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Abstract. The numericalsimulationof 3D free surfaceflows in ervironmental

fluid-dynanics requiresa hugecomputationakffort. In this work we addresshe
numericalaspectandthe computerimplementatiorof the parallelfinite element
code Stratos for the solution of mediumand large scalehydrodynamicsprob-
lems.The codeadops the MPI protocolto manag inter-processocommurica-
tion. Particularattentionis paid to presentsomeoriginal detailsof the software
implementatioraswell asto shav the numericalresultsobtainedon a Cray T3E

machine.

1 Intr oduction and motivation

Freesurfaceflows areencoureredin various naturalphenanena,suchastidal flows,
large waterbasinsandriver coursesThe hugecompuational effort requiredby a full
3D nunrerical simulationhasled in the pastto developing simplified 1D and2D mod
els. Thesdattermockls arenowvadgs well establishedbothin termsof a soundmath-
ematicalformulationandof a robustnumericalimplenmentation[]. Nonethelessmnary
situationsof relevart interestoccu thatrequirea moreaccuratghysicaldescriptionof
theprodem in orderto modelall the significart phenanena.

Theso-calledQuasi-P Shdlow Water Equaion model (Q3D-SWE) consideredn
the presentwork enrictesthe 2D modelsby a proper selectionof 3D featurege.g., a
velocity field thatdepend on all thethreespatialvariabes), with a compuationalcost
not severelyexceedng the costof pure 2D models.

However, it is afactthatevenadoping the Q3D-SWEmockl, hydrodyramic prob-
lemsin ervironmentaklpplicatimsinheentlyrequre avery largenumterof unknowns.
This fact,consideing furthermoee thefairly long charactestic timesinvolved in these
prodems (often several days),leadto excee@ngly expersive compuations.Consider
asan exanple the simulationof the tidesin the VeniceLagoon whaose nunerical re-
sultswill bepresentedh Sect.4 Suchsimulation,spanniig thetidal cycle of two days,
hasbeencarriedout using20 layersin the vettical directionandabou 315@ triangles
in the horizontal planecovering an areaof 1800km?, for a total of appraimatively
of 2 millions degreesof freedan with a time stepof 15 minutes. Theselatter figures
clearly demamstratethat a parallelapgoachis in order. The resultspresentedn this
work have beenobtaired runring the codeStratoson a T3E Cray machire usingup to



8 processors.Thecodeadoptshe MPI MessagdPassingProtoml in order to guararee
the maximum portalility; it is indeedplannedo runthe simulatiors in the future ona
clusterof PCs.

Thepape is organized asfollows:in Sect.2ve presentheQ3D-SWEmathenatical
model;in Sect.3we addessthe finite elementdiscretization of the Q3D-SWEmodel
andthe parallelcomputerimplementtion; in Sect.4we presenthe numeical results,
while in Sect.5we draw the corclusionsandwe presentthe future directiors of the
work.

2 The Q3D-SWE mathematical model

The Q3D-SWEmodé is derived from the threedimersionalinconpressibleNavier-
Stokesequatios by integraing the cortinuity equatim alongtheverticaldirectian,

Before presentig the model, we needto setup somebasicnotdions. Indicatirg
by 2 a parallelefpedonwhich includes the waterbody for the wholetime intena of
interestanddenotirg by (2 thebaseof this parallelefpedon the bottomsurfaceandthe
free surfaceof the domainaredescribe by the bottombattymetryz = —h(z,y) and
by the elevation of the free surfacez = n(z,y,t), respectidy. Thetotal depthof the
fluid atagenericpoint (z,y) is dendedby H (x,y,t) = h(z,y) +n(z,y,t). Unde the
assumptiorof long wave phenomer, vettical acceleratios canbe neglected leadirg
to thefollowing hydiostaticapproximationfor thepressure

p=po+pg(n—=z), 1)

wherepy is thegiven atmosphéc pressue andg is the gravity accelerationThe Q3D-
SWEmodelreadg1999]:
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whereV ,,, dendesthe spatialgradient in thehorizortal planeD /Dt = 90/0t(.) + u -

V(.) is the Lagramgiantime derivative, v is the verticd eddyviscositycoeficient,u =

(u,v)T isthehoiizontalvelccity, w is thevettical velocity, f is theexterral force vecta
(tipically the Coriolis force). Notice thatrelation(1) hasbeenemplgredto expressthe
gradiert of the pressue in the momertum equationasa function of the soleelevation

gradien. System(2) is compléed by a prope setof initial and bowndary condtions
that specify the elevation or the velocity of the fluid on the bourdary of the domain

(waterwaterboundaryor watersolid wall boundary, respectiely). Wind effectsaswell

friction effects canbe alsoaccoured for by forcing to a given value the tangential
compamentof thenormal streson thefreesurfaceor onthe bottom,respectiely.



3 Parallel implementation of the Q3D-SWE model

In this sectionwe addresgheissueof the discretizationrof model(2) andwe focus on
theaspectzonceningits compterimplementationin a parallelarchtecture.

3.1 Discretization and partitioning of the domain

Thediscretizatiormethal adgtedin thiswork decoupestheverticalandthehorizantal
directiors. This procedureis a natual conseqgenceboth of the mathematicaform of
the Q3D-SWEequatims and of the geometrial charactastics of the computational
domain Namely the parallelepigdon 2 is slicedin the vertical directioninto several
horizantal parallellayers,with possibledifferentheights An unstructuedtriangulation
is usedin the horizantal planezy, in orderto provide an accuratedescriptionof the
irreguar planargeometies that frequently occurin theseproblems. The replicatian
of the sametriangular grid in the middle point of eachlayer createsa meshof right-
angleprisms.At eachtime level, a prism may lay entirely or partially uncer the free
surfacelevel or may be dry. Trackingthe free surfacepositionis thusrecondictedto
managng efficiently theemptyirg andfilling of theprisms.Veryirreguar bathynetries
of thebottom,asobtainedrom experimentaimeasuremnts,canbehanded aswell. In
Fig. 1 we shaw theveryirregular bathymetry of thebottom(left) andthefinite element
trianguation in the zy plane(right) for the VeniceLagom. Notice how the maximum
densityof the trianguation is reachd in correspondane of the lagurar isles and of
thechanrelsthatexchangethe freshwaterfrom the Adriatic Seato the Lagom, where
moreresolutionis needed
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Fig. 1. Thecomplex bathymetryof the VeniceLagoon(left) andthe meshin the horizontalplane
(right)

The basicprismaticcell onelayer deepin the z directionmay be regadedasthe
mostfine grained decomjpsition level of the prodem. The grarularity of the partition
is increasedy agdomeratingall thelayersof anelementinto a column Eachcolunm



of cellsis thenmappedto a processorThis choicesignificantlyreduicescommunication
costsby increasig locality. The packag Metis [2001] hasbeenusedto partitionthe
meshin the hotizontal plane,sinceeachcolumnis unamligously identifiedthrough a
tagthatis thenumberof its baserianglein thezy plane.Fig. 2 shovs anexploded3D
view of the subdonainsassignedo eachof the 8 proessoraisedin the simulation

Fig. 2. An explodedview of the domainpartitioningfor the simulationof the Venicelagoon

3.2 Finite elementapproximation of the 3D-SWE model

We refer to [1999] and [2002] for a detaileddiscussiornof the finite elementspaces
adogted for the approxmation of the Q3D-SWE mocel. Here we limit oursehes to
presenthe aspectghat arerelevant to the parallelcompuer implemeration. Among
themainissuego dealwith, we mention

1. themanagmentof unstru¢uredgridsin adistributedarchite¢urethatdemandsfor
additioral conrectvity structures;

2. the existenceof several procediresthatrequile a searchin all the elementof the
domain(as happes in the compuation of the startingpoirt of the characteristic
line, thatwill be discussedn the following) mustbe suitably specializedo the
multiprocessoervironment;

3. the objective of obtairing the maximun efficiengy of the codemustbe pursuel
avoiding undeteministic behaiors thatmay oftenoccu during the intergrocessor
messag@assingohasan anorcorrectlyplanna algoithm.

Onthis basis,it hasapp@redcorvenientto adof an object-orientedorogammirg
concep, soto exploit theintrinsic links of dataand uncerlying structuresn associa-
tion with the tasks(methods)they have to carry outin the parallelervironment.The
introduction of abstractdatatypescanbe appliedto describegeometricobjects such
aselementsaandedgesaswell asto collecta setof taskssuchascreatingthe element



matrixor updatingthevarialles.Let usconsideitwo importantclasse®f meshobjeds:
the elementlassandthe edg class We may think thatthefirst classis associatedo
thefinite elemen discretizatiorof the elevation, thatis piecevise corstant.Eachele-
mentobjectcortainsthe required connetivity data(its name,the namesof its edges
andverticesandthenameof its adiacehelemers), theids of the processorghatown
the elementtself andthe adiacentlementsthe geonetrical data(area,cooidinatesof
thecircuncentersaandof the vertices)andthe nunericalvaluesof the quantitiesassoci-
atedwith the elemen (elevatiors andvertical velocity). Let usconside asanexanple
Fig.3.2 wherethe areaof alarger domain is depictedandlet us focusthe attentionon
the elementdabeledby (5 and@. The abstractelementclassandthe correspondig

Fig. 3. Eachcolor in thefigureidentifiesa differentprocessarCircle: elementnumkers;square:
edgenumberssolid points:vertex numbers.

instancedor elemens 5 and @ arerepreseted in Fig.5 (left). The secondclassof
objects,edgeobjects retaintheinformationregarding the numker andthe thicknessof
the active layersthat at eachtempaal stepdescribethe actualshapeof the fluid and
thebathymetry Moreover, they representhefundanentalgeonetrical structue for the
horizantal velocity in the zy plane Indeed Raviart-Thanasfinite elementf lowest
degree are employed yielding a finite volume-like appr@ch that usesas degrees of
freedan the fluxesof the unknown quartity acrosshe edges of thetrianguation. Edge
objectsare assignedhe fundanentalrole to manag inter-processorcomrunication
Indedl, the elementclassdoesnot perfam messag@assingbut it delegaescommu
nicationto the edgeclass.The edgescollectand broadcastdatato be sent,distribute
receved dataandretainall the information requred for a proper organization of the
messag@assingtself. To improve efficiency, while the interfaceedgesperform non
bloking messageassingactions,internal edge overlap compuation on processor
owneddata.Theabstracedgeclassandthe correspadinginstancegor edged32] and
[3] arerepresetedin Fig.5(right).

3.3 Computation of the Lagrangian time derivative

In order to ensurenumeri@l stability whendealingwith the corvective termsin (2), a
Lagrargianappoachis consideed. This turnsout to adda nurberof comgicationsin



— Element Class — — Edge Class —
int el_name double xy[3](2] intedge_name | double xv[2][2]
int ad_names[3] | double area intad_el_nam[3]| double edge_len
int ver_names[3]| double circ[2] int ver_names(2]
int rank_owner | double elevation intrank_owner | double fluxes
int rank_neigh(3] | double w int rank_non_own double normal
Pointers to objects Pointers to objects
Elevation_matrix_assembling Compute_fluxes_from_elevations
Receive_data_from_edges MPI_lsend, MPI_Irecv
Compute_w Update_geometry
Update_element_elevation DistributeCollect_element_data
Element Element Edge Edge
el_name=5 xy=[xjyil =123 el_name=14 xy=[xjyil j=1,2,3 edge_name=32 |xv=[xjyj] j=1.2 edge_name=3 xv=[xjyj] =12
ad_names=[3,4,14]| area=25.0 ad_names=[5,15,1§jarea=18.0 ad_el_name=[45] | gqqe |en=12.0 ad_el_name=[14,18] edge_len=11.5
ver_names=[1,3,12] circ=[x1,y1][x2,y2] ver_names=[1,3,5] | circ=[x1,y1][x2,y2] ver_names=(3,12] - ver_names=[3,5]
rank_owner=2 elevation=10.0 rank_owner=2 elevation=15.0 rank_owner=2 flux=15.3 rank_owner=6 flux=-7.5
rank_neigh=[2,0,2]| w=0.5 rank_neigh=[2,4,2]| w=0.2 rank_non_own=6 | geometry=5.2 rank_non_own=1 | geometry=6.3
Pointer to next element Pointer to next element Pointer to next element Pointer to next element

Fig. 4. Theelementclasswith its attributesandmethodsandtwo instancegleft) andthe element
classwith its attributesandmethodsandtwo instancegright).

thepardlel implementatio. Denotingby x,,,; themidpadnt of averticalfaceof aprism,
the Lagramiandiscretizatiorof the corvective termreads:

E(t x ) Nu(tn—i-laxmi)_u(tnax(tn;tn—i-laxmi))
Dt n+l,&mi) — At

whereX(s; t,x) is the solutionof thefollowing prablem:

XEHX) _ v (5,% (s34, %)) for s € (0,1,
e 4)

X (t;t,%x) = x.

Fromageomdric point of view X (-) = X (+; ¢, x) is the parametic representatiorof
the streamlinesi.e. X(s;t,x) is the positionat time s of a particle which hasbeen
driven by thefield V = (u, w) andthatoccuped the positionx attime .

Equation (4) canbe solvedusinganexplicit Eulermethal (seeFig. 5) which gives
thefollowing appoximationof X (¢ ,,; tp41, X):

X (s;t,X) = Xmi — VAL (5)

wherethe velocity V is the velocity evaluged at x,,,; at time ¢,,. From the left part
of Fig.5it is evidentthatthe Euler methodmay producevery badresultsin preseae
of strondy curved streamlinesinlessa very smalltime stepis used.To overcomethis
prodem we solve prodem (4) using a compaite Euler schemethe time step At is
splittedinto N substepggererally N5 ~ 4 andin eachsubstem simpleEulerscheme



is used(seeright partof figure5). In this way the streamlinesre betterapprximated
andif the numberof substepss properly choserfor the problemat handthe compued
streamlineglo not crosssolid bourdaries.

It is clearthatthe charateristic methodreliesstronglyuponan efficient searchig
algorithm, sincewe have to find the elementin which thefoot of the chaacteristicline
(dended by X) startingfrom the geneic pointx,,,; is located.Let us briefly describe
thesearchig algorithm The searchig algorithm canbe corvenientlydecoyledinto a
searctalongtheverticaldirection whichis discretizedisinga structurel grid anddoes
notpresendifficultiesandasearchn thezy planethatrequresmore caseln particular
we proceedasfollows: let %,,,; andX bethe projectimsof the startingpoint, x ,;, and
of thefoot of the charateristic,X, onthezy plane.The poirt X,,; is the middle point
of the edge’; of the 2D mesh.First of all we checkif X belorgsis internd to oneof
thetwo trianglessharingthe edge/;, in which casethe procedire ends.Otherwisewe
take oneof thesetwo triangles asthestartingelemen (we will denotet with 7') andwe
gothroughthefollowing steps

1. build thesegments joining %,,; andX;
2. determire theedge ¢; of T crosseddy s andfind the adjoiring element(T"’) of T

sharingwith 7' theedge/;. ~
3. if theelementl” is ownedby a differentprocessgrset X = %,,,;. Otherwisecheck

if X belorgstoT", if not, iteratethe procedire.

Fig.5. Representatiomnf the discretizationof the streamlinesusing the Euler method:simple
Eulermethod(left), compasite Eulermethod(right).

3.4 The algorithm implementedin the codeStratos

In Fig.6it is representeta block diagramthatillustratesthe phase®f the compuation,
shaving wheninterprocessocomnunicatiors is needed.

Notice how a very limited nunber of interpacessorcomnunicatiors (red boxes)
arerequired Among these we cite the solutionof the linear algelvaic systemon the
elevatiors (see[1999] for details)thatis performedusing the Aztec parallel library
[1999]. The othersourcs of couding aredueto the computationsof the varialdesin
the solexy plane Let us considerfor examge the horizontal velocity field u. Along
the verticd direction piecavise continwous polynomials are adopted This implies a
couging betweerthe pointsof the samecolurm, but sincethe entirecolumnis owned



Start-up phase

Read mesh

time cycle

Finalize

Fig. 6. Block diagram.Colorsindicatethe following: yellow: inizialization phasered: interpro-
cessolcommunication;green:parallelwork; cyan: I/O phase.

by the sameprocessor this processis comgetely local. The compuation in the zy
planerequres interpiocessorcommunication betweenthe edges locatedalong inter
processorbourdaries. Theseedgesare dugdicated, the flux is compued twice by two
different processa andthenaveragd (this is dueto a possibledifferentcomputation
of theLagramianderivative, seebelow).

4 Numerical results

To assesshe propertiesof scalabilityof the code we have perfamedthe 3D Gaussian
hill testcaseusingup to 8 processa (the maximun numkbker we wereallowed) on a
Cray T3E machire. The resultsindicatea speed-ugdactor of the codethatis almost
linear. The following figure shawv insteadthe compuation on the VeniceLagawon. In
Fig.8 (right) it is shavn the water elevation while in Fig.8 (left) it is shavn the the
velocity in the VeniceLagom.

5 Conclusions

In thiswork we have addessedhenumeical aspectandthe MPI computerimplemen
tationof the Q3D-SWEmocke! for thesimulationof freesurfaceflowsin ervironmental
prodems. The presege of the free surfacerequres to dealwith a numter of issues
thatarenotcommnonly presenin fixeddomainfluid-dynamicsproblems.In this sense,
someoriginal detailsof the implementationhave beendiscussedFutureresearctwill
be devotedto develop andimplement mockls able to coupe free surfaceflows with
permeale soils through which the surfacewater canfilter. This aspects of relevant
importance especiallyin presencef pollutans.



Speed-up factor Sp=T(1)/T(p) Efficiency E=S(p)/p

Fig. 8. Threedimensiomal velocity field in aregion of the VeniceLagoon(right).
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