x) is un
hanged. Moreover, with referen
e to the ve
tor 
 of the harmoni
frequen
ies of h
(�; �), we introdu
e the resonan
e module M
 de�ned byM
 = fk 2 Z� : k �
 = 0g : (2:10)Then, by 
onsidering a (possibly larger) module M�M
, Z is said to be in normalform with respe
t to M in 
ase the power expansion of Z in the 
omplex variables~�; ~� 
ontains only monomials ~�j ~�k su
h that j � k 2 M.In fa
t, for our problem of giving a bound on the energy ex
hange between h!and ĥ, we are mainly interested in the 
ase M =M
, be
ause in this 
ase, as is im-mediately 
he
ked, the Poisson bra
ket fh
; Zg vanishes, and 
onsequently h
(�0; �0)turns out to be a 
onstant of motion, up to the small noise due to R. However, it ismore natural in perturbation theory to take M possibly larger than M
, so we willpresent our main result in this slightly more general 
ase, and dedu
e from it some
orollaries adapted to the 
ase M =M
.As is well known, in performing the normalization pro
edure with referen
e tothe module M, there appear small denominators of the form k �
, with k 2 Z� nM.



6 G. Benettin, L. Galgani and A. GiorgilliPart A { Results.2. Statement of the resultsWe start with the Hamiltonian (1.1) with h! given by (1.2), and assume bothĥ(p; x) and f(p; x; �; �) to be analyti
 fun
tions of the 
anoni
al variables (p; x; �; �) 2G�B, where G � R2n is a bounded domain (it 
an be thought of as the natural domainof de�nition of ĥ, say a domain inside a 
ompa
t energy surfa
e), and B � R2�is a suitable neighbourhood of the origin of R2� , to be spe
i�ed later. Moreover,f(p; x; �; �) is assumed to vanish for � = 0, and to be a polynomial of �nite order Lin �. In the following, we shall assume L = 2, whi
h 
overs all the 
ases of physi
alinterest illustrated in the introdu
tion, and at the same time simpli�es the task ofbuilding an adapted algebrai
 framework, as will be done in se
t. 4.Introdu
e now the dimensionless parameter � by setting! = �
 ; (2:1)where 
 = (
1; : : : ;
�) is a �xed set of frequen
ies (for example 
hosen of the sameorder of the inverse of a typi
al time s
ale of ĥ), and perform the usual 
anoni
al
hange of variables�l = (�
l)�1=2�0l ; �l = (�
l)1=2�0l ; 1 � l � � ; (2:2)whi
h transforms h! intoh0�
(�0; �0) = �2 �Xl=1 
l ��0l2 + �0l2� ; (2:3)while f(p; x; �; �) is transformed intof 0(p; x; �0; �0) = f(p; x; (�
)1=2�0; (�
)�1=2�0) : (2:4)Then the Hamiltonian takes the form, omitting primes,H(p; x; �; �; �) = �h
(�; �) + ĥ(p; x) + 1�f�(p; x; �; �) ; (2:5)where h
(�; �) = 12 �Xl=1 
l ��2l + �2l � : (2:6)The fa
tor 1� in front of f� re
alls the fa
t that the perturbation is of order ��1, andis explained as follows: by hypothesis f vanishes for � = 0, so that it 
an be written



Realization of holonomi
 
onstraints: : : , part II 5of refs. [11℄, [9℄ and [10℄. However, due to the pe
uliarities of the model, su
h as
heme must be adapted in several nontrivial points, and for this reason we give hereall estimates in detail.The paper is organized in three parts as follows. In Part A (se
ts. 2 and 3)the general results and the appli
ation to physi
al systems are dis
ussed in syntheti
form, without details on the proofs. In parti
ular, se
t. 3 
ontains a dis
ussion onthe relevan
e of our results in the thermodynami
 limit. The rest of the paper isdevoted to the development of the perturbative s
heme; we try to make reading easierby separating the general s
heme (Part B, se
ts. 4 to 8) from te
hni
al lemmas andproofs (Part C, se
ts. 9 to 12). For what 
on
erns Part B, �rst the perturbationpro
edure is explained in se
tions 4 to 7 in a slightly more general framework thanthat of se
t. 2. More pre
isely, in se
t. 4 we give the Hamiltonian a suitable form andbuild up an algebrai
 framework adapted to our problem; in se
t. 5 we illustrate analgebrai
 approa
h to 
anoni
al transformations and give the ne
essary estimates; inse
t. 6 we produ
e the generating sequen
e of the 
anoni
al transformation whi
h putsthe Hamiltonian in suitable normal form; in se
t. 7 the 
anoni
al transformation isused and the exponential estimates on the remainder are obtained. The theorems ofse
t. 7 
an be 
onsidered as the main general results of the paper, and 
ould be appliedto several models. Then, in se
t. 8 su
h results are applied to the models dis
ussedabove, and the results 
laimed in Part A are proven. The remaining part of the paper,namely Part C, is devoted to the detailed proofs of all theorems of se
tions 4 to 7.Part of this work was done when two of the authors (G.B and A.G.) were guestsof the Institute of Theoreti
al Physi
s of ETH, Z�uri
h. We are grateful to ProfessorJ. Fr�ohli
h for his kind invitation.



4 G. Benettin, L. Galgani and A. Giorgilliduring a 
ollision is estimated by�E < �W�e��=�� ; (1:5)where � is the 
ollision time. So, if one a

epts that only the few body 
olli-sions are relevant in rea
hing the statisti
al equilibrium (as usual in dis
ussingthe Boltzmann equation), one has a freezing of the internal vibrational degreesof freedom of the mole
ules for times of the order e�=�� , as suggested by Boltz-mann and Jeans; this is quite relevant for the dynami
al foundations of 
lassi
alstatisti
al me
hani
s.ii. In the problem of realization of 
onstraints the energy ex
hange between themotion along the 
onstraints and the transversal vibrations is negligible up to atime of order e(�=��)a .From a te
hni
al point of view, this part II is substantially di�erent and more
ompli
ated than part I. In parti
ular, in order to have an e�e
tive 
ontrol on the �{dependen
e of the 
onstants, in parti
ular of a, the relevan
e of whi
h was illustratedabove, one needs a 
areful 
hoi
e of the algebrai
 
hara
terization of the problem andgeneri
ally of all the ingredients of 
lassi
al perturbation theory.The most apparent te
hni
al di�eren
e is that here we work dire
tly in 
artesian
oordinates �; � instead of using a
tion{angle variables, I; ' say, as is 
ustomary inperturbation theory, and as was done in part I. The reason is that the a
tion{anglevariables have a singular point for I = 0, and this requires to work within domainsex
luding su
h points. This is not a serious diÆ
ulty if � = 1, and even in the general
ase � > 1, provided the frequen
ies ! are strongly nonresonant, be
ause in su
h 
asesone 
an bound the motion away from I = 0. However, the diÆ
ulty be
omes seriouswhen resonan
e relations exist between the !'s, be
ause in the latter 
ase the pointI = 0 
annot be ex
luded by dynami
al 
onsiderations. On the other hand, this isobviously not an intrinsi
 diÆ
ulty, being just due to the 
hoi
e of the 
oordinates.Taking instead into a

ount the fa
t that we are interested in initial data for thevariables �; � in a neighbourhood of the origin, the problem looks more similar to thatof a system of harmoni
 os
illators, with a polynomial or analyti
 perturbation, atleast if we 
an 
onsider the variables p; x, in some sense, as parameters, as we shalldo. In fa
t, we develop our perturbative s
heme having in mind the formal results ofWhittaker,[6℄ Cherry[7℄ and Birkho�,[8℄ and just add rigorous estimates along the linesof refs. [9℄ and [10℄.The perturbation s
heme developed in this paper is strongly reminis
ent of that



Realization of holonomi
 
onstraints: : : , part II 3the system we propose to keep in mind is a point mass 
on�ned to a 
losed 
urvein spa
e, for example a 
ir
le of radius R in the x; y plane. Using 
ylindri
al
oordinates r = R+ �1, # � x, z = �2, one hasH = 12m ��21 + �22 + p2(r + �1)2�+ 12 �k1�21 + k2�22�+ V (x; �1; �2) ;where V is the external potential, while k1, k2 are large elasti
 
onstants, sayki = �2Ki, i = 1; 2, providing in the limit � ! 1 the required 
on�nement.Here too one easily gets the above form (1.1), by putting ĥ = p22mR2 + V (x; 0; 0),f = V (x; �1; �2)�V (x; 0; 0)+ p22m(R+�)2 � p22mR2 , and introdu
ing as above a trivialres
aling of the �; � 
oordinates.While in part I we were dealing, by a rather simple dire
t te
hnique, with theparti
ular 
ase � = 1 (
ollision of one mole
ule with a wall; realization of just one
onstraint, as for example in a spheri
al pendulum), in the present part II we dealinstead with the mu
h more diÆ
ult general 
ase � > 1.Roughly speaking, denoting byW the rate of the energy transfer between the twosubsystems, we look for Nekhoroshev's like exponential estimates[2℄ of the typeW < W�e�(�=��)a ; (1:4)with expli
it expressions for the 
onstants W�, �� and a, whi
h in general turn out tobe dependent on �, as typi
al of perturbation theory.However, in the very relevant 
ase of identi
al frequen
ies (
ollision of identi
almole
ules), for the 
onstant a, whi
h is 
learly the most relevant one in asymptoti
estimates, we �nd a = 1 for any �. This is exa
tly the value 
onje
tured by Jeansalready in the year 1903[3℄, later independently proposed, for example by Landau andRapp[4℄, on the basis of heuristi
 
onsiderations; for a numeri
al study oriented to theabove problem i., also giving a = 1, see ref. [5℄. On the other hand, the value obtainedby just adapting the 
ommon perturbation te
hniques would be 1=�2 or 1=� (this fa
tled some authors to 
on
lude that su
h a kind of results are irrelevant for statisti
alme
hani
s). One might point out, in this 
onne
tion, the 
urious fa
t that the proof ofthe independen
e of the quantity a from the number of degrees of freedom is obtainedby suitably exploiting resonan
e; indeed, a

ording to a kind of folklore, resonan
eis often 
onsidered to be responsible for the pretended failure of the freezing of theenergy ex
hanges in the thermodynami
 limit.From (1.4) we get two 
onsequen
es:i. In the problem of a 
ollision of � identi
al mole
ules, the energy ex
hange �E



2 G. Benettin, L. Galgani and A. Giorgilli1. Introdu
tionAs in the �rst part of this paper[1℄ we 
onsider a Hamiltonian system of the formH(p; x; �; �) = h!(�; �) + ĥ(p; x) + f(p; x; �; �) ; (1:1)here h!(�; �), with (�; �) = (�1; : : : ; �� ; �1; : : : ; ��) 2 R2� , is the Hamiltonian of a setof � un
oupled harmoni
 os
illators of angular frequen
y ! = (!1; : : : ; !�), i.e.h! = 12 �Xl=1 ��2l + !2l �2l � ; (1:2)while ĥ(p; x), with (p; x) = (p1; : : : ; pn; x1; : : : ; xn) 2 G � R2n, represents any dynam-i
al system with n degrees of freedom, de�ned on a domain G, and f(p; x; �; �) is a
oupling term whi
h is assumed to vanish for � = 0. We are interested in the 
ase oflarge !'s, say ! = �
, with some �xed 
 = (
1; : : : ;
�) 2 R� and large �. Our aimis to study the rate of the energy ex
hange between the two subsystems des
ribed bythe Hamiltonians h!(�; �) and ĥ(p; x), due to the 
oupling term f(p; x; �; �); noti
ethat the Hamiltonian (1.1) is not in general a perturbation of an integrable system.A Hamiltonian like (1.1) naturally appears in at least two typi
al problems in
lassi
al physi
s:i. The relaxation times in statisti
al me
hani
s, in parti
ular the eÆ
ien
y of �{body
ollisions in polyatomi
 gases for the energy ex
hanges among di�erent degrees offreedom, possibly leading to equilibrium. The simplest model example one shouldhave in mind is the 
ollinear 
ollision of two identi
al diatomi
 mole
ules, withshort{range intera
tion for
es, namelyH(p; x; �; �) = 2Xl=1 ��2l2� + �!2�2l2 + p2l2M �+ V (x1; x2; �1; �2) ; (1:3)where: x1; x2 are the 
oordinates of the 
enters of mass of the mole
ules; �1; �2those of the internal degrees of freedom (� = 0 for mole
ules at rest); p1; p2; �1; �2are the 
onjugate momenta; M and � are the total and the redu
ed mass re-spe
tively of a mole
ule; �nally, V is a short range intera
tion potential, aswill be made pre
ise below. One re
overs the above form (1.1) by putting ĥ =12M (p21 + p22) + V (x1; x2; 0; 0), f = V (x1; x2; �1; �2) � V (x1; x2; 0; 0); the trivialres
aling �l = p��0l, �l = �0l=p�, l = 1; 2, gives to h! the form (1.2).ii. The realization of holonomi
 
onstraints in 
lassi
al me
hani
s. This problem isdis
ussed to some extent in part I, where some basi
 referen
es are also given;
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Abstra
t. As in Part I of this paper, we 
onsider the problem of the energy ex
hanges between twosubsystems, of whi
h one is a system of � harmoni
 os
illators, while the other one is any dynami
alsystem of n degrees of freedom. Su
h a problem is of interest both for the realization of holonomi

onstraints of 
lassi
al me
hani
s, and for the freezing of the internal degrees of freedom in mole
ular
ollisions. The results of Part I, whi
h referred to the parti
ular 
ase � = 1, are here extendedto the more diÆ
ult 
ase � > 1. For the rate of energy transfer we �nd exponential estimates ofNekhoroshev's type, namely of the form exp(��=�)1=a, where � is a positive real number giving thesize of the involved frequen
ies, and �� and a are 
onstants. For the parti
ularly relevant 
onstant awe �nd in general a = 1=�; however, in the parti
ular 
ase when the � frequen
ies are equal (
ollisionof identi
al mole
ules), we �nd a = 1 independently of �, as 
onje
tured by Jeans in the year 1903.


