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Abstract. The numericalsimulationof 3D freesurfaceflows in environmental
fluid-dynamics requiresa hugecomputationaleffort. In this work we addressthe
numericalaspectsandthecomputerimplementationof theparallelfinite element
codeStratos for the solution of mediumand large scalehydrodynamicsprob-
lems.Thecodeadopts theMPI protocolto manage inter-processorcommunica-
tion. Particularattentionis paid to presentsomeoriginal detailsof the software
implementationaswell asto show thenumericalresultsobtainedon a CrayT3E
machine.

1 Intr oduction and motivation

Freesurfaceflows areencounteredin various naturalphenomena,suchastidal flows,
largewaterbasinsandriver courses.Thehugecomputationaleffort requiredby a full
3D numericalsimulationhasled in thepastto developing simplified1D and2D mod-
els.Theselattermodelsarenowadays well established,bothin termsof a soundmath-
ematicalformulationandof a robustnumerical implementation[]. Nonetheless,many
situationsof relevant interestoccur thatrequireamoreaccuratephysicaldescriptionof
theproblem in orderto modelall thesignificant phenomena.

Theso-calledQuasi-3D Shallow Water Equation model (Q3D-SWE)consideredin
thepresentwork enrichesthe2D modelsby a properselectionof 3D features(e.g., a
velocityfield thatdepends on all thethreespatialvariables),with a computationalcost
notseverelyexceeding thecostof pure 2D models.

However, it is a factthatevenadopting theQ3D-SWEmodel, hydrodynamicprob-
lemsin environmentalapplicationsinherentlyrequireavery largenumberof unknowns.
This fact,considering furthermore thefairly longcharacteristic timesinvolved in these
problems(oftenseveraldays),leadto exceedenglyexpensive computations.Consider
asan example the simulationof the tides in the VeniceLagoon whosenumerical re-
sultswill bepresentedin Sect.4.Suchsimulation,spanning thetidal cycleof two days,
hasbeencarriedout using20 layersin thevertical directionandabout 31500 triangles
in the horizontal planecovering an areaof 1800km

�
, for a total of approximatively

of 2 millions degreesof freedom with a time stepof 15 minutes.Theselatter figures
clearly demonstratethat a parallelapproachis in order. The resultspresentedin this
work have beenobtainedrunning thecodeStratoson a T3E Craymachine usingup to
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8 processors.ThecodeadoptstheMPI MessagePassingProtocol in order to guarantee
themaximum portability; it is indeedplannedto run thesimulations in thefuture on a
clusterof PCs.

Thepaper is organized asfollows:in Sect.2wepresenttheQ3D-SWEmathematical
model;in Sect.3we addressthefinite elementdiscretization of theQ3D-SWEmodel
andtheparallelcomputer implementation; in Sect.4we presentthenumerical results,
while in Sect.5we draw the conclusionsandwe presentthe future directions of the
work.

2 The Q3D-SWE mathematicalmodel

The Q3D-SWEmodel is derived from the threedimensional incompressibleNavier-
Stokesequations by integrating thecontinuity equation alongtheverticaldirection,

Beforepresenting the model,we needto setup somebasicnotations. Indicating
by
��

a parallelepipedonwhich includes thewaterbody for thewholetime interval of
interestanddenoting by

�
thebaseof thisparallelepipedon, thebottomsurfaceandthe

freesurfaceof thedomainaredescribed by thebottombathymetry �����
	���
������ and
by theelevationof the freesurface ��������
���������� , respectively. Thetotal depthof the
fluid atagenericpoint ��
������ is denotedby ����
������������ 	���
�������!"����
���������� . Under the
assumptionof long wave phenomena, vertical accelerations canbeneglected, leading
to thefollowing hydrostaticapproximationfor thepressure# � #%$ !�&('����)�*�+�,� (1)

where#-$ is thegiven atmospheric pressure and ' is thegravity acceleration. TheQ3D-
SWEmodelreads[1999]:. ��/0�21���354 , find ��67��8)����� suchthat9::::::; ::::::<

= 6= � �>�?'�@BADCE�F!HGJI � 6I � � !�K(�I �I � !H@BAEC
LNMPO�QR�S 6�T+�(UV�W1��I 8I � !X@YAECZLD6[�W1��
(2)

where @\AEC denotesthespatialgradient in thehorizontal plane
=�]^= �7� I ] I �,�`_a��!X6bL@���_ � is theLagrangiantime derivative, G is thevertical eddyviscositycoefficient, 6*���cN��de�`f is thehorizontalvelocity, 8 is thevertical velocity, K is theexternal forcevector

(tipically theCoriolis force).Noticethatrelation(1) hasbeenemployedto expressthe
gradient of thepressure in themomentum equationasa function of thesoleelevation
gradient. System(2) is completed by a proper setof initial andboundaryconditions
that specify the elevation or the velocity of the fluid on the boundary of the domain
(water-waterboundaryor water-solidwall boundary, respectively). Wind effectsaswell
friction effects can be also accounted for by forcing to a given value the tangential
componentof thenormal stresson thefreesurfaceor on thebottom,respectively.
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3 Parallel implementation of the Q3D-SWEmodel

In this sectionwe addresstheissueof thediscretizationof model(2) andwe focus on
theaspectsconcerning its computerimplementationin a parallelarchitecture.

3.1 Discretization and partitioning of the domain

Thediscretizationmethod adoptedin thisworkdecouplestheverticalandthehorizontal
directions. This procedureis a natural consequencebothof themathematical form of
the Q3D-SWEequations andof the geometrical characteristics of the computational
domain. Namely, theparallelepipedon g� is slicedin theverticaldirectioninto several
horizontalparallellayers,with possibledifferentheights.An unstructuredtriangulation
is usedin the horizontal plane 
%� , in orderto provide an accuratedescriptionof the
irregular planargeometries that frequently occur in theseproblems.The replication
of the sametriangular grid in the middle point of eachlayer createsa meshof right-
angleprisms.At eachtime level, a prism may lay entirely or partially under the free
surfacelevel or maybe dry. Trackingthe freesurfacepositionis thusreconductedto
managing efficiently theemptying andfilling of theprisms.Veryirregular bathymetries
of thebottom,asobtainedfrom experimentalmeasurements,canbehandledaswell. In
Fig. 1 weshow thevery irregularbathymetryof thebottom(left) andthefinite element
triangulation in the 
%� plane(right) for theVeniceLagoon. Noticehow themaximum
densityof the triangulation is reached in correspondance of the lagunar isles andof
thechannelsthatexchangethefreshwaterfrom theAdriatic Seato theLagoon, where
moreresolutionis needed.

,

Fig.1. Thecomplex bathymetryof theVeniceLagoon(left) andthemeshin thehorizontalplane
(right)

Thebasicprismaticcell onelayer deepin the � directionmay be regardedasthe
mostfinegraineddecomposition level of theproblem.Thegranularity of thepartition
is increasedby agglomeratingall thelayersof anelementinto a column. Eachcolumn
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of cellsis thenmappedto aprocessor. Thischoicesignificantlyreducescommunication
costsby increasing locality. The package Metis [2001] hasbeenusedto partition the
meshin thehorizontalplane,sinceeachcolumnis unambigously identifiedthrough a
tagthatis thenumberof its basetrianglein the 
P� plane.Fig. 2 showsanexploded3D
view of thesubdomainsassignedto eachof the8 processorsusedin thesimulation.

Fig.2. An explodedview of thedomainpartitioningfor thesimulationof theVenicelagoon

3.2 Finite elementapproximation of the 3D-SWEmodel

We refer to [1999] and [2002] for a detaileddiscussionof the finite elementspaces
adopted for the approximation of the Q3D-SWEmodel. Here we limit ourselves to
presentthe aspectsthat arerelevant to the parallelcomputer implementation.Among
themainissuesto dealwith, wemention:

1. themanagementof unstructuredgridsin adistributedarchitecturethatdemandsfor
additional connectivity structures;

2. theexistenceof severalproceduresthat require a searchin all theelementsof the
domain(ashappens in the computation of the startingpoint of the characteristic
line, that will be discussedin the following) must be suitablyspecializedto the
multiprocessorenvironment;

3. the objective of obtaining the maximum efficiency of the codemustbe pursued
avoiding undeterministic behaviors thatmayoftenoccur during theinterprocessor
messagepassingphasein a noncorrectlyplanned algorithm.

On this basis,it hasappearedconvenientto adopt anobject-orientedprogramming
concept, so to exploit the intrinsic links of dataandunderlying structuresin associa-
tion with the tasks(methods)they have to carry out in the parallelenvironment.The
introduction of abstractdatatypescanbe appliedto describegeometricobjects such
aselementsandedgesaswell asto collecta setof taskssuchascreatingtheelement
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matrixor updatingthevariables.Let usconsidertwo importantclassesof meshobjects:
theelementclassandtheedge class. We maythink that thefirst classis associatedto
the finite element discretizationof theelevation, that is piecewise constant.Eachele-
mentobjectcontains the required connectivity data(its name,the namesof its edges
andverticesandthenamesof its adiacent elements), the ids of theprocessorsthatown
theelementitself andtheadiacentelements,thegeometricaldata(area,coordinatesof
thecircumcentersandof thevertices)andthenumericalvaluesof thequantitiesassoci-
atedwith theelement (elevations andverticalvelocity). Let usconsider asanexample
Fig.3.2, wheretheareaof a larger domain is depictedandlet usfocustheattentionon
the elementslabeledby 5

h
and 14
h

. The abstractelementclassandthe corresponding
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Fig.3. Eachcolor in thefigure identifiesa differentprocessor. Circle: elementnumbers;square:
edgenumbers;solid points:vertex numbers.

instancesfor elements 5
h

and 14
h

arerepresented in Fig.5 (left). The secondclassof
objects,edgeobjects,retaintheinformationregarding thenumber andthethicknessof
the active layersthat at eachtemporal stepdescribethe actualshapeof the fluid and
thebathymetry. Moreover, they representthefundamentalgeometricalstructure for the
horizontal velocity in the 
P� plane. Indeed, Raviart-Thomasfinite elementsof lowest
degree areemployed, yielding a finite volume-like approach that usesas degrees of
freedom thefluxesof theunknown quantity acrosstheedges of thetriangulation.Edge
objectsareassignedthe fundamentalrole to manage inter-processorcommunication.
Indeed, the elementclassdoesnot perform messagepassingbut it delegatescommu-
nicationto the edgeclass.The edgescollect andbroadcastdatato be sent,distribute
received dataandretainall the information required for a proper organizationof the
messagepassingitself. To improve efficiency, while the interfaceedgesperform non-
blocking messagepassingactions,internaledges overlap computation on processor-
owneddata.Theabstractedgeclassandthecorrespondinginstancesfor edges[32] and
[3] arerepresentedin Fig.5(right).

3.3 Computation of the Lagrangian time derivative

In order to ensurenumerical stability whendealingwith theconvective termsin (2), a
Lagrangianapproachis considered.This turnsout to adda numberof complicationsin



6

int el_name double xy[3][2]

Element Class

Compute_w

int ad_names[3]

int ver_names[3]

double area

double circ[2]

int rank_owner double elevation

double w 

Pointers to objects

int rank_neigh[3]

rank_owner=2

circ=[x1,y1][x2,y2]

xy=[xj,yj]   j=1,2,3el_name=14
ad_names=[5,15,18]
ver_names=[1,3,5]

rank_neigh=[2,4,2]
elevation=15.0

w=0.2 

el_name=5
ad_names=[3,4,14]
ver_names=[1,3,12]

rank_owner=2
rank_neigh=[2,0,2]

circ=[x1,y1][x2,y2]

xy=[xj,yj]   j=1,2,3
area=25.0

elevation=10.0

w=0.5 

area=18.0

Element Element  

Pointer to next element Pointer to next element

Receive_data_from_edges

Elevation_matrix_assembling

Update_element_elevation

,

int rank_owner

Pointers to objects

Edge Class

int edge_name

int rank_non_own

double fluxes

double normal

int ver_names[2]

double xv[2][2]

MPI_Isend, MPI_Irecv

Compute_fluxes_from_elevations

int ad_el_nam[3] double edge_len

Edge Edge
edge_name=32

Pointer to next element  Pointer to next element

Update_geometry

DistributeCollect_element_data

ad_el_name=[4,5]
ver_names=[3,12]

rank_owner=2 flux=15.3

geometry=5.2 

edge_name=3
ad_el_name=[14,18]
ver_names=[3,5]

rank_owner=6
rank_non_own=6 rank_non_own=1

flux=−7.5

geometry=6.3

edge_len=12.0 edge_len=11.5
xv=[xj,yj]   j=1,2 xv=[xj,yj]   j=1,2

Fig.4. Theelementclasswith its attributesandmethodsandtwo instances(left) andtheelement
classwith its attributesandmethodsandtwo instances(right).

theparallel implementation.Denotingby ikjkl themidpoint of averticalfaceof aprism,
theLagrangiandiscretizationof theconvective termreads:= 6= � ���`mon � ��i jkl �qp 6r�2� mon � ��isj?lt�N�*6r�2� m ��uv��� m�w � mxn � ��isjkly���z � _
whereub�t{ w �|��i�� is thesolutionof thefollowing problem:9:; :< T+u}�t{ w �|��i��T+{ � ~��2{(��u}�t{ w �|��i���� for {�/0��1%�����-�

u}�2� w �|��i��q�ViJ_ (4)

Froma geometric point of view uv�`La�
�}uv�`L w �|��i�� is theparametric representationof
the streamlines:i.e. u[�2{ w �|��i�� is the positionat time { of a particlewhich hasbeen
driven by thefield ~��}��67��8Z� andthatoccupied theposition i at time � .

Equation(4) canbesolvedusinganexplicit Eulermethod (seeFig. 5) which gives
thefollowing approximationof u}��� m�w � mxn � ��i�� :u}�y{ w �|��i��q�Visj?l���~ z � (5)

wherethe velocity ~ is the velocity evaluated at i j?l at time ��m . From the left part
of Fig.5 it is evident that theEulermethodmayproducevery badresultsin presence
of strongly curved streamlinesunlessa very small time stepis used.To overcomethis
problem we solve problem (4) usinga composite Euler scheme:the time step

z � is
splittedinto �B� substeps(generally ���
p�� andin eachsubstepasimpleEulerscheme
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is used(seeright partof figure5). In this way thestreamlinesarebetterapproximated
andif thenumberof substepsis properlychosenfor theproblemat handthecomputed
streamlinesdonotcrosssolidboundaries.

It is clearthat thecharacteristicmethodreliesstronglyuponanefficient searching
algorithm, sincewe have to find theelementin which thefoot of thecharacteristicline
(denotedby u ) startingfrom thegeneric point i j?l is located.Let usbriefly describe
thesearching algorithm. Thesearching algorithm canbeconvenientlydecoupledinto a
searchalongtheverticaldirection, whichis discretizedusingastructured grid anddoes
notpresent difficultiesandasearchin the 
P� planethatrequiresmorecase.In particular,
we proceedasfollows: let �isj?l and �u betheprojectionsof thestartingpoint, i7j?l , and
of thefoot of thecharacteristic, u , on the 
%� plane.Thepoint �isj?l is themiddlepoint
of theedge�^l of the2D mesh.First of all we checkif �u belongs is internal to oneof
thetwo trianglessharingtheedge�(l , in which casetheprocedureends.Otherwisewe
takeoneof thesetwo trianglesasthestartingelement (wewill denoteit with 3 ) andwe
go through thefollowing steps

1. build thesegment{ joining �i jkl and �u ;
2. determine theedge �o� of 3 crossedby { andfind theadjoining element( 3�� ) of 3

sharingwith 3 theedge� � .
3. if theelement3 � is ownedby adifferentprocessor, set �u����isj?l . Otherwisecheck

if �u belongsto 3 � , if not, iteratetheprocedure.

X

x mi
X h
~

~

mix

h X
~X

~

Fig.5. Representationof the discretizationof the streamlinesusing the Euler method:simple
Eulermethod(left), compositeEulermethod(right).

3.4 The algorithm implementedin the codeStratos

In Fig.6it is represented a blockdiagramthatillustratesthephasesof thecomputation,
showing wheninterprocessorcommunications is needed.

Notice how a very limited number of interpocessorcommunications (red boxes)
arerequired. Among these,we cite the solutionof the linear algebraic systemon the
elevations (see[1999] for details)that is performedusing the Aztec parallel library
[1999]. Theothersources of coupling aredueto the computationsof the variables in
the sole 
P� plane. Let us considerfor example the horizontal velocity field 6 . Along
the vertical directionpiecewise continuous polynomialsare adopted. This implies a
coupling betweenthepointsof thesamecolumn, but sincetheentirecolumnis owned
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Start−up phase

Compute elevation system RHS

Compute the horizontal velocity field 

Compute the vertical velocity field 

Update interface objects 

Finalize

Build the elevation matrix in compact form

Read mesh 

Initialize objects

Solve tridiagonal system on each edge 

Solve the elevation system 

Update the total water height 

tim
e 

cy
cl

e

Fig.6. Block diagram.Colorsindicatethe following: yellow: inizializationphase;red: interpro-
cessorcommunication;green:parallelwork; cyan:I/O phase.

by the sameprocessor, this processis completely local. The computation in the 
%�
planerequires interprocessorcommunicationbetweenthe edges locatedalong inter-
processorboundaries.Theseedgesareduplicated,the flux is computed twice by two
differentprocessors andthenaveraged(this is dueto a possibledifferentcomputation
of theLagrangianderivative,seebelow).

4 Numerical results

To assessthepropertiesof scalabilityof thecode,we haveperformedthe3D Gaussian
hill testcaseusingup to 8 processors (the maximum number we wereallowed) on a
Cray T3E machine. The resultsindicatea speed-upfactorof the codethat is almost
linear. The following figure show insteadthe computation on the VeniceLagoon. In
Fig.8 (right) it is shown the waterelevation. while in Fig.8 (left) it is shown the the
velocity in theVeniceLagoon.

5 Conclusions

In thiswork wehaveaddressedthenumerical aspectsandtheMPI computerimplemen-
tationof theQ3D-SWEmodel for thesimulationof freesurfaceflowsin environmental
problems.The presence of the free surfacerequires to dealwith a number of issues
thatarenot commonly present in fixeddomainfluid-dynamicsproblems.In this sense,
someoriginal detailsof the implementationhave beendiscussed.Futureresearchwill
be devotedto develop and implement models able to couple free surfaceflows with
permeable soils through which the surfacewatercanfilter. This aspectis of relevant
importance,especiallyin presenceof pollutants.
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Fig.7. Speed-upfactorandefficiency for the3D Gaussianhill testcaseon CrayT3E.

,

Fig.8. Threedimensional velocity field in a region of theVeniceLagoon(right).
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