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HYPERBOLIC SYSTEMS

This chapter is devoted to the dynamics of hyperbolic systems. The property that
characterizes such systems is the splitting of the tangent spaces into an espanding
subspace and a contracting subspace, which are invariant. The guiding example is the
dynamics on the stable and unstable planes for a linear system (either flow or map)
when the eigenvalues have a non zero linear part. In a rough sense, we may say that
this kind of dynamics charcterizes not just the equilibrium, but every point or at lest
a significant subset of points.

The exponential growth of the distance between close initial points, enhanced by
the invariance of the expanding and contracting subspace, result in a a very chaotic
and unpredictable behaviour. A typical example is the so called Arnold cat, that will
be illustrated in detail.

One of the most striking results is the shadowing lemma. This is a very powerful
result that strongly supports imagination when we try to figure out which kind of
behaviour is expected.

6.1 General setting

We consider a compact differentiable manifold M and a diffeomorphism Ψ : M → M .
We also assume that there is a metric on M .

Definition 6.1: A closed subset Λ ⊂ M is said to be hyperbolic if it is invariant
under Ψ and moreover for every x ∈ Λ there is a decomposition of the tangent space
TxM = E+

x ⊕ E−
x with dimE+ > 0 and dimE− > 0, smooth in x and satisfying the

following properties:

(i) The decomposition is invariant for the tangent map dΨ(x) : TxM → TΨ(x)M ,
i.e.,

dΨ(x)E+
x ⊂ E+

Ψ(x) , dΨ(x)E−
x ⊂ E−

Ψ(x) .

(ii) E+
x is a contracting subspace and E−

x is an expanding subspace; i.e., there are
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Figure 6.1. A non linear and non invertible hyperbolic map of the circle.

positive constants C and µ such that for all k > 0 one has

(6.1)

∥

∥dΨk(x)ξ
∥

∥ ≤ Ce−kµ‖ξ‖ for ξ ∈ E+
x ,

∥

∥dΨ−k(x)ξ
∥

∥ ≤ Ce−kµ‖ξ‖ for ξ ∈ E−
x .

Example 6.1: The doubling map of the circle and some generalizations. The doublig
map of the circle of section 5.1.7 is hyperbolic. Strictly speaking the definition can not
apply to this model, for two good reasons: first, the map is not a diffeomorphism, being
not invertible, and, second, the tangent space can not be split into two independent
subspace, beacuse it has dimension one. However, I mention it because it exhibits a
relevant characteristic of hyperbolic systems, namely the exponentially fast separation
of orbits. The tangent space at every point is a straight line, and it coincides with the
expanding subspace; there is no contracting subspace. The distance between two initial
points doubles at every step, so that the memory of the initial conditions is rapidly
lost. The example may be generalized in a straightforward manner by considering any
map x → kx mod 1, where k > 1 is a positive integer. A non linear example may be
contructed as described in fig. 6.1. Let k ≥ 2 be an integer. Consider a real function
f : [0, 1] → [0, k] which is continuous and satisfies f ′(x) > 1 at every point where the
derivative exists. (Non differentiability at a finite set of particular points is not very
harmful). Then define the map as x → f(x) mod 1. This is again a hyperbolic map.

Example 6.2: The baker transformation. The most elementary two-dimensional
example is the baker transformation.1 The metrics is the usual euclidean one. The

1 Here too the model does not fulfill all requisites of the definition. For, map is not con-
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Figure 6.2. The map named Arnold cat. The fundamental square (a) repre-

senting the torus T
2 is transformed into the parallelogram (b). Then all parts

external to the fundamental square representing the torus are transported back,

as seen from the different grey tones, so that the original square is reconstructed

as in (c).

tangent space at every point is the plane. The expanding direction is the horizontal
one, the contracting direction is the vertical one. This model is interesting in that it
exhibits the combination of contraction/expansion that is a crucial characteristic of
hyperbolic systems.

6.2 Two typical models

I illustrate here two examples of hyperbolic maps. The first one is the well known
automorphism of the torus known as the Arnold cat. Its peculiar interest is that it

tinuous, so that the differential is not defined at the points of discontiuity. E.g., points
having a dyadic fraction as coordinates generate orbits that sooner or later fall into the
border of the square. However, it is an easy matter to realize that all points with irra-
tional coordinates or rational coordinates represented by non dyadic fractions generate
orbits for which the differential is defined at every point. Thus there are closed subsets
that fulfill the hypotheses in the definition.
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easy to represent, and contains all the essential characteristics of the system. The
second example is directly related to stable/unstable manifolds and homoclinic orbits.

6.2.1 The Arnold cat

The simplest example of hyperbolic system is the linear automorphism Ψ of T2

Ψ

(

x
y

)

=

(

1 1
1 2

)(

x
y

)

(mod 1) .

Actually one can replace the matrix of the example with any unimodular matrix with
real and distinct eigenvalues.2 The map is continuous with respect to the topology
induced by the Euclidean metrics, and preserves the Lebesgue measure on the torus.
It is also known that it is ergodic. A geometrical representation of the action of the
map is given in figure 6.2.

The tangent space to the torus T
2 at every point is the plane R

2, and the dif-

ferential of the map is the matrix dΨ =

(

1 1
1 2

)

, which is symmetric, and so has

orthogonal eigenvectors. The subspaces E+
x and E−

x at every point x are generated by
the eigenvectors

u+ =

(

−1,

√
5− 1

2

)

, u− =

(√
5− 1

2
, 1

)

corresponding to the eigenvalues

λ+ =
3−

√
5

2
, λ− =

3 +
√
5

2
.

The eigenvector u+ generates the contracting subspace E+ (actually a stright line),
for λ+ < 1. Similarly, the eigenvector u− generates the contracting subspace E−, for
λ− > 1.

The chaotic behaviour of the map is illustrated in figure 6.3, where the first few
iterations are represented. The phenomenon of mixing shows up already after a few
iterations.

6.2.2 The closure of a homoclinic orbit

This is a particularly interesting example, because it generically applies to homoclinic
intersections.

Let M be a two dimensional differentiable manifold endowed with a Riemannian
metric, and let Ψ : M → M be a differentiable map possessing an hyperbolic fixed
point, x∗ say. We consider the non trivial case when the stable and unstable manifold
of x∗ intersect transversally.

2 A matrix is said to be unimodular if it has integer entries and determinant ±1. The
integer entries preserve the structure of the torus; the determinant ±1 assures that the
inverse of the matrix has integer entries, too, so that the map is an automorphism of
the torus.
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Step 0 Step 1

Step 2 Step 3

Step 4 Step 8

Figure 6.3. The first few iterations of the Arnold cat. (I thank Cristina Giorgilli

for providing the image of the cat.)
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+

TΨ(x)W
−

x�

Figure 6.4. Vectors generating the tangent space at the points of a homoclinic

orbit.

Proposition 6.2: Let x0 be an homoclinic point on the intersection of the stable
and unstable manifolds emanating from a hyperbolic fixed point x∗ of a differentiable
map Ψ. Consider the closure of the orbit through x0, namely

Λ = {x∗} ∪
[

⋃

k∈Z

Ψkx0

]

.

Then Λ is an hyperbolic set.

Proof. The main argument of the proof is to show that at every point x of the
homoclinic orbit the expanding and contracting subspaces are tangent to the unstable
and stable manifold, respectively.
By construction, Λ is invariant and has only x∗ as an accumulation point. For every
x ∈ Λ consider the decomposition of the tangent space in x

TxM = TxW
+ ⊕ TxW

− .

I show that the subspaces TxW
+ and TxW

− are independent. This is true for x0

in view of the transversal intersection of W+ and W−, that has been assumed by
hypothesis. Moreover, in view of the invariance of W+ and W− under the map, we
have (see figure 6.4)

dΨ(TxW
+) = TΨ(x)W

+ , dΨ(TxW
−) = TΨ(x)W

− .

We must prove that the splitting is smooth and that the subspaces TΨk(x)W
+ and

TΨk(x)W
− are contracting and expanding, respectively.
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Figure 6.5. Illustrating the smoothness of the tangent space TΨk(x)W
− to the

unstable manifold W− at the point Ψk(x) for k → +∞.

Concerning the smoothness, since the unique accumulation point of the homoclinic
orbit is the fixed point x∗, we must prove ony that TΨk(x)W

+ → Tx∗W+ = E+ and
TΨk(x)W

− → Tx∗W− = E− for k → ±∞. It is enough to prove the claim for k → +∞.
By the stable manifold theorem we know that W+ is tangent to E+ at x∗; hence in
view of Ψk(x) → x∗ we conclude that TΨk(x) → E+, as claimed.
Coming to TΨk(x)W

−, let us proceed by contradiction assuming that Tψk(x)W
− re-

mains transversal to E−, and show that in such a case W− has a self intersection. To
this end, let us introduce a local coordinate system in a neighbourhood of x∗ taking
E+, E− as axes, as in fig. 6.5. For k large enough denote by (x+

k , x
−
k ) the coordinates

of Ψk(x). Since W+ is tangent to E+ at x∗ we have x− = o(x+). Moreover, since
Ψk(x) tends exponentially to x∗ for k → +∞, we have |x+

k | < Ce−σk for some posi-
tive C and σ. Let now z ∈ TΨk(x)W

−; then we may write z = (x+ + αkη, x
− + η) for

some η and some sequence αk that, for definiteness, we may suppose to be positive.
We show that the claim TΨk(x)W

− → E− is equivalent to claiming that αk → 0.
Suppose by contradiction that αk does not tend to zero, as represented inf fig. 6.6.
Then there is a subsequence of αk such that αk > δ > 0. Take a neighbourhood U of
x∗ and let W−

k be the connected component of W− ∩U through Ψk(x). By definition
of TΨk(x)W

− any point ζ ∈ W−
k can be represented as ζ =

(

x+
k +αkη+fk(η), x

−
k +η

)
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Figure 6.6. Illustrating the proof by contradiction that the tangent space

TΨk(x)W
− tends to E− for k → +∞. If the sequence αk does not tend to zero

then there is a self intersection of the unstable manifold W− at some point ζ′,

close to the intersection between TΨk(x)W
− and E−.

with fk(η) = o(η). On the other hand, the unstable manifold W−
∗ emanating from x∗

is represented in the neighbourhood of the origin as
(

h(ξ), ξ
)

with h(ξ) = o(ξ). We

show that there exists k such that g(η) = 0 where g(η) = x+
k +αkη+fk(η)−h(x−+η).

This implies that W−
k ∩W+

k 6= ∅. If k is large and αk > δ > 0 we have

g(η) = x+
k + αkη + fk(η)− h(x− + η) = x+

k + αkη + o(η) .

For k large enough the inequality x+
k < δη/2 will be satisfed, thus yielding

g(+δ) >
δ

2
η + o(η) > 0 , g(−δ) < −δ

2
η + o(η) < 0 .

Therefore, by continuity, g(η) has a zero in the interval [−δ, δ], which is a self inter-
section point of W−, that can not exist. By contradiction, we conclude that αk → 0,
and so TΨk(x)W

− → E− for k → ∞, as claimed.

We come now to prove that TxW
+ is contracting. Since Ψk(x) → x∗ for k → ±∞

it is enough to consider |k| ≥ K for K high enough, so that Ψk(x) ∈ U(x∗), a
neighbourhood of x∗. Let η ∈ TΨk(x)W

+, and let η = η+ + η− with η+ ∈ E+ and
η− ∈ E−. We clearly have η− = αkη

+ with some sequence αk → 0 for k → ∞. Let,
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e.g., |αk| < 1/2. In view of ‖η‖ > ‖η+‖ − ‖η−‖ > (1− αk)‖η+‖ we have ‖η+‖ < 2‖η‖
and so also ‖η−‖ < 2αk‖η‖ . Then we have
∥

∥dΨ(x∗)η
∥

∥ =
∥

∥dΨ(x∗)(η+ + η−)
∥

∥ ≤ Ce−σ‖η+‖+ Ceσ‖η−‖ ≤ 2C
(

e−σ + |αk|eσ
)

‖η‖ .

On the other hand since the map Ψ is differentiable we have also
∥

∥dΨ(x)− dΨ(x∗)
∥

∥ ≤ D‖x− x∗‖ ≤ De−σk

for some positive D, and since αk → 0 for k large enough there exist µ and D such
that

∥

∥dΨ(x)η
∥

∥ ≤ De−µ‖η‖ .

This concludes the proof. Q.E.D.

6.3 The shadowing lemma

Definition 6.3: A sequence {qk}k∈Z is said to be an ε–pseudoorbit in case one has
∣

∣qk −Ψ(qk−1)
∣

∣ < ε for all k ∈ Z .

Definition 6.4: An orbit {pk}k∈Z is said to be a δ–shadowing orbit for the ε–
pseudoorbit {qk}k∈Z in case one has

|pk − qk| < δ for all k ∈ Z .

Proposition 6.5: (Anosov, Bowen) Let Λ ⊂ M be an hyperbolic set for the dif-
ferentiable mapping Ψ. If δ > 0 is small enough then there is ε > 0 such that the
following holds true: every ε–pseudoorbit in Λ has a δ–shadowing orbit in M .

The rest of the section is devoted to the proof.
The proof is based on applying the contraction theorem to a suitable equation for

a fixed point. Let {qk}k∈Z be an ε–pseudooorbit. We look for a sequence {xj}j∈Z such
that {pj = qj + xj}j∈Z is an orbit and |xj | < δ. The sequence {xj}j∈Z must satisfy

(6.2) qj+1 + xj+1 = Ψ(qj + xj) .

With the trivial identity

Ψ(qj + xj) = Ψ(qj) + dΨ(qj)xj +
[

Ψ(qj + xj)−Ψ(qj)− dΨ(qj)xj
]

we write the equation above as

(6.3) xj+1 − dΨ(qj)xj = fj(xj)

where

(6.4) fj(xj) = Ψ(qj)− qj+1 +
[

Ψ(qj + xj)−Ψ(qj)− dΨ(qj)xj
]

.

The key of the proof is that for a given ε–pseudoorbit {qj}j∈Z the l.h.s. of (6.3) is a
linear expression in {xj}j∈Z, while the r.h.s. is a small vector plus a term o(|xj |). In
order to exploit this fact let us consider the linear space X of the bounded sequences



166 Chapter 6

x = {xj}j∈Z with the norm ‖x‖ = supj |xj | . Then the l.h.s. of (6.3) takes the form
(1− A)x, where A : X → X is the linear operator defined as

(6.5) y = Ax ⇔ yj = dΨ(qj−1)xj−1 .

Similarly, the r.h.s. of (6.3) is given the form y = F (x), where yj = fj(xj). hence we
may write (6.3) as an equation in X , namely

(6.6) (1− A)x = F (x) , F (x) = {fj(xj)}j∈Z .

Lemma 6.6: The operator 1− A is an isomorphism, and its inverse L = (1− A)−1

satisfies

‖L‖ ≤ C
1 + e−µ

1− e−µ

with the constants C and µ as in (6.1).

Proof. Consider the equation

(6.7) (1− A)x = g

with known g ∈ X . By the definition of A the space X splits into disjoint subspaces
X+ =

{

X+
j

}

j∈Z
and X− =

{

X−
j

}

j∈Z
with X+ ⊕X− = X with the following proper-

ties.
(i) X+, X− are invariant for A, and so also for 1− A, i.e.,

(1− A)X+ ⊂ X+ , (1− A)X− ⊂ X− .

(ii) For every k ≥ 0 we have

(6.8)
‖Akx+‖ ≤ Ce−µk‖x+‖ for all x+ ∈ X+ ,

‖A−kx−‖ ≤ Ce−µk‖x−‖ for all x− ∈ X− .

For, in view of definition (6.5), the operator A acts on every element x ∈ X through the
differential of the map Ψ, which implies that that the splitting X+

j ⊕X−
j is preserved.

On the other hand, by hypothesis, the bounds (6.1) are uniform over all elements of
x. We now project (6.7) on the subspaces X+, X−, thus writing

(6.9) (1− A)x+ = g+ , (1− A)x− = g−

Let us consider the first equation. The formal solution is

x+ =
∑

s≥0

A
sg+ ,

and we should prove that the series is convergent. In view of (6.8) we have

∑

s≥0

∥

∥A
sg+

∥

∥ ≤ C
∑

s≥0

e−µs‖g+‖ =
C

1− e−µ
‖g+‖ ,

which proves the convergence. Coming to the second of (6.9), we multiply both sides
by −A

−1 and get

−A
−1(1− A)x− = (1− A

−1)x− = −A
−1g− .
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The formal solution

x− = −A
−1
∑

s≥0

A
−sg−

is convergent in view of (6.8), and we have

∥

∥(1− A)g−
∥

∥ = ‖x−‖ ≤ Ce−µ

1− e−µ
‖g−‖ .

Collecting the estimates the statement of the lemma follows. Q.E.D.

Coming back to the proof of the shadowing lemma we write the equation (6.6) as

(6.10) x = G(x) = LF (x) .

This is actually an equation for a fixed point of G(x) in the space X .

Lemma 6.7: Let Bδ ⊂ X be a ball of radius δ around x = 0. If δ is small enough
and if ε satisfies, e.g.,

(6.11) ε < Aµδ , Aµ =
δ(1− e−µ)

2C(1 + e−µ)

then G(x) is a contraction in Bδ.

Proof. We should prove that for a suitably small δ we have G(Bδ) ⊂ Bδ and that
for every pair x, x′ ∈ Bδ we have ‖G(x)−G(x′)‖ < c‖x− x′‖ with some c < 1.

Recall thatG(x) = LF (x) by (6.10) and that F (x) = {fj(xj)}j∈Z by (6.6). Let x ∈ Bδ .
Then since Ψ is differentiable we have

∥

∥F (x)
∥

∥ = sup
j

∣

∣fj(x)
∣

∣

≤ sup
j

∣

∣Ψ(qj)− qj+1

∣

∣+ sup
j

∣

∣Ψ(qj + xj)−Ψ(qj)− dΨ(qj)xj
∣

∣

≤ ε+ aδδ

with aδ → 0 for δ → 0. Thus we obtain

∥

∥G(x)
∥

∥ <
C(1 + e−µ)

1− e−µ
(ε+ aδδ) .

Choosing δ such that aδ < Aµ and a corresponding ε satisfying (6.11) we get
∥

∥G(x)
∥

∥ <
δ, i.e., G(Bδ) ⊂ Bδ, as claimed.

Let us now come to proving that G(x) is a contraction, possibly with a further small-
ness condition on δ. In view of (6.4) and of the differentiability of Ψ we have
∣

∣fj(xj)− fj(x
′
j)
∣

∣ =
∣

∣Ψ(qj + xj)−Ψ(qj + x′
j)− dΨ(qj)(xj − x′

j)
∣

∣ = o(|xj − x′
j |) .

Thus, for δ small enough we also have
∥

∥F (x)− F (x′)
∥

∥ < aδ|x− x′| with aδ −→
δ→0

0 .
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On the other hand with the same δ as above and in view of lemma 6.6 we have
∥

∥G(x)−G(x′)
∥

∥ =
∥

∥LF (x)− LF (x′)
∥

∥

< C
1 + e−µ

1− eµ
∥

∥F (x)− F (x′)
∥

∥ <
aδ
2Aµ

‖x− x′‖ <
1

2
‖x− x′‖ .

we conclude that is a contraction. Q.E.D.

In view of lemma 6.7 eq. (6.10) has a unique solution in Bδ ⊂ X , and by choosing
ε which satisfies (6.11) the claim of proposition 6.5 follows. This concludes the proof.

6.4 Applications of the shadowing lemma

There are many applications. Here I recall a few of them.

6.4.1 Periodic orbits in the neighbourhood of a homoclinic orbit

Proposition 6.8: Let {qk}k∈Z be a periodic ε–pseudoorbit of periodN , i.e., qk+N =
qk for all k. Then the corresponding shadowing orbit is periodic of period N .

Proof. The shadowing orbit {pk}k∈Z satisfies |qk−pk| < δ for all k, and is unique. By
periodicity, we also have |qk+N − pk+N | = |qk − pk+N | < δ, so that also the translated
orbit {pk+N}k∈Z shadows {qk}k∈Z . By the uniqueness of the shadowing orbit we
conclude that the orbit {pk}k∈Z coincides with the translated orbit {pk+N}k∈Z, i.e.,
that pk = pk+N for all k, which is the definition of periodic orbit. Q.E.D.

Corollary 6.9: Let Λ be the closure of a homoclinic orbit emanating from a hyper-
bolic fixed point x∗. Then x∗ is a cluster point of periodic orbits.

Proof. Let δ be small enough, and ε be the corresponding value in the shadowing
lemma. Let us construct an ε–pseudoorbit as follows. Choose a point x ∈ Λ in an (ε/2)–
neighbourhood of x∗, which belongs to the local unstable manifold and to the known
homoclinic orbit. Then we have

∣

∣Ψk(x) − x∗
∣

∣ > ε for some k, due to the expanding
dynamics on the unstable manifold. On the other hand, for N large enough we have
again

∣

∣ΨN (x)− x∗
∣

∣< ε. because the homoclinic orbit is asymptotic to x∗ for k → ∞.
Construct a periodic orbit by concatenating infinitely many times the sequence

x, Ψ(x), Ψ2(x), . . . ,ΨN (x) .

The shadowing orbit is (N + 1)–periodic. Since N is arbitrary (provided it is large
enough) there are infinitely many periodic orbits in any neighbourhood of x∗. Q.E.D.

6.4.2 Homoclinic orbits in the neighbourhood of a homoclinic orbit

The qualitative discussion on homoclinic orbits in sect. 4.5.1 suggests that if a homo-
clinic orbit exists then there are infinitely many such orbits. Here is a formal statement

Corollary 6.10: There are infinitely many distinct homoclinic orbits tending
asymptotically to the hyperbolic fixed point x∗ for t → ±∞.
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The proof consists in showing that we may construct infinitely many different
pseudoorbits which possess a homoclinic shadowing orbit. The simplest method is to
take the initial point x of any periodic pseudoorbit constructed as in the proof of corol-
lary 6.9. Let us call the finite sequence {x,Ψ(x), . . . ,ΨN−1(x)} with x and ΨN−1(x) in
an (ε/2)–neighbourhood of x∗ a N–periodic slice of the pseudorbit. Now concatenate
the periodic slice an arbitrary but finite number of times, and then complete the orbit
by adding an infinite sequence of points x∗ both in the past and in the future. The
corresponding shadowing orbit has the wanted character.

The construction may be played again and again with an infinity of variazioni. I
give here a few examples.

(i) Take the periodic pseudorbit just considered; after every return to the neigh-
bourhood of x∗ insert an arbitrary but finite number of times the initial point
x (or the fixed point x∗ itself). This produces plenty of different pseudoorbits,
each one possessing an unique homoclinis shadowing orbit.

(ii) Take two (or more) different periodic pseudoorbits, and concatenate an arbi-
trary but finite number of times the corresponding periodic slices, in any order.
Then complete again the pseudoorbit both in the past and in the future with
infinite sequences of x∗. Every such pseudoorbit corresponds to an unique ho-
moclinic orbit.

Exercise 6.1: Consider two different periodic points x, x′ in a neighbourhood of
the hyperbolic point x∗, and let Ω(x) and Ω(x′) be the corresponding periodic orbits.
Show that there are orbits that are aymptotic to Ω(x) for t → −∞ and to Ω(x′) for
t → +∞.

6.4.3 Hyperbolic mappings

I consider here a measure preserving hyperbolic mapping on a compact manifold and
prove that periodic orbits are dense. As an exemple, refer to the Arnold cat map.

Proposition 6.11: Let M be a compact measurable manifold with a hyperbolic
measure preserving mapping Ψ. Then there is a dense set of periodic orbits for Ψ with
arbitrarily long period.

Proof. We prove that in a δ–neighbourhood of every point x ∈ M one may find
a periodic point of period long enough. Let ε0 be the value corresponding to δ/2
according to the shadowing lemma, and let ε = min(ε0, δ/2). By Poincaré’s recurrence
theorem there is x ∈ Bε(x) such that ΨN (x) ∈ Bε for some N . Hence we have
|ΨNx− x| < ε ≤ δ/2. Construct a periodic sequence {qk}k∈Z by setting

q0 = x, q1 = Ψ(x), . . . , qN−1 = ΨN−1(x), qN = x

and qj+N = qj for j ∈ Z. This is an ε–pseudoorbit because
∣

∣

∣
Ψ
(

ΨN−1(x)
)

− qN

∣

∣

∣
=
∣

∣ΨN (x)− x
∣

∣ < ε .

Therefore in a δ/2 neighbourhood of {qk}k∈Z there s a periodic orbit {pk}k∈Z of Ψ,
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and in particular
|p0 − x| ≤ |p0 − x|+ |x− x| < δ ,

as claimed. Q.E.D.

Exercise 6.2: Prove that all points with rational coordinates generate periodic
orbits of the Arnold cat map.


