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while {f,£} = 0.
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By the definition of the norm

{9} la—a—ays.o) < D,

S (1l 22

; O |(1_q_q S0
(72) k& Li=1 ( )(6,0)
a gl /0
8fk gk(l_d,)(é’a))]eu d'—d)|k+k'|o
Yila—a—ays,0)

Using now the Cauchy’s inequalities

i

1
= dé‘gk‘ 1—d")(d,0) > Em T Y

S
(—d—d)(s,0) (@ +d)o

| frl(

‘ g
oy

(1—d'—d)(8,0)

the right hand side of (72) is smaller than

1 _ ! Io_
T > larla—ay@er e il

n
|k|o Z ‘kl‘e_(d’+d)|k|0'
=1

k!
(73)
1
, (=)o olklo 1o dlk'lo
7(d’+d 52\%\ 1-d')(5,0)€ AREIE Z| e
k! =1

Remark now that the only terms depending on the index [ are ), |k;| = |k| and
> 1k;| = |k'|; moreover, using the inequality

1
re ** < — forz>0,a>0,
ae

one concludes
1

1
~ (d'+d)ec’ dec

folg— (@ +d) k|o
| \e = deo

‘k |e—d\k |a
Reordering the terms, the expression in (73) is smaller than

2 ! (1—d")|k'|o
m ; |9k|(1—d')(5,o)6 .

and the conclusion follows in view of the definition of the norms | f|(s,) and
91l(1=dar)(5,0) Tespectively. Q.E.D.

Similarly one proves the following estimates needed in order to relate our constants
to those in ref. [9].

Lemma 10: If f = f(x,y,¢) is analytic in G5,y then for0 < d < 1 and for1 < j <n
1
, Y _ < —
1{f v} la—ays.0) < dea||f||(5"’)
1
1S 25} l—ays,0) < %an(é,a)
1
, _ < —
{0} la=ays,0) < d0_||f||(5,a) ,
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one finds, in view of lemma 8,

2e

A=
d200

1+e9/2\" ed
(1 — e—”/2> Vo + 2

The value of A in proposition 1 is obtained if we set d = 1/(4y/n). Inserting A and

h = e=%?/2 in the estimate (69), the condition (54) guaranteeing the existence of the

transformation into normal form becomes
rA

(70) e =— +2¢ Ko/2 <
(6]

DN | =

If (70) holds true one can prove that the remainder R(") in (55) as defined in (59) is
estimated by

(71) IR™| (1 _2ay(5.0) < 2Fe"

with F' given in lemma 8 as

1+e—0'/2 n
F = (1_67_0_/2> ‘V‘ZU .

For a proof of the crucial estimate (71) we can again refer to [9], sect. 12. This finishes
the proof of proposition 1.

We should add that the precise constants above follow from the reference [9] if one

uses the following estimates for the Poisson bracket for our functions f = f(z,y, &)
defined by (40)

Lemma 9: If f and g are analytic functions defined on G s,y and G(1_q)(s,5) T€Spec-
tively for some 0 < d' < 1, then for every 0 < d <1 —d’

{F 9 a—a—ay 6.0y < Cllf .o 19l (1=ay 5,0)

where
2

C:ead+wwa

Proof. Using the Fourier expansions

fly, 2,8 = kaysm, 9(y,z,€) = ngysm,

one computes

{ffg}ZiZ[ <agkf -k k>]ei<k+k'>-w.
=1

k,k'
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Lemma 8: Assume V is analytic in the strip |Imz| < 20 and |Im¢| < 20, and
‘V|20 < oQ.

Then, .
1, =1Vill, <W='F, j>1,

with the constants h and F defined by
1 —a/2\ "
heeor . pe (FEE) W,

Proof. The proof is an immediate consequence of the well known estimate
[0k, < [V]p, e72H7

for the Fourier coefficients vg (&) of the analytic function V' = V(z,§). Indeed, by
definition of the norm,
IVill, = Yo lvklee™”

(-VK<L[k|<jK

<Vl >, ek

(-1 K<k
and the claim follows in view of the following estimate. For any positive integer m,

Z e—|k|a Se—ma/Q Z 6—\k\a/2

\k[>m \k[>m

< omol (Z e—uo/z)

JEZ
= e_m"/2 71 + e /2
1—e /2
Q.E.D.

We finally express the constants G and b in the assumptions of lemma 6 by their
values found in lemma 7 and 8, and estimate

2Ge+b 2eF +12(7‘—1) <F+§>+2h

d20o = Pioa ed?doa 2
2e2 +12(r — 1) ed
69 F4+ — 2
(69) < ed?doa < * 2 ) 2h
2er ed
< 7d250'0z <F+ ?> + 2h

where we have used that 2e* + 12(r — 1) < 2¢?r if r > 1. Defining
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with \Ilgz) having all the Fourier coefficients in ¥, belonging to k& € M. We, therefore,
set

(62) Z, =0 e P, NNy .

It remains to solve the partial differential equation

(63) Laxe =352 xe =
0 p Jax] s

This is easily done by comparing the Fourier coefficients. Note that y € G; satisfies,
by assumption, the estimate |k-y| > a > 0if k ¢ M and |k| < N. On the other hand,

T contains only Fourier coefficients for £ ¢ M and |k| < N. Therefore, we find a
solution xs which satisfies the estimate

1
(64) ||XS||(1—d)(6,a) < o ||“I’s||(1_d)(5,a) :
In addition, Z, satisfies trivially

(65) 1Zsll (1 —ays,0) < Vsl 1—ays.0) -

Note that xs does not depend on the variable 7, so that T} (§) = . Using the esti-
mates (64) and (65) and the estimates for the Poisson brackets in lemmas 9 and 10
below, one concludes the following estimates for the generating sequence in terms of
the given Hamiltonian:

Lemma 7: Assume that H = Hy +n+ Hy + Hy + ... with Hy € P satisfies, on
G(s,0). the estimates

(66) |Hll5.0) < h*"'F for s>1,

with two constants h > 0 and F > 0. Then, the generating sequence x\") =
{x1,-..,Xxr} defined above satisfies the estimates

bs—l
(67) ||Xs||(1—d)(0,(5) S S G fOI‘ 1 S S S T,
with the constants b and G defined by
12(r — 1) ed F
b=———|F+ — 2h S
(68) ed?doa < + 2 ) +2h, G a’

where o > 0 is associated to our domain by (46), and where rK = N.

The proof is carried out in [9], sect. 11. We next determine the constants h and
F in the above lemma for our special Hamiltonian H given by (45). Recall that V =

2321 Vj, and
Hy=Vi(x, &)= > w(&e™”

(J-DKL[|kI<GK

does not depend on the variables y.
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The proof of this lemma, with only minor modifications in the notations can be
found in [9], sect. 10. We shall now use the lemma in order to construct a symplectic
transformation T' = T) () with a finite generating sequence X = {x1,.... xr}, i€,
Xs = 0 for s > r, transforming the Hamiltonian in the following normal form

(55) TynwH=Hy+n+Z"+R"  Z0 =7 +...+2,,

where Z; € P; is in normal form, i.e., Z; € Npy.
In view of the expansion for H given by (45) and in view of the definition (48)
for T the equation (55) becomes

(56) > EHo+> En+>» Y B H=>» Z+R".
s=1

s>1 s>1 s>11=1
Introducing an artificial parameter ¢ and writing (45) in the form
H = Hy(y) +en+ ZejHj
i>1

we now compare the terms in (56) of the same order in e and find the following
equations. Abbreviating

¥y = H;

(57) s—1 I s
U, =F,_ -L, FEs_H E;,  H, 2<s<r,
11+ Z S oaFs—1to £ Z 1y s<r

=1 =1

for 2 < s < r one readily verifies by induction that ¥, € P,. Moreover, ¥, contains
only x; for 1 < j < s — 1, so that it will be recursively known. With (57) the
equation (56) becomes

(58) LH0X5+Zs:\11571§5§T1
and R(") is given by

(59) R =N"H" , HeP,,
s>r

where Hs(r) is defined as

(60) H{" = E;Hy+ Es_in+ Y E,Hy, s>r.

=1
The problem now is first to solve the equations (58) for the two unknown functions
Xs € Py and Z, € Py N N with the recursively known right hand side W¥,. After this

we shall have to estimate the remainder term R("). As to the first problem we observe
that there is an unique splitting

(61) ¥, = 00 o
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It turns out that the formal inverse of T, exists and is represented by

(50) T,'=) D,

s>0
with
(51) Dy=1d, D,=-Y %Ds_joj .
j=1

As a side remark we point out a familiar special case. Choosing y to be the
generating sequence with x; = ¢ any function, and y; = 0 for all s > 1, one finds
Es = (Ly,)*/s!, and T =T, is given by

T = eXP(Ltp) 9

consequently, T~! = exp(—Ly,) = exp(L_y,).

It can be shown that T = T, defined by (48) preserves products and Poisson
brackets, i.e., for two functions f and g one has T'(fg) = (T'f) - (Tg) and T{f,g} =
{Tf,Tg}. Consequently, if we let T act on the canonical coordinate function z we can
define a symplectic transformation by setting

(52) 7 =T(z) .
It satisfies, moreover,

(53) (T1)(2) = F(T(2)) .

The proofs of all these statements are easy and can be found in [10].

After these algebraic considerations we formulate a quantitative existence state-
ment used in the following. It gives conditions under which the formal expansions
converge.

Lemma 6: Let x = {xs},>; be a generating sequence such that x5 € Ps are analytic
functions on G5, satisfying the estimates ||x,||(s,0) < b*7'G/s for s > 1 with two
constants b > 0 and G > 0. Then if 1/2 < d < 1 and if

2Ge Lh< 1

d20c -2

the transformation T = T, defined by (48) and (52) and T~ defined by (50) converge
and define holomorphic and symplectic mappings satisfying

(54)

Ga1—2d)(5,0) C TG(1—ay(5,0) C Y(5.0) »
and the same for T~'. Moreover, T(¢) = ¢ and
T(y) = yl(1—ays,0) < db,
IT(n) — nla—ays,0) < do,
T(z) — 2/ (1—a)(5.0) < dO .
The same estimates hold true if T is replaced by T !.
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and belongs to P;. The Hamiltonian function

(14) Ho,y, €)= gly + 0+ V(w,6)
is, therefore, represented in the form
(45) H=Hy+n+H{+Hy+ ...
with Hy = |y|?/2, and with

H; =V;e€P; forj>1.

We shall now fix a resonance module M and a positive integer N = r K, and assume
that the domain G5 C C™ satisfies the following condition: if y € G5, then

(46) |k-y|>a fork¢g M and |kl <N

for some real parameter o > 0; recall that this was defined to be a nonresonance
domain of type (M, a, §, N) in definition 2 above. We shall call a function Z in normal
form, and write Z € Ny, if it is of the form

(47) Z = z(y. et

keM

i.e., if it contains only Fourier coefficients belonging to the distinguished resonance
module M.

The aim is to construct a local symplectic diffeomorphism which transforms the
given Hamiltonian (45) on our chosen domain into normal form with respect to M up
to finite order r. The standard procedure transforms successively into normal form of
higher order by a finite composition of diffeomorphisms. In contrast, we shall proceed
differently using a recursive technique designed for numerical purposes, and developed
in [11].

We shall briefly outline this approach, proceeding at first algebraically on the level
of formal expansions. Consider a sequence x = {xs},~; of functions x, € Ps, in the
following called a generating sequence; then we define a linear operator T, acting on
functions as follows:

(48) Ty = Z Es

>0
where {E} - is a sequence of linear operators recursively defined as
s
Eo=1d, E,= ; %ijEs_j ,

where L, is the Lie derivative defined with the Poisson bracket by
(49) Ly, (f) = {xs. f} -
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6. Existence of the normal form

The aim is to prove proposition 1 which claims the existence of a normal form on a
nonresonance domain By, where M is a fixed resonance N-module. We start with
some notations.

First recall that for a real domain G C R™ and for 4 > 0 we defined the complex
neighbourhood G5 € C™ by

Gs={yeC"|ly—-g|<d},
and, for o > 0, the complex domain G ;) is defined by
Gs,0) = Gs x {n € C} x {|Imz| < o} x {|Im¢| < o} ,

the corresponding variables being (y,7,x,£). The functions f defined on G5,y and
considered below will not depend on 7. For these functions we introduce two norms,
namely the supremum norm

(39) (.0 = sup [f]

9(5,0)
and, with respect to the Fourier expansion on the torus given by
k-
(2.5, = Y fuly, ™,
keZn

we define another norm by

(40) 1f 5,0 = Z frl 5.0yl
kezZn

Clearly,

(41) 6.0) < I flls,0) -

For a fixed integer K > 1 we shall denote by P;, for j > 1, the distinguished class of
functions on ;) defined as follows:

(42) {ff:vyf kaysm}.
|k|<jK
Accordingly, we shall write the given potential V' as a sum
(43) V(z.6) = Vj(x.8) .
i>1
where V; is defined by
Vile,)= Y w(€e™

(G-VK<L[k|<GK
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as required in Proposition 4. We conclude that the time 7j; is indeed estimated expo-
nentially by

N 0 1/a
(38) Ty = Tueg" > Tiexp (K*> =T, exp <a>

with T, = g—g and

0. = Koo .

Since rK, = N = (0/00)"/® and K, and r are positive integers we get the condition
0 > o.. We turn now to the quantitative determination of the constants gy, K, and
r. Concerning gg, we remark that, in view of (36) we can equivalently make a choice
for dg. Recalling the expression of A in Proposition 1, we set

so that

A depends on o and on the dimension n. Concerning K., in view of (37) and of the
condition gq < 1/e, we choose

2eA
K, = smallest integer > max <e_’ E) ;
60 g

K, depends on |Va,|, 0 and n. Finally, we choose r = r, with

1/a
r, = integer part of ! <£> .
K. \ 0o

Due to the choice of r, and K,, which are integers, we the get

1/a 1/a
90 Qo0

instead of equality. However, the exponential estimate (38) still holds for ¢ > g, with
a minor change of the constant T, i.e.

. 500
* 8B’

Inserting the expressions for the constants dg and B theorem 2 follows in view of
proposition 4.



17

Assume now y(0) € G — 2p, and pick as time interval [a,b] = [77,7T], where 7
and 7~ are the exit and entrance times of an orbit starting from y(0) in the center of
open ball of radius g:

a =sup{t > 0| dist(y(s),y(0)) < o for s € [0,]}
b =sup{t > 0| dist(y(s),y(0)) < o for s € [-¢,0]} .

From lemma 5 one concludes immediately

Proposition 4: Letr, K, N=1rK, 0> 0,0 >0, A and B be as in lemma 5. Then
for every solution with y(0) € G — 2p

i . N o _,
dist(y(t),4(0)) < o if [t ST = cme” .

provided gy < 1/2.

It remains to choose the parameters N > 1 and r» > 1 for given o and ¢ > 0, so
that eg < 1/2 and such that Tj is as large as possible.

5. Choice of the parameters, Proof of theorem 2

In view of Proposition 4 it remains to choose the parameters in order to verify theo-
rem 2. For given ¢ > 0 and ¢ > 0 the parameters to be chosen are r, K and N, where
rK = N. In order to first describe the idea of our choice recall the definition of the
parameters 3y and dg in definition 3, which depend on g, and recall also the definition
of the constants A and B in Proposition 1. We abbreviate for the following

n?+n
R

a =

Then, for given g > 0 we first choose

1/a
N = <£>
Qo
with an arbitrary dimensional constant gg; this gives
Bo 00
36 g=—=—5—— .
(36) 07 aN T 27 t2(n + 1)

Consequently, A and B are also determined. In order to choose K recall that rK = N,
and compute

(37) g0 = —— +2e — 42 Ko/2
Bo

with C' = A2"*2(n + 1)!. We finally choose K = K, so large that
1

€0 < —
e
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in definition 3, define

2rA

g0 = T_ +26—K0’/2
Bo

. o,

and assume eq < 1/2. If a solution satisfies y(t) € G — o for t € [a, b], then

dist(y(t),y(s)) < o
for all t,s € [a,b], provided b — a < T§.

Proof. We shall prove the existence of a resonance module of dim M = s for some
s such that

(33) y(t) € Caas,(y*) for t€fa,b].

The lemma then follows in view of diamCay,s, (y*) < o, which is the statement 3 of
proposition 3. In order to prove (33) observe that due to the statement 1 in proposi-
tion 3 there exists for every t € [a, b] a N-module My such that y(¢) € My, which has
minimal dimension. Since the set of all N-moduli is finite there exists among these
N-moduli My, t € [a,b], a N-module M such that dim M = s is minimal. Then
y(to) = y* € By for some ty € [a,b]. Let now 77 be the exit time of the solution
y(t) starting at y* contained in the cylinder Caq s, (y*), and assume that 77 < ¢f. We
claim that

(34) y(t0+7'+) € 8ZMﬁPM75S(y*) .

Indeed, by definition, Sy < s and dy < d5. Moreover, A(dg) > A(ds) and B(dg) =
B(ds), so that g9 > €5 and consequently t§ < t%. The claim (34) follows therefore
immediately from the previous lemma 4. Next we claim that

(35) b<to+7".

Indeed, assume by contradiction that b > to+77. Then we conclude that y(to+77) €
G — o, and, by (34), that y(to + 7+) € Za. Since, by proposition 3, statement 4,
Clos Ba,s, N Zap = 0 for every M’ # M satistying dim M = dim M’ = s we find

y(to+71) ¢ U Zypm=Zr.
dim M=s

Therefore, y(tg +77) € (G — o) \ Z%. But, by proposition 3, statement 2,
G-o\2:c U 2m.

dim M=s—1

Consequently, y(to + 7*) € Bags with dim M* < s — 1. Since tg + 77 € [a, b] this con-
tradicts the definition of M which is assumed to have minimal dimension. Therefore,
the claim b < tq + 71 is proved. The same arguments show that a > 77, and we
conclude that y(t) € Caqs,(y*) for all ¢ € [a,b], as claimed in (33). This proves the
lemma. Q.E.D.
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4. Global estimates depending on parameters

The previously described geography of resonances provides us with domains in R"
which cover R™ and which meet the assumptions of the local analytic statement in
proposition 1. In order to reformulate proposition 2 we shall introduce the

Definition 4:  Assume (z(t),y(t),£(t),n(t)) is a solution starting in y(0) € Int G for
some set G C R". The exit resp. entrance time of this solution in G is defined as

T =sup{t >0 |y(s) €IntG for 0<s<t}

resp.
T~ =inf{t <0|y(s) €eIntG for t<s<0} .

The parameters 35 and d5 occurring in the following lemma are defined in defini-
tion 3. It should be recalled that they do depend on the parameters N and p.

Lemma 4: Let r and K be positive integers, N = rK and let o > 0 and o > 0.
Consider the N-module M of dim M = s with the associate parameters 3, and 0.
With the constants A and B depending on |V |,, o, n and § = 5 as in proposition 1
we set

2rA
€s = ! + 2¢~Ko/2
S
. 00 _
ts:8—B€ST

Assume €4 < 1/2. Then for a solution with y(0) € By and with exit (resp. entrance)
time T+ (resp. 77) in the cylinder Caq s, (y(0)) the following holds true: if 7+ < t}
(resp. if 7= > —t¥) then

y(t7)  (vesp. y(77)) € (0Zm N Prms, (¥(0))) -

In other words a solution with y(0) € Bag N Cass, (y(0)) can leave the cylinder
Ca.s, (y(0)) within the time interval |t| < ¢} only through its base (see fig. 3).

Proof. By assumption y(0) € Bag N Caqs, (y(0)). By definition Bas C Bags,. In
view of proposition 3, statement 6, the set Bags. satisfies the assumptions of G
in proposition 2, with ¢, however, replaced by d; and « replaced by [s/2. Since
Ca,s, (y(0)) C Bag,s, we, therefore, conclude from proposition 2 that if 7+ < ¢, then
y(t+) € Int Pag,s,. Moreover, by definition of the exit time, y(77) € 0Ca,s, (y(0)),
so that y(7%) € 9Cas, (y(0)) N Int Pags, (y(0)), as claimed. Similarly for 7= and
y(r7) if 7= > t%. From the definition of the corresponding sets one concludes readily
that (9Ca,s, (y(0)) NInt Pags, (y(0))) C (0Zam N Pag,s, (y(0))), and this finishes the
proof. Q.E.D.

The crucial step in proving theorem 1 is the following lemma, which combines the
analytical and the geometrical considerations.

Lemma 5: With the parameters r, K, N = rK, o > 0 and o > 0 given, with the
constants A and B depending on |V |,, o, n and § = &y, and with §y and (B, as given
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Pick 7 € Pa(yo) N Xpq; then k-7 = 0 for £ € M, and we conclude, since y — y, L
PM(yo), that

key=k-(y—79)
:k'(y_y*)+k'(y*_y)
:k(y*_g)

Since y € Zpq there are s independent vectors k € My such that |k -y| < fs.
Consequently,

ke (g —Y)| < Bs
for these vectors, and since y, — ¥ € Py we conclude by lemma 2,
(31) dist (1. 7) < sN*71 8, .

Using the triangle inequality we find by (30) and (31) that dist(y,7) < sN*718, + 6.
Therefore, if y; and y2 € Caq,5,(yo) we can estimate, again by the triangle inequality,
dist(y1, y2) < 2sN*~! + 28,. The proof of the lemma is finished. Q.E.D.

In view of the definition of the sequences 5 and ds we conclude in particular from
lemma 3 that diamCay s, (y) < o for y € By, as claimed in statement 3.
Next, we claim that if y € Bag,s, then

(32) k-yl >pBs for kg M and |k|<N.

Indeed, in view of the definition of Bas,, there exists a y' € Bag such that y €
Cm.s, (y'), and, by lemma 1, we have |k-y'| > Bs41. Moreover, by the previous lemma 3,

k- (y —y)| < |k|dist(y',y) < NdiamCpq5, (') < N(2sN*7' B, + 26,) .
Consequently,
K-yl > k' = k- (' = )| = Baxr — N(2sN° 718, + 26,)

which is > 3, by our choice of the sequences in definition 3. This proves the claim (32).

In order to prove statement 6 let y € (Bay,s,)s - By definition of the complex ex-
tension there exists an y' € By s, such that [y} —ij < 05 for 1 < j < n. Consequently,
if [k] <N,

1
E-(y —y)| < ds kil < Né, < =8, ,
k(' =) <0y ksl < Noy < 2B
, if kK ¢ M then

~—

by our choice of the sequences. Therefore, in view of (32

keyl >k = k- =) > -Bs .

DN | =

as claimed in statement 6.

In order to prove statement 4 assume, by contradiction, that y € Baq,s, N Za # 0.
Since y € Zpp and M # M’, there is a k ¢ M, |k| < N, such that |k -y| < S, in
contradiction to estimate (32). Finally, the statement 5 is readily verified using the
definition of the sequence 5. The proof of proposition 3 is complete. Q.E.D.
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6) If M is a N-module of dim M = s, then for every y belonging to the complex
domain (B,s,);, the following nonresonance condition holds true

|ky|2% if kg Mand k| <N .
Proof of proposition 3. The statements 1 and 2 follow readily from the definition.
Indeed, observe that

U Bu= U (ZM\Z:+1> = U 2m\Z =2\ 20
dim M=s dim M=s dim M=s

For s = 0, we have ZJ = G — p, which proves statement 2 for s = 0. For s > 0 we
proceed by induction assuming statement 2 to be true up to s — 1; then

G-\ 2L =1G-0\ 2]\ 2, U (2\ 21,)

C( U BM)\Z:-I-lU( U BM)

dim M<s dim M=s

C U By

dim M<s

Setting s = n the statement 1 follows, since 2, = (). In order to prove statement 3
we need the following geometric lemma which is of independent interest and which is

proved in [6], appendix B:

Lemma 2: Let 1 < s < n, and let (u("),...,u®®)) be linearly independent vec-
tors in R" satisfying \u(j)| < N for some positive N and for 1 < j < s, and de-
note by Vol(u™W, ..., u(®)) the s-dimensional volume of the parallelepiped with sides
uM, ..., u®); let, moreover, w € span(uV,...,u®), and a be a positive constant.
Then, the following statement holds true: if |w - u(j)| < «a for1 < j < s, then the

Euclidean norm of w is bounded by

sN* 1o

Il < oo, ey

We shall conclude from lemma 2
Lemma 3: Let M be an N-module of dim M = s. Then for y € B

diamCM,(;S (y) < 28Ns_1,35 + 26, .
Proof. Changing the notation we recall that

Cms, (Y0) = Zam N Pags, (yo) for yo € Bag -

Let now y € Caq,5.(yo) and pick y. € Paq(yo) such that y — y. L Ppag. In view of the
definition of Pay s, (yo) we conclude that

(30) dist(y, y«) < ds -
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Lemma 1: Let M be an N-module of dim M = s. Then for every y € Ba, the
following nonresonance condition holds true:

k-yl>Psy1 if kgM and |k|<N.

Proof. Assume, by contradiction, that there isa y € By and a k ¢ M with |k| < N

satisfying |k - y| < Bsi1. Since Bag C Zaq, and since, by assumption, S5 < fsi11 we

conclude from the definition of Zx, that there are s + 1 independent vectors k €

My satisfying |k - y| < Bsy1. Consequently, y € Zpq for a resonant N-module M’

with dim M’ = s 4 1. Therefore, y € Zp¢ C 254, and so y & By = Zpm \ 2544,

contradicting y € Bay. Q.E.D.
We next define the parameters in terms of N, p and n.

Definition 3: Let N be a positive integer and let o > 0. Then we set

5 —1
/80 — 2n+1(n_|_ 1)|N(n +n—2)/2 0,

By = 255 NIsG=DI/280 for 1 < s<n,

and
0g = B for0<s<n.
2N -~
It then follows that
Bo<Bi...<PBn

(29)
g <01...<0p,<o0.

The main result of this section is the following

Proposition 3: Let N be a positive integer, let o > 0 and consider the domain
G— o0 CR". Then
1) Covering:

g—QCUBM.
M

2) For0<s<n
G-o\Zmc U Bum.

0<dim M<s
3) If M is a N-module of dim M = s, then for every y € B

diamCa6,(y) < 0 -
4) If M and M’ are N-moduli of dim M = dim M’ = s, then
Clos Bms, N Zp =0 if M#M' .
5) For an N-module M of dim M = s
(Bms.)s, "R" CG .



Figure 3. Construction of the cylinders and extended blocks for a resonant block
of multiplicity 1. Starting with the point y(0) € B, draw the plane P (y(0)),
and extend it to Paq,s(y(0)). The intersection with the resonant zone Zq de-
fines the cylinder Ca4,5(y(0)), represented by the dashed region. The condition
of nonoverlapping of the resonances requires that the cylinder does not intersect
with the resonant zone Z,,; this is guaranteed on one hand by the convexity
of Hy, which implies that the resonant manifold X, and the resonant plane
Pr(y(0)) intersect transversally, and on the other hand by 81 < 2, which forces
the resonant region of multiplicity 2 (the big square—shaped area) to extend be-
yond the intersection of the zone Zaq with Z, both having multiplicity 1 (small
square—shaped area). Repeating the construction for every point in Ba¢ and tak-
ing the union, an extended resonant block Bas s is constructed, represented by
the wave—dashed area. A further extension of § in the complex, represented by
the dotted area, defines the nonresonance domain suitable for the execution of
the normal form.

11
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Figure 2. The geography of the resonances in the plane case. Multiplicity 2:
the resonant manifold is the point O; the resonant zone, region and block are
the square—shaped area ABCD. Multiplicity 1: the resonant manifolds are the
curves X aq and X4, which intersect in the point O; the resonant zones are the
strips around these curves; the resonant region is the cross-shaped area formed
by the union of the strips, the resonant blocks are the dashed parts of the strips.
Multiplicity 0: the resonant manifold, zone and region are the whole domain;
the resonant blocks are the complement of the cross-shaped area which is the
resonant region of multiplicity 1.

9. Extended resonant block. The extended resonant block is defined to be the set
(28) Bnm,s = U Cm,s(y) -
YyEBMm

The crucial sets in the following are the resonant blocks Bas. In view of the next
lemma, they are the likely candidates of the distinguished sets in R™ which meet the
assumptions in proposition 1.
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where B(y, o) is the open ball of radius ¢ and center y. We shall first recall some
concepts from [5] and [6]. We point out that we shall need only G = R"™ for our
purpose.

1. N-moduli and resonance parameters. If M C Z™ is a resonance module and N
a positive integer we introduce the abbreviation

(20) My = {ke M| |kl < N}

and call a module M of dimM = s an N-module if My contains s independent
vectors k € Z". To the N—-moduli of dim M = s we associate a positive parameter [
such that 8y < f1 < ... < fB,. They will be determined below.

2. Resonant manifold. With an N-module M we associate the resonant manifold
> m defined by

(21) Ym={yeR"|k-y=0forall ke M} .
3. Resonant zone. With an N-module M of dim M = s we associate the resonant

zone Z 4 defined by

Zpm ={y € G — o] there are s independent

(22)
k € My such that |k -y| < Bs}

4. Resonant region of order s. To the family of all N-moduli M of fixed dim M = s
we associate the subset

(23) zi= |J 2m.
dim M=s

By definition, Z§ = G — p; we also set 2, = 0.

5. Resonant block. For an N-module M of dim M = s we define the associated
resonant block By C R” to be the subset of G — p:

(24) Bum=2Zm\ 2541 -
6. Resonant plane. To y € By, we associate the resonant plane
(25) Pumy) ={y+w|w e Pm} .

7. Extended plane. For § > 0 and y € B, the extended plane is defined to be the
set

(26) Pris(y) = {z € R" | dist(z, Pm(y)) < 6} .
8. Cylinder and its basis. For y € Baq and 6 > 0 the cylinder is defined to be the set

(27) Cam,6(y) = Prms(y) N 2
its basis is defined as 9Zx N Payg,s(y).



Figure 1. Confinement of the orbit in the strip around the plane Pu(y(0)),
unless it leaves the domain G.

Proof. Let ¢ be the symplectic diffeomorphism of proposition 1, and, in abuse of
notation, let y = ¢(y'); then

- (@) —y(0)) | < |- (y(&) —y' &) + - ('(#) =y (0)) |+ |- (4'(0) — y(0))] .

Taking the supremum over p € R™ with |u| = 1 and p L M, the first and the third
term on the right hand side are estimated by §/4 in view of the properties (12) of the
diffeomorphism ¢, while the second term is estimated, in view of (18), by

2
Yy =y O <t~ IRl

which is smaller than §/4, if [t| < ¢*, in view of the estimate for |R| in proposition 1.
This finishes the proof of proposition 2. Q.E.D.

If a solution leaves the local domain G considered above in a time shorter than ¢*
we, of course, loose control (see fig. 1) and are forced to study the geometric pattern
of all possible nonresonance domains. This will be done in the next section, where the
special form of the integrable part which is given by Hy = |y|2/2 allows a simplification
of earlier presentations.

3. Geography of resonances

If G C R" is an open set and g > 0 we denote by G — p the subset

G-—o={yeG|B(y,0CG},
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The proposition allows us to gain already some crucial insight into the flow of (7)
at least locally on G. Namely, we conclude immediately that the functions I,, defined,
in the new variables on G5 51, by

(17) IL,=p-y, peR” and pl M,

are approximate integrals. Indeed, computing the time derivative along a solution of
H o ¢ we obtain

d d 0

| 9
J— — [ — [ — 7 . ik-x [R—
Gle=n gy = o (Hop) =i Y (k) fu(y, ™" +p R .

ox
keM
Since p - k = 0 for k € M, we find the estimate, on G5/ x T" x {|Im¢{| < 0/2},

d

2|p]
—_- 2P Be”
dt £

(18) 1| <

where we have used (15) and the Cauchy estimate in order to estimate the derivative of
a holomorphic function in terms of the supremum of the function. This consequence of
the proposition 1 leads to the proposition 2 below in the original nonresonance domain
G C R". In order to formulate it we need a definition.

If M is a resonance module and y* € R™ we define the plane Py(y*) containing

y* by
(19) Pum(y") ={y e R" [y =y" + Pnm} ,
where Py, is introduced in definition 1.

Proposition 2: Assume the potential V(x,t) is real analytic and bounded on the
complex strip |Imz| < 20 and |Imt| < 20 for some ¢ > 0. Let r and K be positive
integers, N = rK. Assume G C R"™ is a nonresonance domain of type (M, a,d, N).
Then there are positive constants A and C depending on |V |ss, o, 6 and n such that

if
£ 1= <E _'_ 26_K0/2> S 1
o' 2

then, the following holds true: if (x(t),y(t),&(t),n(t)) is a solution of the Hamiltonian

system (6) satisfying y(0) € G and y(t) € G for 7~ <t < 7, then
. 3
dist (y(8), Paay(0)) < 25

fort € [t=, 7] N [—t*,¢*] , where
t*=Ce™" .
The constant A is defined in proposition 1, and C' is defined by

oo
C’—S—B,

with B as in proposition 1.
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Definition 2: Nonresonance domain. A set G C R"™ is called a nonresonance domain
of type (M, a, 0, N) if

k-yl>a forall yeGs, ke€Z"\M and |k|<N.
Here, |k| = |k1|+ ...+ |kn|, @ and 0 are real positive parameters, N a positive integer
and M a resonance module.

After these preliminaries we are ready to formulate the analytical ingredient of
the proof of the theorem.

Proposition 1: Normal forms on nonresonance domains. Let r and K be positive
integers, and let N = rK. Moreover, let G C R™ be a nonresonance domain of type
(M, , 8, N). Then, there are positive constants A and B depending on |V|,, o,  and
n such that if

A 1
(11) £ = (T— +2e—Kff/2> < =

there exists a real analytic symplectic diffeomorphism ¢ belonging to the subgroup S,
such that ¢ and ¢~! are defined on the complex domain g(570)% and satisfy

. 1 ) _ 1

(12) dist(y. o(y)) < 70, dist(y, ™' (1) < 50 -
The map ¢ transforms the Hamiltonian H into the following normal form on g((;’o)%:

1
(13) Hop=Zlyl’+n+Nm+R,
where
(14) Nu= Y fuly. e

kemM

|k|<N

The remainder R satisfies, on G5 ;y1, the estimate

(15) R| < Be" .
Moreover:
(16) G500t C ¢(96,0)1) € Gs0)2 -
In addition, the same statement holds true for ¢~! instead of ¢. The constants are
given by
2%en 1+ e o/2\" ed
A= Vlgy + —
do (1—6—0/2> Vi + 2
Boo (LY
T\l —eo/? Vizo -

The proof of the statement, based on a recursion procedure, is postponed to sect. 6
below. The ultimate aim is, of course, to choose the parameters such that " is small.
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improved approach to Nekhoroshev’s estimates due to J. Poschel do not apply directly
to our problem.

2. Local normal forms
It is a convenient trick to remove the time dependence by simply extending the phase

space R" xT™ by two additional variables (¢,7n) € R?, which are canonically conjugate,
and to consider the Hamiltonian function

(6 H(z,y,6m) = Iy +0+ V(e 6)

The following part of the Hamiltonian equations

0
% rm— _ii prmm—
T 8y (x7 y? E? 77) y

0
(7) y: —aﬂ(f,y/f/n):—vw(xaf)
. 0

is then independent of 7 and obviously equivalent to (3).

As usual, instead of solving the equations we shall make use of the Hamilto-
nian transformation theory in order to find local normal forms for the Hamiltonian
functions. Since the ¢ variable is distinguished, the symplectic diffeomorphisms ¢ con-
sidered later on in the transformation theory will belong to the following subgroup S
of symplectic diffeomorphisms:

S={p=id+ ¢ | =19(z,y,§) and £ remains fixed} .

Examples of such diffeomorphisms are the maps belonging to the flow of a Hamiltonian
vector field whose Hamiltonian function does not depend on the variable 7.

In order to describe those subsets of the phase space on which the Hamiltonian
will be transformed into normal form we need some definitions.

Definition 1: Resonance module. If M C Z" is a subgroup we denote by Py; C R"
the real subspace generated by M, and call the subgroup of Z, defined by

(8) ./\/l:f)‘MﬁZn7

a resonance module. The integer dim Py4 will be called the dimension or multiplicity
of the resonance module.

To areal domain G C R™ and § > 0 we shall associate the complex neighbourhood
(9) Gs={yeC"||ly—g|<d}
and denote by G5 ;) the complex domain

(10) Gis,0) = Gs x {n € C} x {|Imz| <o} x {|Im| <o} .



and for all p > p,. The constants p, = R, and T, are defined in theorem 1.

As a sideremark we should mention that the exponent a is equal to 1 in the special
case n = 1. Hence one concludes for all solutions of forced pendulum like equations
defined by Hamiltonians of the form

1
H('T-, yat) = §y2 + V(CL‘,t)

with V' periodic in z, the estimate

ly(t) —y(0)| <o

[t| < Ty exp (£>
Ox
and for all g > p,.

It should be recalled that the so called steepness of the “integrable part”, which
in our case is Ho(y) = |y|?/2, is crucial for estimates over a time interval which
is exponentially large. This is illustrated by the following example of an even time
independent system due to N.N. Nekhoroshev!®!:

for all ¢ in

H(x}y):l

9 (yi — v3) + sin(zy — z3) .

The special solution

(0700, 3(0). 23 (0). 23(0) = (1.1~ 512~ 51%)

satisfies
dist (5" (1), (0)) = V2 1
for all ¢ € R, in sharp contrast to the statement in theorem 2.
We observe that rescaling the action and the time by setting

1
y=-n andt=c¢eT
€
leads to the Hamiltonian system described by the function
1
H($7 7, T) = 5 |77‘2 + €2V($7 87—) ;

which is equivalent to (1) and instead of studying solutions of (1) for large y we
therefore can as well study solutions for bounded |y| choosing ¢ small. This is an
adiabatically perturbed system to which the ideas of Nekhoroshev [ apply.

Indeed, the proof of theorem 2 is based on the underlying ideas of Nekhoroshev!®!
and of Benettin, Galgani and Giorgillil®!. Actually, it turns out that the proof requires
only minor modifications of the latter work. However, some extra work is needed
because the time dependence is not assumed to be periodic or quasiperiodic. For
this reason also the approach by Benettin and Gallavottil™), the simplified version of
Nekhoroshev’s theory due to P. Lochak!® and the recent elegant and quantitatively
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In order to formulate the result we assume V (z,t) to be real analytic and, more-
over, to have a holomorphic extension to a complex strip |[Imz| < 20 and |Imt| < 20
for some o > 0, such that

(5) Ve = sup |V(z,1)] < 0.
| Imz|<20
[ Imt|<20
Denote by B(R) the open ball in R™ centered at 0 with radius R > 0. Then the
following statement of exponential stability replaces (4) in higher dimensions.

Theorem 1:  Let ¢'(2(0),y(0)) = (z(t),y(t)) be the flow of the Hamiltonian vector
field (3) on T™ x R™. Assume the potential V (z,t) is real analytic on T" x R and
has an analytic extension to a complex strip 20 > 0 satisfying (5). Then there are two
positive constants R, and T, depending on |V|s,, 0 and the dimension n, such that
for R > R, the following statement holds true: if y(0) € B(R) then y(t) € B(2R) for
all t in

n?+n

*

R 1/a
[t| < Ty exp <R—> , with a=

The constants are given by

T, = —
8e?
M3+ 1) [1+e/2\"
R,=K? . <1 6_0/2> V2o
where K, is the smallest positive integer satisfying
Pedn (1—e7/2\" 1 5
K, > d K,>—.
= pu <1 +e—a/2> ‘V‘zo an =

Observe that there is no smallness requirement on the potential V'; however, V'
is assumed to be real analytic and to have a bounded holomorphic extension in a
complex strip. The statement applies in particular to a potential V' which depends
quasiperiodically on time ¢, V = V(x, wt) with V(z, {) being real analytic and periodic
in all the variables (z,¢) € T™ x TV; the frequency vector w € R¥ is not required to
meet diophantine conditions.

The above theorem follows immediately from the following stronger statement.

Theorem 2:  Let ¢'(2(0),y(0)) = (z(¢),y(t)) be the flow of the Hamiltonian vec-
tor field (3) on T™ x R™. Assume the potential V(x,t) satisfies the assumptions of
theorem 1. Then

dist(y(t),y(O))< 0
for all t in
n?+n
5

*

1/a
t] < Ty exp <£> with a =
0
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1. Introduction and results

On the phase space T x R™ we consider a time-dependent Hamiltonian system given
by the Hamiltonian function

1
(1) H(z,y.1) = Sy + V(w.1)
where (z,y) € R?" and t € R, and where V depends periodically on x:
(2) Vz+j4,t)=V(z,t), jeZ" .

It is, of course, well known that, in general, the flow of the corresponding Hamiltonian
system

0
t= ——H(x,y,t)
(3) oy

0
= ——H
Y . (z,y,t)

is extremely complicated. If the potential V', however, is bounded, the system can be
viewed as a system close to an integrable one in the region of the phase space where
1

|ly| is large; the integrable system is given by H(y) = §|y|®. Therefore, one might be

tempted to ask whether for the flow ¢ (z(0),y(0)) = (x(t), y(¢)) of (3) one has
(4) sup [y ()] < oo,
teR

i.e., whether all the solutions are bounded for all times.

In the special case, n = 1, this can indeed be proven for potentials which depend,
in addition, periodically on time ¢ and which are sufficiently smooth![2!3]. More gen-
erally, if the potential is quasiperiodic in time, with frequencies (w1, ..., wn) satisfying
diophantine conditions, it can be shown that all the solutions are bounded on the whole
time interval, provided V as a function on T! x T¥ is sufficiently smooth. The bounds
for the solutions are deduced from the existence of quasiperiodic solutions!*I[),

The situation is quite different in the case n > 1. If the potential is quasiperiodic
in time, V = V(x, wt), then there still exists an abundance of quasiperiodic solutions,
hence of solutions which are bounded for all times, provided V is sufficiently smooth(*,
However, in sharp contrast to the case n = 1, the quasiperiodic solutions do not give
bounds for all solutions, since the invariant surfaces covered by the quasiperiodic
solutions do not bound open sets in the phase space, and boundedness of all solutions
cannot be expected.

Recall now that for systems of the form H(z,y) = Ho(y) +eHi(x,y) on T" x R"
and e small N. N. Nekhoroshev!®! discovered estimates for all solutions, not over the
whole time interval, but over an exponentially long interval of time, assuming the
Hamiltonian to be not only smooth, but real analytic, and assuming, moreover, the
integrable system H( to meet certain convexity type conditions. In view of these results
one might guess that such exponential estimates hold true also for our global problem.
This is indeed the case, as we shall prove.
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