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26By the de�nition of the norm(72) k ff; ggk(1�d0�d)(Æ;�) <Xk;k0" nXl=1�jklj �����gk0�yl ����(1�d0�d)(Æ;�) jfkj(Æ;�)+ jk0lj �����fk0�yl ����(1�d0�d)(Æ;�) jgkj(1�d0)(Æ;�)�#e(1�d0�d)jk+k0j� :Using now the Cau
hy's inequalities�����gk0�yl ����(1�d0�d)(Æ;�) � 1dÆ jg0kj(1�d0)(Æ;�) ; �����fk�yl ����(1�d0�d)(Æ;�) � 1(d0 + d)Æ jfkj(Æ;�)the right hand side of (72) is smaller than(73) 1dÆXk;k0jg0kj(1�d0)(Æ;�)e(1�d0)jk0j�jfkj(Æ;�)ejkj� nXl=1 jklje�(d0+d)jkj�+ 1(d0 + d)ÆXk;k0 jg0kj(1�d0)(Æ;�)e(1�d0)jk0j�jfkj(Æ;�)ejkj� nXl=1 jk0lje�djk0j� :Remark now that the only terms depending on the index l are Pl jklj = jkj andPl jk0lj = jk0j; moreover, using the inequalityxe��x � 1�e for x > 0 ; � > 0 ;one 
on
ludes jkje�(d0+d)jkj� � 1(d0 + d)e� ; jk0je�djk0j� � 1de� :Reordering the terms, the expression in (73) is smaller than2ed(d0 + d)Æ�Xk0 jg0kj(1�d0)(Æ;�)e(1�d0)jk0j� �Xk jfkj(Æ;�)ejkj� ;and the 
on
lusion follows in view of the de�nition of the norms kfk(Æ;�) andkgk(1�d0)(Æ;�) respe
tively. Q.E.D.Similarly one proves the following estimates needed in order to relate our 
onstantsto those in ref. [9℄.Lemma 10: If f = f(x; y; �) is analyti
 in G(Æ;�) then for 0 < d < 1 and for 1 � j � nk ff; yjg k(1�d)(Æ;�) � 1de� kfk(Æ;�)k ff; xjg k(1�d)(Æ;�) � 1dÆ kfk(Æ;�)k ff; �g k(1�d)(Æ;�) � 1d�kfk(Æ;�) ;



25one �nds, in view of lemma 8,A = 2ed2Æ� "�1 + e��=21� e��=2�n jV j2� + eÆ2 # :The value of A in proposition 1 is obtained if we set d = 1=(4pn). Inserting A andh = e�K�=2 in the estimate (69), the 
ondition (54) guaranteeing the existen
e of thetransformation into normal form be
omes(70) " = rA� + 2e�K�=2 � 12 :If (70) holds true one 
an prove that the remainder R(r) in (55) as de�ned in (59) isestimated by(71) jR(r)j(1�2d)(Æ;�) < 2F"r ;with F given in lemma 8 as F = �1 + e��=21� e��=2�n jV j2� :For a proof of the 
ru
ial estimate (71) we 
an again refer to [9℄, se
t. 12. This �nishesthe proof of proposition 1.We should add that the pre
ise 
onstants above follow from the referen
e [9℄ if oneuses the following estimates for the Poisson bra
ket for our fun
tions f = f(x; y; �)de�ned by (40)Lemma 9: If f and g are analyti
 fun
tions de�ned on G(Æ;�) and G(1�d0)(Æ;�) respe
-tively for some 0 � d0 < 1, then for every 0 < d < 1� d0kff; ggk(1�d0�d)(Æ;�) � Ckfk(Æ;�)kgk(1�d0)(Æ;�) ;where C = 2ed(d+ d0)Æ�Proof. Using the Fourier expansionsf(y; x; �) =Xk fk(y; �)eik�x ; g(y; x; �) =Xk gk(y; �)eik�x ;one 
omputes ff; gg = iXk;k0 " nXl=1 �kl �gk0�yl fk � k0l �fk0�yl gk�# ei(k+k0)�x :



24Lemma 8: Assume V is analyti
 in the strip j Imxj < 2� and j Im �j < 2�, andjV j2� <1:Then, kHjk� = kVjk� � hj�1F ; j � 1 ;with the 
onstants h and F de�ned byh = e�K�=2 ; F = �1 + e��=21� e��=2�n jV j2� :Proof. The proof is an immediate 
onsequen
e of the well known estimatejvkj� � jV j2� e�2jkj�for the Fourier 
oeÆ
ients vk(�) of the analyti
 fun
tion V = V (x; �). Indeed, byde�nition of the norm, kVjk� = X(j�1)K�jkj<jK jvkj�ejkj�� jV j2� X(j�1)K�jkj e�jkj� ;and the 
laim follows in view of the following estimate. For any positive integer m,Xjkj�m e�jkj� � e�m�=2 Xjkj�m e�jkj�=2� e�m�=2�Xj2Z e�jjj�=2�n= e�m�=2 1 + e��=21� e��=2!n : Q.E.D.We �nally express the 
onstants G and b in the assumptions of lemma 6 by theirvalues found in lemma 7 and 8, and estimate
(69) 2Ged2Æ� + b = 2eFd2Æ�� + 12(r � 1)ed2Æ�� �F + eÆ2 �+ 2h< 2e2 + 12(r � 1)ed2Æ�� �F + eÆ2 �+ 2h� 2erd2Æ�� �F + eÆ2 �+ 2hwhere we have used that 2e2 + 12(r � 1) � 2e2r if r � 1. De�ningA = 2ed2Æ� �F + eÆ2 � ;



23with 	(2)s having all the Fourier 
oeÆ
ients in 	s belonging to k 2 M. We, therefore,set(62) Zs = 	(2)s 2 Ps \ NM :It remains to solve the partial di�erential equation(63) LH0�s = nXj=1 yj ��xj �s = 	(1)s :This is easily done by 
omparing the Fourier 
oeÆ
ients. Note that y 2 GÆ satis�es,by assumption, the estimate jk � yj � � > 0 if k 62 M and jkj � N . On the other hand,	(1)s 
ontains only Fourier 
oeÆ
ients for k 62 M and jkj � N . Therefore, we �nd asolution �s whi
h satis�es the estimate(64) k�sk(1�d)(Æ;�) � 1� k	sk(1�d)(Æ;�) :In addition, Zs satis�es trivially(65) kZsk(1�d)(Æ;�) � k	sk(1�d)(Æ;�) :Note that �s does not depend on the variable �, so that T�(�) = �. Using the esti-mates (64) and (65) and the estimates for the Poisson bra
kets in lemmas 9 and 10below, one 
on
ludes the following estimates for the generating sequen
e in terms ofthe given Hamiltonian:Lemma 7: Assume that H = H0 + � + H1 + H2 + : : : with Hs 2 Ps satis�es, onG(Æ;�), the estimates(66) kHsk(Æ;�) � hs�1F for s � 1 ;with two 
onstants h � 0 and F > 0. Then, the generating sequen
e �(r) =f�1; : : : ; �rg de�ned above satis�es the estimates(67) k�sk(1�d)(�;Æ) � bs�1s G for 1 � s � r ;with the 
onstants b and G de�ned by(68) b = 12(r � 1)ed2Æ�� �F + eÆ2 �+ 2h ; G = F� ;where � > 0 is asso
iated to our domain by (46), and where rK = N .The proof is 
arried out in [9℄, se
t. 11. We next determine the 
onstants h andF in the above lemma for our spe
ial Hamiltonian H given by (45). Re
all that V =Pj�1 Vj , and Hj = Vj(x; �) = X(j�1)K�jkj<jK vk(�)eik�xdoes not depend on the variables y.



22 The proof of this lemma, with only minor modi�
ations in the notations 
an befound in [9℄, se
t. 10. We shall now use the lemma in order to 
onstru
t a symple
ti
transformation T = T�(r) with a �nite generating sequen
e �(r) = f�1; : : : ; �rg, i.e.,�s = 0 for s > r, transforming the Hamiltonian in the following normal form(55) T�(r)H = H0 + � + Z(r) +R(r) ; Z(r) = Z1 + : : :+ Zr ;where Zj 2 Pj is in normal form, i.e., Zj 2 NM.In view of the expansion for H given by (45) and in view of the de�nition (48)for T the equation (55) be
omes(56) Xs�1EsH0 +Xs�1Es� +Xs�1 sXl=1 Es�lHl = rXs=1Zr +R(r) :Introdu
ing an arti�
ial parameter " and writing (45) in the formH = H0(y) + "� +Xj�1 "jHjwe now 
ompare the terms in (56) of the same order in " and �nd the followingequations. Abbreviating(57) 	1 = H1	s = Es�1� + s�1Xl=1 lsL�lEs�lH0 + sXl=1 Es�lHl ; 2 � s � r ;for 2 � s � r one readily veri�es by indu
tion that 	s 2 Ps. Moreover, 	s 
ontainsonly �j for 1 � j � s � 1, so that it will be re
ursively known. With (57) theequation (56) be
omes(58) LH0�s + Zs = 	s ; 1 � s � r ;and R(r) is given by(59) R(r) =Xs>rH(r)s ; H(r)s 2 Ps ;where H(r)s is de�ned as(60) H(r)s = EsH0 + Es�1� + sXl=1 Es�lHl ; s > r :The problem now is �rst to solve the equations (58) for the two unknown fun
tions�s 2 Ps and Zs 2 Ps \NM with the re
ursively known right hand side 	s. After thiswe shall have to estimate the remainder term R(r). As to the �rst problem we observethat there is an unique splitting(61) 	s = 	(1)s +	(2)s ;



21It turns out that the formal inverse of T� exists and is represented by(50) T�1� =Xs�0Ds ;with(51) D0 = Id ; Ds = � sXj=1 jsDs�jL�j :As a side remark we point out a familiar spe
ial 
ase. Choosing � to be thegenerating sequen
e with �1 = ' any fun
tion, and �s = 0 for all s > 1, one �ndsEs = (L')s=s! , and T = T� is given byT = exp(L') ;
onsequently, T�1 = exp(�L') = exp(L�').It 
an be shown that T = T� de�ned by (48) preserves produ
ts and Poissonbra
kets, i.e., for two fun
tions f and g one has T (fg) = (Tf) � (Tg) and T ff; gg =fTf; Tgg. Consequently, if we let T a
t on the 
anoni
al 
oordinate fun
tion z we 
ande�ne a symple
ti
 transformation by setting(52) z0 = T (z) :It satis�es, moreover,(53) �Tf�(z) = f�T (z)� :The proofs of all these statements are easy and 
an be found in [10℄.After these algebrai
 
onsiderations we formulate a quantitative existen
e state-ment used in the following. It gives 
onditions under whi
h the formal expansions
onverge.Lemma 6: Let � = f�sgs�1 be a generating sequen
e su
h that �s 2 Ps are analyti
fun
tions on G(Æ;�) satisfying the estimates k�sk(Æ;�) � bs�1G=s for s � 1 with two
onstants b � 0 and G > 0. Then if 1=2 � d < 1 and if(54) 2Ged2Æ� + b � 12the transformation T = T� de�ned by (48) and (52) and T�1 de�ned by (50) 
onvergeand de�ne holomorphi
 and symple
ti
 mappings satisfyingG(1�2d)(Æ;�) � TG(1�d)(Æ;�) � G(Æ;�) ;and the same for T�1. Moreover, T (�) = � andjT (y)� yj(1�d)(Æ;�) < dÆ ;jT (�)� �j(1�d)(Æ;�) < dÆ ;jT (x)� xj(1�d)(Æ;�) < d� :The same estimates hold true if T is repla
ed by T�1.



20and belongs to Pj . The Hamiltonian fun
tion(44) H(x; y; �; �) = 12 jyj2 + � + V (x; �) :is, therefore, represented in the form(45) H = H0 + � +H1 +H2 + : : :with H0 = jyj2=2, and with Hj = Vj 2 Pj for j � 1 :We shall now �x a resonan
e module M and a positive integer N = rK, and assumethat the domain GÆ � Cn satis�es the following 
ondition: if y 2 GÆ, then(46) jk � yj � � for k 62 M and jkj � Nfor some real parameter � > 0; re
all that this was de�ned to be a nonresonan
edomain of type (M; �; Æ;N) in de�nition 2 above. We shall 
all a fun
tion Z in normalform, and write Z 2 NM, if it is of the form(47) Z = Xk2M zk(y; �)eik�x ;i.e., if it 
ontains only Fourier 
oeÆ
ients belonging to the distinguished resonan
emodule M.The aim is to 
onstru
t a lo
al symple
ti
 di�eomorphism whi
h transforms thegiven Hamiltonian (45) on our 
hosen domain into normal form with respe
t toM upto �nite order r. The standard pro
edure transforms su

essively into normal form ofhigher order by a �nite 
omposition of di�eomorphisms. In 
ontrast, we shall pro
eeddi�erently using a re
ursive te
hnique designed for numeri
al purposes, and developedin [11℄.We shall brie
y outline this approa
h, pro
eeding at �rst algebrai
ally on the levelof formal expansions. Consider a sequen
e � = f�sgs�1 of fun
tions �s 2 Ps, in thefollowing 
alled a generating sequen
e; then we de�ne a linear operator T� a
ting onfun
tions as follows:(48) T� =Xs�0Es ;where fEsgs�0 is a sequen
e of linear operators re
ursively de�ned asE0 = Id ; Es = sXj=1 jsL�jEs�j ;where L�j is the Lie derivative de�ned with the Poisson bra
ket by(49) L�j (f) = f�j ; fg :



196. Existen
e of the normal formThe aim is to prove proposition 1 whi
h 
laims the existen
e of a normal form on anonresonan
e domain BM, where M is a �xed resonan
e N{module. We start withsome notations.First re
all that for a real domain G � Rn and for Æ > 0 we de�ned the 
omplexneighbourhood GÆ 2 Cn by GÆ = fy 2 Cn j jy � Gj < Æg ;and, for � > 0, the 
omplex domain G(Æ;�) is de�ned byG(Æ;�) = GÆ � f� 2 Cg � fj Imxj < �g � fj Im �j < �g ;the 
orresponding variables being (y; �; x; �). The fun
tions f de�ned on G(Æ;�) and
onsidered below will not depend on �. For these fun
tions we introdu
e two norms,namely the supremum norm(39) jf j(Æ;�) := supG(Æ;�) jf jand, with respe
t to the Fourier expansion on the torus given byf(x; y; �) = Xk2Zn fk(y; �)eik�x ;we de�ne another norm by(40) kfk(Æ;�) := Xk2Zn jfkj(Æ;�)ejkj� :Clearly,(41) jf j(Æ;�) � kfk(Æ;�) :For a �xed integer K � 1 we shall denote by Pj , for j � 1, the distinguished 
lass offun
tions on G(Æ;�) de�ned as follows:(42) Pj = �f j f(x; y; �) = Xjkj<jK fk(y; �)eik�x� :A

ordingly, we shall write the given potential V as a sum(43) V (x; �) =Xj�1 Vj(x; �) ;where Vj is de�ned by Vj(x; �) = X(j�1)K�jkj<jK vk(�)eik�x



18as required in Proposition 4. We 
on
lude that the time T �0 is indeed estimated expo-nentially by(38) T �0 = T�"�r0 � T� exp� NK�� = T� exp� %%��1=awith T� = Æ�8B and %� = Ka�%0 :Sin
e rK� = N = (%=%0)1=a and K� and r are positive integers we get the 
ondition% � %�. We turn now to the quantitative determination of the 
onstants %0, K� andr. Con
erning %0, we remark that, in view of (36) we 
an equivalently make a 
hoi
efor Æ0. Re
alling the expression of A in Proposition 1, we setÆ0 = 2e �1 + e��=21� e��=2�n jV j2� ;so that A = 25e2n� ; %0 = 2n+2(n+ 1)! Æ0 ;A depends on � and on the dimension n. Con
erning K�, in view of (37) and of the
ondition "0 � 1=e, we 
hooseK� = smallest integer � max�2eAÆ0 ; 5�� ;K� depends on jV2�j, � and n. Finally, we 
hoose r = r� withr� = integer part of 1K� � %%0�1=a :Due to the 
hoi
e of r� and K�, whi
h are integers, we the get� %%0�1=a � 1 < N � � %%0�1=ainstead of equality. However, the exponential estimate (38) still holds for % � %� witha minor 
hange of the 
onstant T�, i.e.T� = Æ0�8eB :Inserting the expressions for the 
onstants Æ0 and B theorem 2 follows in view ofproposition 4.



17Assume now y(0) 2 G � 2%, and pi
k as time interval [a; b℄ = [��; �+℄, where �+and �� are the exit and entran
e times of an orbit starting from y(0) in the 
enter ofopen ball of radius %:a =supft > 0 j dist(y(s); y(0)) < % for s 2 [0; t℄gb =supft > 0 j dist(y(s); y(0)) < % for s 2 [�t; 0℄g :From lemma 5 one 
on
ludes immediatelyProposition 4: Let r, K, N = rK, % > 0, � > 0, A and B be as in lemma 5. Thenfor every solution with y(0) 2 G � 2%dist(y(t); y(0)) < % if jtj � T �0 = Æ�8B"�r0 ;provided "0 � 1=2:It remains to 
hoose the parameters N � 1 and r � 1 for given % and � > 0, sothat "0 � 1=2 and su
h that T �0 is as large as possible.5. Choi
e of the parameters, Proof of theorem 2In view of Proposition 4 it remains to 
hoose the parameters in order to verify theo-rem 2. For given % > 0 and � > 0 the parameters to be 
hosen are r, K and N , whererK = N . In order to �rst des
ribe the idea of our 
hoi
e re
all the de�nition of theparameters �0 and Æ0 in de�nition 3, whi
h depend on %, and re
all also the de�nitionof the 
onstants A and B in Proposition 1. We abbreviate for the followinga = n2 + n2 :Then, for given % > 0 we �rst 
hooseN = � %%0�1=awith an arbitrary dimensional 
onstant %0; this gives(36) Æ0 = �02N = %02n+2(n+ 1)! :Consequently, A and B are also determined. In order to 
hoose K re
all that rK = N ,and 
ompute(37) "0 = 2rA�0 + 2e�K�=2 = CK + 2e�K�=2with C = A 2n+2(n+ 1)! . We �nally 
hoose K = K� so large that"0 � 1e



16in de�nition 3, de�ne "0 = 2rA�0 + 2e�K�=2T �0 = Æ�8B"�r0and assume "0 � 1=2. If a solution satis�es y(t) 2 G � % for t 2 [a; b℄, thendist(y(t); y(s)) < %for all t; s 2 [a; b℄, provided b� a < T �0 .Proof. We shall prove the existen
e of a resonan
e module of dimM = s for somes su
h that(33) y(t) 2 CM;Æs(y�) for t 2 [a; b℄ :The lemma then follows in view of diam CM;Æs�y�� < %, whi
h is the statement 3 ofproposition 3. In order to prove (33) observe that due to the statement 1 in proposi-tion 3 there exists for every t 2 [a; b℄ a N{moduleMt su
h that y(t) 2 Mt, whi
h hasminimal dimension. Sin
e the set of all N{moduli is �nite there exists among theseN{moduli Mt, t 2 [a; b℄, a N{module M su
h that dimM = s is minimal. Theny(t0) � y� 2 BM for some t0 2 [a; b℄. Let now �+ be the exit time of the solutiony(t) starting at y� 
ontained in the 
ylinder CM;Æs(y�), and assume that �+ � t�0. We
laim that(34) y(t0 + �+) 2 �ZM \ PM;Æs(y�) :Indeed, by de�nition, �0 < �s and Æ0 < Æs. Moreover, A(Æ0) � A(Æs) and B(Æ0) =B(Æs), so that "0 > "s and 
onsequently t�0 < t�s. The 
laim (34) follows thereforeimmediately from the previous lemma 4. Next we 
laim that(35) b < t0 + �+ :Indeed, assume by 
ontradi
tion that b � t0+�+. Then we 
on
lude that y(t0+�+) 2G � %, and, by (34), that y(t0 + �+) 62 ZM. Sin
e, by proposition 3, statement 4,ClosBM;Æs \ ZM0 = ; for every M0 6=M satisfying dimM = dimM0 = s we �ndy(t0 + �+) 62 [dimM=sZM = Z�s :Therefore, y(t0 + �+) 2 (G � %) n Z�s . But, by proposition 3, statement 2,(G � %) n Z�s � [dimM=s�1ZM :Consequently, y(t0 + ��) 2 BM�with dimM� � s� 1. Sin
e t0 + �+ 2 [a; b℄ this 
on-tradi
ts the de�nition of M whi
h is assumed to have minimal dimension. Therefore,the 
laim b < t0 + �+ is proved. The same arguments show that a > ��, and we
on
lude that y(t) 2 CM;Æs(y�) for all t 2 [a; b℄, as 
laimed in (33). This proves thelemma. Q.E.D.



154. Global estimates depending on parametersThe previously des
ribed geography of resonan
es provides us with domains in Rnwhi
h 
over Rn and whi
h meet the assumptions of the lo
al analyti
 statement inproposition 1. In order to reformulate proposition 2 we shall introdu
e theDe�nition 4: Assume �x(t); y(t); �(t); �(t)� is a solution starting in y(0) 2 IntG forsome set G � Rn. The exit resp. entran
e time of this solution in G is de�ned as�+ = sup ft > 0 j y(s) 2 IntG for 0 � s � tgresp. �� = inf ft < 0 j y(s) 2 IntG for t � s � 0g :The parameters �s and Æs o

urring in the following lemma are de�ned in de�ni-tion 3. It should be re
alled that they do depend on the parameters N and %.Lemma 4: Let r and K be positive integers, N = rK and let % > 0 and � > 0.Consider the N{module M of dimM = s with the asso
iate parameters �s and Æs.With the 
onstants A and B depending on jV j�, �, n and Æ = Æs as in proposition 1we set "s = 2rA�s + 2e�K�=2t�s = Æ�8B"�rs :Assume "s � 1=2. Then for a solution with y(0) 2 BM and with exit (resp. entran
e)time �+ (resp. ��) in the 
ylinder CM;Æs�y(0)� the following holds true: if �+ � t�s(resp. if �� � �t�s) theny(�+) (resp: y(��) ) 2 ��ZM \ PM;Æs�y(0)�� :In other words a solution with y(0) 2 BM \ CM;Æs�y(0)� 
an leave the 
ylinderCM;Æs�y(0)� within the time interval jtj � t�s only through its base (see �g. 3).Proof. By assumption y(0) 2 BM \ CM;Æs�y(0)�. By de�nition BM � BM;Æs . Inview of proposition 3, statement 6, the set BM;Æs satis�es the assumptions of Gin proposition 2, with Æ, however, repla
ed by Æs and � repla
ed by �s=2. Sin
eCM;Æs�y(0)� � BM;Æs we, therefore, 
on
lude from proposition 2 that if �+ � t�s, theny(�+) 2 IntPM;Æs . Moreover, by de�nition of the exit time, y(�+) 2 �CM;Æs�y(0)�,so that y(�+) 2 �CM;Æs�y(0)� \ IntPM;Æs�y(0)�, as 
laimed. Similarly for �� andy(��) if �� � t�s. From the de�nition of the 
orresponding sets one 
on
ludes readilythat ��CM;Æs�y(0)� \ IntPM;Æs(y(0))� � ��ZM \ PM;Æs(y(0))�, and this �nishes theproof. Q.E.D.The 
ru
ial step in proving theorem 1 is the following lemma, whi
h 
ombines theanalyti
al and the geometri
al 
onsiderations.Lemma 5: With the parameters r, K, N = rK, % > 0 and � > 0 given, with the
onstants A and B depending on jV j�, �, n and Æ = Æ0, and with Æ0 and �0 as given



14Pi
k y 2 PM(y0) \ �M; then k � y = 0 for k 2 M, and we 
on
lude, sin
e y � y� ?PM(y0), that k � y = k � (y � y)= k � (y � y�) + k � (y� � y)= k � (y� � y) :Sin
e y 2 ZM there are s independent ve
tors k 2 MN su
h that jk � yj < �s.Consequently, jk � (y� � y)j < �sfor these ve
tors, and sin
e y� � y 2 PM we 
on
lude by lemma 2,(31) dist(y�; y) � sNs�1�s :Using the triangle inequality we �nd by (30) and (31) that dist(y; y) � sNs�1�s+ Æs.Therefore, if y1 and y2 2 CM;Æs(y0) we 
an estimate, again by the triangle inequality,dist(y1; y2) � 2sNs�1 + 2Æs. The proof of the lemma is �nished. Q.E.D.In view of the de�nition of the sequen
es �s and Æs we 
on
lude in parti
ular fromlemma 3 that diamCM;Æs(y) < % for y 2 BM, as 
laimed in statement 3.Next, we 
laim that if y 2 BM;Æs then(32) jk � yj � �s for k 62 M and jkj � N :Indeed, in view of the de�nition of BM;Æs , there exists a y0 2 BM su
h that y 2CM;Æs(y0), and, by lemma 1, we have jk�y0j � �s+1. Moreover, by the previous lemma 3,jk � (y0 � y)j � jkj dist(y0; y) � N diamCM;Æs(y0) < N(2sNs�1�s + 2Æs) :Consequently,jk � yj � jk � y0j � jk � (y0 � y)j � �s+1 �N(2sNs�1�s + 2Æs) ;whi
h is � �s by our 
hoi
e of the sequen
es in de�nition 3. This proves the 
laim (32).In order to prove statement 6 let y 2 (BM;Æs)Æs . By de�nition of the 
omplex ex-tension there exists an y0 2 BM;Æs su
h that jy0j�yj j � Æs for 1 � j � n. Consequently,if jkj � N , jk � (y0 � y)j � ÆsX jkjj � NÆs � 12�s ;by our 
hoi
e of the sequen
es. Therefore, in view of (32), if k 62 M thenjk � yj � jk � y0j � jk � (y0 � y)j � 12�s ;as 
laimed in statement 6.In order to prove statement 4 assume, by 
ontradi
tion, that y 2 BM;Æs\ZM0 6= ;.Sin
e y 2 ZM0 and M 6= M0, there is a k 62 M, jkj � N , su
h that jk � yj < �s, in
ontradi
tion to estimate (32). Finally, the statement 5 is readily veri�ed using thede�nition of the sequen
e Æs. The proof of proposition 3 is 
omplete. Q.E.D.



136) If M is a N{module of dimM = s, then for every y belonging to the 
omplexdomain (BM;Æs)Æs the following nonresonan
e 
ondition holds truejk � yj � �s2 if k 62 M and jkj � N :Proof of proposition 3. The statements 1 and 2 follow readily from the de�nition.Indeed, observe that[dimM=sBM = [dimM=s�ZM n Z�s+1� = [dimM=sZM n Z�s+1 = Z�s n Z�s+1 :For s = 0, we have Z�0 = G � %, whi
h proves statement 2 for s = 0. For s > 0 wepro
eed by indu
tion assuming statement 2 to be true up to s� 1; then(G � %) n Z�s+1 = [(G � %) n Z�s ℄ n Z�s+1 [ �Z�s n Z�s+1�� � [dimM<sBM� n Z�s+1 [ � [dimM=sBM�� [dimM�sBM :Setting s = n the statement 1 follows, sin
e Z�n+1 = ;. In order to prove statement 3we need the following geometri
 lemma whi
h is of independent interest and whi
h isproved in [6℄, appendix B:Lemma 2: Let 1 � s � n, and let (u(1); : : : ; u(s)) be linearly independent ve
-tors in Rn satisfying ju(j)j � N for some positive N and for 1 � j � s, and de-note by Vol(u(1); : : : ; u(s)) the s{dimensional volume of the parallelepiped with sidesu(1); : : : ; u(s); let, moreover, w 2 span(u(1); : : : ; u(s)), and � be a positive 
onstant.Then, the following statement holds true: if jw � u(j)j � � for 1 � j � s, then theEu
lidean norm of w is bounded bykwk < sNs�1�Vol(u(1); : : : ; u(s)) :We shall 
on
lude from lemma 2Lemma 3: Let M be an N{module of dimM = s. Then for y 2 BMdiamCM;Æs(y) < 2sNs�1�s + 2Æs :Proof. Changing the notation we re
all thatCM;Æs(y0) = ZM \ PM;Æs(y0) for y0 2 BM :Let now y 2 CM;Æs(y0) and pi
k y� 2 PM(y0) su
h that y � y� ? PM. In view of thede�nition of PM;Æs(y0) we 
on
lude that(30) dist(y; y�) � Æs :



12Lemma 1: Let M be an N{module of dimM = s. Then for every y 2 BM thefollowing nonresonan
e 
ondition holds true:jk � yj � �s+1 if k 62 M and jkj � N :Proof. Assume, by 
ontradi
tion, that there is a y 2 BM and a k 62 M with jkj � Nsatisfying jk � yj < �s+1. Sin
e BM � ZM, and sin
e, by assumption, �s < �s+1 we
on
lude from the de�nition of ZM that there are s + 1 independent ve
tors k 2MN satisfying jk � yj < �s+1. Consequently, y 2 ZM0 for a resonant N{module M0with dimM0 = s + 1. Therefore, y 2 ZM0 � Z�s+1, and so y 62 BM = ZM n Z�s+1,
ontradi
ting y 2 BM. Q.E.D.We next de�ne the parameters in terms of N , % and n.De�nition 3: Let N be a positive integer and let % > 0. Then we set�0 = h2n+1(n+ 1)!N (n2+n�2)=2i�1 % ;�s = 2ss!N [s(s�1)℄=2�0 for 1 � s � n ;and Æs = �s2N for 0 � s � n :It then follows that(29) �0 < �1 : : : < �nÆ0 < Æ1 : : : < Æn < % :The main result of this se
tion is the followingProposition 3: Let N be a positive integer, let % > 0 and 
onsider the domainG � % � Rn. Then1) Covering: G � % �[M BM :2) For 0 � s � n (G � %) n Z�s+1 � [0�dimM�sBM :3) If M is a N{module of dimM = s, then for every y 2 BMdiam CM;Æs(y) < % :4) If M and M0 are N{moduli of dimM = dimM0 = s, thenClosBM;Æs \ ZM0 = ; if M 6=M0 :5) For an N{module M of dimM = s(BM;Æs)Æs \Rn � G :
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Figure 3. Constru
tion of the 
ylinders and extended blo
ks for a resonant blo
kof multipli
ity 1. Starting with the point y(0) 2 BM, draw the plane PM(y(0)),and extend it to PM;Æ(y(0)). The interse
tion with the resonant zone ZM de-�nes the 
ylinder CM;Æ(y(0)), represented by the dashed region. The 
onditionof nonoverlapping of the resonan
es requires that the 
ylinder does not interse
twith the resonant zone ZM0 ; this is guaranteed on one hand by the 
onvexityof H0, whi
h implies that the resonant manifold �M and the resonant planePM(y(0)) interse
t transversally, and on the other hand by �1 < �2, whi
h for
esthe resonant region of multipli
ity 2 (the big square{shaped area) to extend be-yond the interse
tion of the zone ZM with ZM0 both having multipli
ity 1 (smallsquare{shaped area). Repeating the 
onstru
tion for every point in BM and tak-ing the union, an extended resonant blo
k BM;Æ is 
onstru
ted, represented bythe wave{dashed area. A further extension of Æ in the 
omplex, represented bythe dotted area, de�nes the nonresonan
e domain suitable for the exe
ution ofthe normal form.
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Figure 2. The geography of the resonan
es in the plane 
ase. Multipli
ity 2:the resonant manifold is the point O; the resonant zone, region and blo
k arethe square{shaped area ABCD. Multipli
ity 1: the resonant manifolds are the
urves �M and �M0 , whi
h interse
t in the point O; the resonant zones are thestrips around these 
urves; the resonant region is the 
ross-shaped area formedby the union of the strips, the resonant blo
ks are the dashed parts of the strips.Multipli
ity 0: the resonant manifold, zone and region are the whole domain;the resonant blo
ks are the 
omplement of the 
ross-shaped area whi
h is theresonant region of multipli
ity 1.9. Extended resonant blo
k. The extended resonant blo
k is de�ned to be the set(28) BM;Æ = [y2BM CM;Æ(y) :The 
ru
ial sets in the following are the resonant blo
ks BM. In view of the nextlemma they are the likely 
andidates of the distinguished sets in Rn whi
h meet theassumptions in proposition 1.



9where B(y; %) is the open ball of radius % and 
enter y. We shall �rst re
all some
on
epts from [5℄ and [6℄. We point out that we shall need only G = Rn for ourpurpose.1. N{moduli and resonan
e parameters. If M � Zn is a resonan
e module and Na positive integer we introdu
e the abbreviation(20) MN = fk 2 M j jkj � Ngand 
all a module M of dimM = s an N{module if MN 
ontains s independentve
tors k 2 Zn. To the N{moduli of dimM = s we asso
iate a positive parameter �ssu
h that �0 < �1 < : : : < �n. They will be determined below.2. Resonant manifold. With an N{module M we asso
iate the resonant manifold�M de�ned by(21) �M = fy 2 Rn j k � y = 0 for all k 2 Mg :3. Resonant zone. With an N{module M of dimM = s we asso
iate the resonantzone ZM de�ned by(22) ZM = fy 2 G � % j there are s independentk 2 MN su
h that jk � yj < �sg4. Resonant region of order s. To the family of all N{moduliM of �xed dimM = swe asso
iate the subset(23) Z�s = [dimM=sZM :By de�nition, Z�0 = G � %; we also set Z�n+1 = ;.5. Resonant blo
k. For an N{module M of dimM = s we de�ne the asso
iatedresonant blo
k BM � Rn to be the subset of G � %:(24) BM = ZM n Z�s+1 :6. Resonant plane. To y 2 BM we asso
iate the resonant plane(25) PM(y) = fy + w j w 2 PMg :7. Extended plane. For Æ > 0 and y 2 BM, the extended plane is de�ned to be theset(26) PM;Æ(y) = �z 2 Rn j dist�z; PM(y)� � Æ	 :8. Cylinder and its basis. For y 2 BM and Æ > 0 the 
ylinder is de�ned to be the set(27) CM;Æ(y) = PM;Æ(y) \ ZM ;its basis is de�ned as �ZM \ PM;Æ(y).
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Figure 1. Con�nement of the orbit in the strip around the plane PM(y(0)),unless it leaves the domain G.Proof. Let ' be the symple
ti
 di�eomorphism of proposition 1, and, in abuse ofnotation, let y = '(y0); thenj� � �y(t)� y(0)�j � j� � �y(t)� y0(t)�j+ j� � �y0(t)� y0(0)�j+ j� � �y0(0)� y(0)�j :Taking the supremum over � 2 Rn with j�j = 1 and � ? M, the �rst and the thirdterm on the right hand side are estimated by Æ=4 in view of the properties (12) of thedi�eomorphism ', while the se
ond term is estimated, in view of (18), byjy0(t)� y0(0)j � jtj � 2� jRj ;whi
h is smaller than Æ=4, if jtj � t�, in view of the estimate for jRj in proposition 1.This �nishes the proof of proposition 2. Q.E.D.If a solution leaves the lo
al domain G 
onsidered above in a time shorter than t�we, of 
ourse, loose 
ontrol (see �g. 1) and are for
ed to study the geometri
 patternof all possible nonresonan
e domains. This will be done in the next se
tion, where thespe
ial form of the integrable part whi
h is given by H0 = jyj2=2 allows a simpli�
ationof earlier presentations.3. Geography of resonan
esIf G � Rn is an open set and % > 0 we denote by G � % the subsetG � % = fy 2 G j B(y; %) � Gg ;



7The proposition allows us to gain already some 
ru
ial insight into the 
ow of (7)at least lo
ally on G. Namely, we 
on
lude immediately that the fun
tions I� de�ned,in the new variables on G(Æ;�) 12 , by(17) I� = � � y ; � 2 Rn and � ?M ;are approximate integrals. Indeed, 
omputing the time derivative along a solution ofH Æ ' we obtainddt I� = � � ddty = � � ��x(H Æ ') = i Xk2M(� � k)fk(y; �)eik�x + � � ��xR :Sin
e � � k = 0 for k 2 M, we �nd the estimate, on GÆ=2 �Tn � fj Im �j < �=2g,(18) ���� ddt I����� � 2j�j� B"r ;where we have used (15) and the Cau
hy estimate in order to estimate the derivative ofa holomorphi
 fun
tion in terms of the supremum of the fun
tion. This 
onsequen
e ofthe proposition 1 leads to the proposition 2 below in the original nonresonan
e domainG � Rn. In order to formulate it we need a de�nition.If M is a resonan
e module and y� 2 Rn we de�ne the plane PM(y�) 
ontainingy� by(19) PM(y�) = fy 2 Rn j y = y� + PMg ;where PM is introdu
ed in de�nition 1.Proposition 2: Assume the potential V (x; t) is real analyti
 and bounded on the
omplex strip j Imxj < 2� and j Im tj < 2� for some � > 0. Let r and K be positiveintegers, N = rK. Assume G � Rn is a nonresonan
e domain of type (M; �; Æ;N).Then there are positive 
onstants A and C depending on jV j2�, �, Æ and n su
h thatif " := �rA� + 2e�K�=2� � 12then, the following holds true: if �x(t); y(t); �(t); �(t)� is a solution of the Hamiltoniansystem (6) satisfying y(0) 2 G and y(t) 2 G for �� < t < �+, thendist�y(t); PM(y(0))� � 34Æfor t 2 [��; �+℄ \ [�t�; t�℄ , where t� = C"�r :The 
onstant A is de�ned in proposition 1, and C is de�ned byC = Æ�8B ;with B as in proposition 1.



6De�nition 2: Nonresonan
e domain. A set G � Rn is 
alled a nonresonan
e domainof type (M; �; Æ;N) ifjk � yj > � for all y 2 GÆ ; k 2 Zn nM and jkj � N :Here, jkj = jk1j+ : : :+ jknj, � and Æ are real positive parameters, N a positive integerand M a resonan
e module.After these preliminaries we are ready to formulate the analyti
al ingredient ofthe proof of the theorem.Proposition 1: Normal forms on nonresonan
e domains. Let r and K be positiveintegers, and let N = rK. Moreover, let G � Rn be a nonresonan
e domain of type(M; �; Æ;N). Then, there are positive 
onstants A and B depending on jV j�, �, Æ andn su
h that if(11) " := �rA� + 2e�K�=2� � 12there exists a real analyti
 symple
ti
 di�eomorphism ' belonging to the subgroup S,su
h that ' and '�1 are de�ned on the 
omplex domain G(Æ;�) 12 and satisfy(12) dist(y; '(y)) � 14Æ ; dist(y; '�1(y)) � 14Æ :The map ' transforms the Hamiltonian H into the following normal form on G(Æ;�) 12 :(13) H Æ ' = 12 jyj2 + � +NM +R ;where(14) NM = Xk2Mjkj�N fk(y; �)eik�x :The remainder R satis�es, on G(Æ;�) 12 , the estimate(15) jRj � B"r :Moreover:(16) G(Æ;�) 14 � '�G(Æ;�) 12 � � G(Æ;�) 34 :In addition, the same statement holds true for '�1 instead of '. The 
onstants aregiven by A = 25enÆ� "�1 + e��=21� e��=2�n jV j2� + eÆ2 #B = 2�1 + e��=21� e��=2�n jV j2� :The proof of the statement, based on a re
ursion pro
edure, is postponed to se
t. 6below. The ultimate aim is, of 
ourse, to 
hoose the parameters su
h that "r is small.



5improved approa
h to Nekhoroshev's estimates due to J. P�os
hel do not apply dire
tlyto our problem.2. Lo
al normal formsIt is a 
onvenient tri
k to remove the time dependen
e by simply extending the phasespa
eRn�Tn by two additional variables (�; �) 2 R2, whi
h are 
anoni
ally 
onjugate,and to 
onsider the Hamiltonian fun
tion(6) H(x; y; �; �) = 12 jyj2 + � + V (x; �) :The following part of the Hamiltonian equations(7) _x = ��yH(x; y; �; �) = y_y = � ��xH(x; y; �; �) = �Vx(x; �)_� = ���H(x; y; �; �) = 1is then independent of � and obviously equivalent to (3).As usual, instead of solving the equations we shall make use of the Hamilto-nian transformation theory in order to �nd lo
al normal forms for the Hamiltonianfun
tions. Sin
e the � variable is distinguished, the symple
ti
 di�eomorphisms ' 
on-sidered later on in the transformation theory will belong to the following subgroup Sof symple
ti
 di�eomorphisms:S = f' = id +  j  =  (x; y; �) and � remains �xedg :Examples of su
h di�eomorphisms are the maps belonging to the 
ow of a Hamiltonianve
tor �eld whose Hamiltonian fun
tion does not depend on the variable �.In order to des
ribe those subsets of the phase spa
e on whi
h the Hamiltonianwill be transformed into normal form we need some de�nitions.De�nition 1: Resonan
e module. If M � Zn is a subgroup we denote by PM � Rnthe real subspa
e generated by M , and 
all the subgroup of Zn, de�ned by(8) M = PM \ Zn ;a resonan
e module. The integer dimPM will be 
alled the dimension or multipli
ityof the resonan
e module.To a real domain G � Rn and Æ > 0 we shall asso
iate the 
omplex neighbourhood(9) GÆ = fy 2 Cn j jy � Gj < Ægand denote by G(Æ;�) the 
omplex domain(10) G(Æ;�) = GÆ � f� 2 Cg � fj Imxj < �g � fj Im �j < �g :



4and for all % � %�. The 
onstants %� = R� and T� are de�ned in theorem 1.As a sideremark we should mention that the exponent a is equal to 1 in the spe
ial
ase n = 1. Hen
e one 
on
ludes for all solutions of for
ed pendulum like equationsde�ned by Hamiltonians of the formH(x; y; t) = 12y2 + V (x; t)with V periodi
 in x, the estimatejy(t)� y(0)j < %for all t in jtj � T� exp� %%��and for all % � %�.It should be re
alled that the so 
alled steepness of the \integrable part", whi
hin our 
ase is H0(y) = jyj2=2, is 
ru
ial for estimates over a time interval whi
his exponentially large. This is illustrated by the following example of an even timeindependent system due to N.N. Nekhoroshev[5℄:H(x; y) = 12(y21 � y22) + sin(x1 � x2) :The spe
ial solution�y�1(t); y�2(t); x�1(t); x�2(t)� = ��t; t;�12 t2;�12 t2�satis�es dist�y�(t); y�(0)� = p2 jtjfor all t 2 R, in sharp 
ontrast to the statement in theorem 2.We observe that res
aling the a
tion and the time by settingy = 1"� and t = "�leads to the Hamiltonian system des
ribed by the fun
tionH(x; �; �) = 12 j�j2 + "2V (x; "�) ;whi
h is equivalent to (1) and instead of studying solutions of (1) for large y wetherefore 
an as well study solutions for bounded jyj 
hoosing " small. This is anadiabati
ally perturbed system to whi
h the ideas of Nekhoroshev [5℄ apply.Indeed, the proof of theorem 2 is based on the underlying ideas of Nekhoroshev[5℄and of Benettin, Galgani and Giorgilli[6℄. A
tually, it turns out that the proof requiresonly minor modi�
ations of the latter work. However, some extra work is neededbe
ause the time dependen
e is not assumed to be periodi
 or quasiperiodi
. Forthis reason also the approa
h by Benettin and Gallavotti[7℄, the simpli�ed version ofNekhoroshev's theory due to P. Lo
hak[8℄ and the re
ent elegant and quantitatively



3In order to formulate the result we assume V (x; t) to be real analyti
 and, more-over, to have a holomorphi
 extension to a 
omplex strip j Imxj < 2� and j Im tj < 2�for some � > 0, su
h that(5) jV j2� = supj Imxj<2�j Im tj<2� jV (x; t)j <1 :Denote by B(R) the open ball in Rn 
entered at 0 with radius R > 0. Then thefollowing statement of exponential stability repla
es (4) in higher dimensions.Theorem 1: Let 't�x(0); y(0)� = �x(t); y(t)� be the 
ow of the Hamiltonian ve
tor�eld (3) on Tn � Rn. Assume the potential V (x; t) is real analyti
 on Tn � R andhas an analyti
 extension to a 
omplex strip 2� > 0 satisfying (5). Then there are twopositive 
onstants R� and T� depending on jV j2�, � and the dimension n, su
h thatfor R � R� the following statement holds true: if y(0) 2 B(R) then y(t) 2 B(2R) forall t in jtj � T� exp� RR��1=a ; with a = n2 + n2 :The 
onstants are given byT� = �8e2R� = Ka� 2n+3(n+ 1)!e �1 + e��=21� e��=2�n jV j2�where K� is the smallest positive integer satisfyingK� � 25e4n� �1� e��=21 + e��=2�n 1jV j2� and K� � 5� :Observe that there is no smallness requirement on the potential V ; however, Vis assumed to be real analyti
 and to have a bounded holomorphi
 extension in a
omplex strip. The statement applies in parti
ular to a potential V whi
h dependsquasiperiodi
ally on time t, V = V (x; !t) with V (x; �) being real analyti
 and periodi
in all the variables (x; �) 2 Tn �TN ; the frequen
y ve
tor ! 2 RN is not required tomeet diophantine 
onditions.The above theorem follows immediately from the following stronger statement.Theorem 2: Let 't�x(0); y(0)� = �x(t); y(t)� be the 
ow of the Hamiltonian ve
-tor �eld (3) on Tn � Rn. Assume the potential V (x; t) satis�es the assumptions oftheorem 1. Then dist�y(t); y(0)�< %for all t in jtj � T� exp� %%��1=a with a = n2 + n2 ;



21. Introdu
tion and resultsOn the phase spa
e Tn�Rn we 
onsider a time{dependent Hamiltonian system givenby the Hamiltonian fun
tion(1) H(x; y; t) = 12 jyj2 + V (x; t) ;where (x; y) 2 R2n and t 2 R, and where V depends periodi
ally on x:(2) V (x+ j; t) = V (x; t) ; j 2 Zn :It is, of 
ourse, well known that, in general, the 
ow of the 
orresponding Hamiltoniansystem(3) _x = ��yH(x; y; t)_y = � ��xH(x; y; t)is extremely 
ompli
ated. If the potential V , however, is bounded, the system 
an beviewed as a system 
lose to an integrable one in the region of the phase spa
e wherejyj is large; the integrable system is given by H(y) = 12 jyj2. Therefore, one might betempted to ask whether for the 
ow 't�x(0); y(0)� = �x(t); y(t)� of (3) one has(4) supt2R jy(t)j <1 ;i.e., whether all the solutions are bounded for all times.In the spe
ial 
ase, n = 1, this 
an indeed be proven for potentials whi
h depend,in addition, periodi
ally on time t and whi
h are suÆ
iently smooth[1℄[2℄[3℄. More gen-erally, if the potential is quasiperiodi
 in time, with frequen
ies (!1; : : : ; !N ) satisfyingdiophantine 
onditions, it 
an be shown that all the solutions are bounded on the wholetime interval, provided V as a fun
tion on T1�TN is suÆ
iently smooth. The boundsfor the solutions are dedu
ed from the existen
e of quasiperiodi
 solutions[4℄[1℄.The situation is quite di�erent in the 
ase n > 1. If the potential is quasiperiodi
in time, V = V (x; !t), then there still exists an abundan
e of quasiperiodi
 solutions,hen
e of solutions whi
h are bounded for all times, provided V is suÆ
iently smooth[1℄.However, in sharp 
ontrast to the 
ase n = 1, the quasiperiodi
 solutions do not givebounds for all solutions, sin
e the invariant surfa
es 
overed by the quasiperiodi
solutions do not bound open sets in the phase spa
e, and boundedness of all solutions
annot be expe
ted.Re
all now that for systems of the form H(x; y) = H0(y)+ "H1(x; y) on Tn�Rnand " small N. N. Nekhoroshev[5℄ dis
overed estimates for all solutions, not over thewhole time interval, but over an exponentially long interval of time, assuming theHamiltonian to be not only smooth, but real analyti
, and assuming, moreover, theintegrable systemH0 to meet 
ertain 
onvexity type 
onditions. In view of these resultsone might guess that su
h exponential estimates hold true also for our global problem.This is indeed the 
ase, as we shall prove.
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