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Abstract

In a model independent discrete time financial market, we discuss the richness of the family
of martingale measures in relation to different notions of Arbitrage, generated by a class S
of significant sets, which we call Arbitrage de la classe S. The choice of S reflects into the
intrinsic properties of the class of polar sets of martingale measures. In particular: for § =
{Q1}, absence of Model Independent Arbitrage is equivalent to the existence of a martingale
measure; for S being the open sets, absence of Open Arbitrage is equivalent to the existence of
full support martingale measures. These results are obtained by adopting a technical filtration
enlargement and by constructing a universal aggregator of all arbitrage opportunities. We
further introduce the notion of market feasibility and provide its characterization via arbitrage
conditions. We conclude providing a dual representation of Open Arbitrage in terms of weakly
open sets of probability measures, which highlights the robust nature of this concept.

Keywords: Model Uncertainty, First Fundamental Theorem of Asset Pricing, Feasible Market,
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1 Introduction: No Arbitrage under Uncertainty

The introduction of Knightian Uncertainty in mathematical models for Finance has recently re-
newed the attention on foundational issues such as option pricing rules, super-hedging, and arbi-
trage conditions.

We can distinguish two extreme cases:

1. We are completely sure about the reference probability measure P. In this case, the classical
notion of No Arbitrage or NFLVR can be successfully applied (as in [DMW90, DS94, DS98]).
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2. We face complete uncertainty about any probabilistic model and therefore we must describe
our model independently by any probability. In this case we might adopt a model indepen-
dent (weak) notion of No Arbitrage

In the second case, a pioneering contribution was given in the paper by Hobson [Ho98] where
the problem of pricing exotic options is tackled under model mis-specification. In his approach the
key assumption is the existence of a martingale measure for the market, consistent with the prices
of some observed vanilla options (see also [BHR01, CO11, DOR14] for further developments).
In [DHOT7], Davis and Hobson relate the previous problem to the absence of Model Independent
Arbitrages, by the mean of semi-static strategies. A step forward towards a model-free version of
the First Fundamental Theorem of Asset Pricing in discrete time was formerly achieved by Riedel
[Ril1] in a one period market and by Acciao at al. [AB13] in a more general setup.

Between cases 1. and 2., there is the possibility to accept that the model could be described
in a probabilistic setting, but we cannot assume the knowledge of a specific reference probability
measure but at most of a set of priors, which leads to the new theory of Quasi-sure Stochastic
Analysis as in [BK12, C12, DHP11, DMO06, Pel0, STZ11, STZ11a].

The idea is that the classical probability theory can be reformulated as far as the single reference

probability P is replaced by a class of (possibly non-dominated) probability measures P’. This is
the case, for example, of uncertain volatility (e.g. [STZ11a]) where, in a general continuous time
market model, the volatility is only known to lie in a certain interval [0, oas].
In the theory of arbitrage for non-dominated sets of priors, important results were provided by
Bouchard and Nutz [BN13] in discrete time. A suitable notion of arbitrage opportunity with
respect to a class P’, named NA(P’), was introduced and it was shown that the no arbitrage
condition is equivalent to the existence of a family Q' of martingale measure having the same
polar sets of P’. In continuous time markets, a similar topic has been recently investigated also
by Biagini et al. [BBKN14].

Bouchard and Nutz [BN13] answer the following question: which is a good notion of arbitrage
opportunity for all admissible probabilistic models P € P’ (i.e. one single H that works as an
arbitrage for all admissible models) ? To pose this question one has to know a priori which are
the admissible models, i.e. we have to exhibit a subset of probabilities P’.

In this paper our aim is to investigate arbitrage conditions and robustness properties of markets
that are described independently of any reference probability or set of priors.

We consider a financial market described by a discrete time adapted stochastic process S :=
(St)eer, I ={0,..., T}, defined on (2, F,F), F := (F)ier, with T < oo and taking values in R?
(see Section 2). Note we are not imposing any restriction on S so that it may describe generic
financial securities (for examples, stocks and/or options). Differently from previous approaches in
literature, in our setting the measurable space (€2, ) and the price process S defined on it are given,
and we investigate the properties of martingale measures for S induced by no arbitrage conditions.
The class ‘H of admissible trading strategies is formed by all F-predictable d-dimensional stochastic
processes and we denote with M the set of all probability measures under which S is an F-
martingale and with P the set of all probability measures on (€2, F). We introduce therefore a
flexible definition of Arbitrage which allows us to characterize the richness of the set M in a
unified framework.



Arbitrage de la classe S. We look for a single strategy H in H which represents an Arbitrage
opportunity in some appropriate sense. Let:

Vi={weQ| Vp(H)(w) >0},

where Vp(H) = Zthl Hy-(S¢—Si—1) is the final value of the strategy H. It is natural to introduce
several notion of Arbitrage accordingly to the properties of the set V;}.

Definition 1 Let S be a class of measurable subsets of ) such that & ¢ S. A trading strategy
H € H is an Arbitrage de la classe S if

o Vo(H)=0, Vp(H)(w) >0 Vw € Q and V}; contains a set in S.

The class S has the role to translate mathematically the meaning of a “true gain”. When a
probability P is given (the “reference probability”) then we agree on representing a true gain as
P(Vp(H) > 0) > 0 and therefore the classical no arbitrage condition can be expressed as: no
losses P(Vp(H) < 0) = 0 implies no true gain P(Vp(H) > 0) = 0. In a similar fashion, when a
subset P’ of probability measures is given, one may replace the P-a.s. conditions above with P-q.s
conditions, as in [BN13]. However, if we can not or do not want to rely on a priory assigned set of
probability measures, we may well use another concept: there is a true gain if the set V}_’} contains
a set considered significant. This is exactly the role attributed to the class S which is the core of
Section 3. Families of sets, not determined by some probability measures, have been already used
in the context of the first and second fundamental theorem of asset pricing respectively by Battig
Jarrow [BJ99] and Cassese [CO8] (see Section 4.1 for a more specific comparison).

In order to investigate the properties of the martingale measures induced by No Arbitrage
conditions of this kind we first study (see Section 4) the structural properties of the market
adopting a geometrical approach in the spirit of [P197] but with Q being a general Polish space,
instead of a finite sample space. In particular, we characterize the class N of the M-polar sets
i.e. those B C 2 such that there is no martingale measure that can assign a positive measure
to B. In the model independent framework the set A/ is induced by the market since the set of
martingale measure has not to withstand to any additional condition (such as being equivalent to
a certain P). Once these polar sets are identified we explicitly build in Section 4.6 a process H*®
which depends only on the price process S and satisfies:

o Vi(H")(w) >0V € O
e N CVj, for every N € N.

This strategy is a measurable selection of a set valued process H, that we baptize Universal
Arbitrage Aggregator since for any P, which is not absolutely continuous with respect to M,
an arbitrage opportunity H” (in the classical sense) can be found among the values of H. All
the inefficiencies of the market are captured by the process H® but, in general, it fails to be F-
predictable. To recover predictability we need to enlarge the natural filtration of the process S by
considering a suitable technical filtration F:= {ft}te 7 which does not affect the set of martingale
measures, i.e. any martingale measure () € M can be uniquely extended to a martingale measure
@ on the enlarged filtration.

This allows us to prove, in Section 4.6, the main result of the paper:

Theorem 2 Let (Q,]?T,]?‘) be the enlarged filtered space as in Section 4.5 and let H be the set of
d-dimensional discrete time F-predictable stochastic process. Then

No Arbitrage de la classe S in H = M # & and N does not contain sets of S



In other words, properties of the family S have a dual counterpart in terms of polar sets of the
pricing functional.

In Section 4.6 we further provide our version of the Fundamental Theorem of Asset Pricing:
the equivalence between absence of Arbitrage de la classe S in H and the existence of martingale
measures ) € M with the property that Q(C) > 0 for all C € S.

Model Independent Arbitrage. When S := {2} then the Arbitrage de la classe S corresponds
to the notion of a Model Independent Arbitrage. As 2 never belongs to the class of polar sets NV,
from Theorem 2 we directly obtain the following result.

Theorem 3
No Model Independent Arbitrage in H <= M # &.

An analogous result has been obtained in [AB13] when considering a single risky asset S as the
canonical process on the path space 2 = R?_, a possibly uncountable collection of options (¢4 )aca
whose prices are known at time 0, and when trading is possible through semi-static strategies
(see also [Holl] for a detailed discussion). Assuming the existence of an option ¢y with a specific
payoff, equivalence in Theorem 3 is achieved in the original measurable space (2, F,F, ). In our
setup, although we are free to choose a (d+ k)-dimensional process S for modeling a finite number
of options (k) on possibly different underlying (d), the class H of admissible strategies are dynamic
in every S for i = 1,...d + k. In order to incorporate the case of semi-static strategies we would
need to consider restrictions on 7 and for this reason the two results are not directly comparable.

Arbitrage with respect to open sets. In the topological context, in order to obtain full
support martingale measures, the suitable choice for S is the class of open sets. This selection
determines the notion of Arbitrage with respect to open sets, which we shorten as “Open Arbi-
trage”:

e Open Arbitrage is a trading strategy H € H such that Vo(H) =0, Vr(H)(w) > 0 Vw €
and V;'I contains an open set.

This concept admits the following dual reformulation (see Section 6, Proposition 64).

An Open Arbitrage consists in a trading strategy H € H and a non empty
weakly open set U C P such that for all P € U, Vp(H) >0 P-a.s. and P(V{;) > 0. (1)

The robust feature of an open arbitrage is therefore evident from this dual formulation, as
a certain strategy H satisfies (1) if it represents an arbitrage in the classical sense for a whole
open set of probabilities. In addition, if H is such strategy and we disregard any finite subset
of probabilities then H remains an Open Arbitrage. Moreover every weakly open subset of U
contains a full support probability P (see Lemma 57) under which H is a P-Arbitrage in the
classical sense. Full support martingale measures can be efficiently used whenever we face model
mis-specification, since they have a well spread support that captures the features of the sample
space of events without neglecting significantly large parts. In Dolinski and Soner [DS14] the
equivalence of a local version of NA and the existence of full support martingale measures has
been proved (see Section 2.5, [DS14]) in a continuous time market determined by one risky asset
with proportional transaction costs.



Feasibility and approximating measures. In Section 5 we answer the question: which are
the markets that are feasible in the sense that the properties of the market are nice for “most”
probabilistic models? Clearly this problem depends on the choice of the feasibility criterion, but to
this aim we do not need to exhibit a priori a subset of probabilities. On the opposite, given a market
(described without reference probability), the induced set of No Arbitrage models (probabilities)
for that market will determine if the market itself is feasible or not. What is needed here is a good
notion of “most” probabilistic models.

More precisely given the price process S defined on (€2, F), we introduce the set Py of probability
measures that exhibit No Arbitrage in the classical sense:

Po = {P € P | No Arbitrage with respect to P} . (2)

When
Py =P

with respect to some topology 7 the market is feasible in the sense that any “bad” reference
probability can be approximated by No Arbitrage probability models. We show in Proposition 58
that this property is equivalent to the existence of a full support martingale measure if we choose
7 as the weak™ topology.

One other contribution of the paper, proved in Section 5, is the following characterization of
feasible markets and absence of Open Arbitrage in terms of existence of full support martingale
measures. We denote with P+ C P the set of full support probability measures.

Theorem 4 The following are equivalent:

—0o(P,Cy)

1. The market is feasible, i.e Py =P;

2. There exists P € Py s.t. No Arbitrage w.r.to P (in the classical sense) holds true;
3. M N P+ 7é @,’

4. No Open Arbitrage holds with respect to admissible strategies H.

Riedel [Rill] already pointed out the relevance of the concept of full support martingale mea-
sures in a probability-free set up. Indeed in a one period market model and under the assumption
that the price process is continuous with respect to the state variable, he showed that the ab-
sence of a one point arbitrage (non-negative payoff, with strict positivity in at least one point)
is equivalent to the existence of a full support martingale measure. As shown in Section 6.1,
this equivalence is no longer true in a multiperiod model (or in a single period model with non
trivial initial sigma algebra), even for price processes continuous in w. In this paper we consider
a multi-assets multi-period model without w-continuity assumptions on the price processes and
we develop the concept of open arbitrage, as well as its dual reformulation, that allows for the
equivalence stated in the above theorem.

Finally, we present a number of simple examples that point out: the differences between single
period and multi-period models (examples 13, 66, 67); the geometric approach to absence of
arbitrage and existence of martingale measures (Section 4.1); the need in the multi-period setting
of the disintegration of the atoms (example 26); the need of the one period anticipation of some
polar sets (example 32). The consequences of our version of the FTAP for the robust formulation
of the superhedging duality will be analyzed in a forthcoming paper.



2 Financial Markets

We will assume that (€2, d) is a Polish space and F = B(f2) is the Borel sigma algebra induced by
the metric d. The requirement that 2 is Polish is used in Section 4.3 to guarantee the existence
of a proper regular conditional probability, see Theorem 28. We fix a finite time horizon T > 1,
a finite set of time indices I := {0,...,T} and we set: I; := {1,...,T}. Let F := {F;},es be a
filtration with Fy = {@,Q} and Fr C F. We denote with £(£, F;; R?) the set of F;-measurable
random variables X : Q — R? and with £(, F;RY) the set of adapted processes X = (X¢)ier
with X; € £(Q, F; RY).

The market consists of one non-risky asset SY = 1 for all t € I, constantly equal to 1, and
d > 1 risky assets S = (Sﬁ)tel , 7 =1,...,d, that are real-valued adapted stochastic processes.
Let S = [S1,...,8% € £L(Q,F;R?) be the d-dimensional vector of the (discounted) price processes.
In this paper we focus on arbitrage conditions, and therefore without loss of generality we will
restrict our attention to self-financing trading strategies of zero initial cost. Therefore, we may
assume that a trading strategy H = (Hy):ez, is a R%-valued predictable stochastic process: H =
[HY, ..., HY, with H; € £(Q, F;_1;R?), and we denote with H the class of all trading strategies.
The (discounted) value process V(H) = (Vi(H)):er is defined by:

Vo(H):=0, Vi(H):=> H;-(S;—8i-1), t>1

i=1

A (discrete time) financial market is therefore assigned, without any reference probability measure,
by the quadruple [(2,d); (B(2),F); S; H] satisfying the previous conditions.

Notation 5 For F-measurable random variables X and Y, we write X > Y (resp. X >Y,
X=Y)if X(w)>Y(w) for allw € Q (resp. X(w) > Y (w), X(w) =Y (w) for allw € Q).
2.1 Probability and martingale measures

Let P := P(Q) be the set of all probabilities on (2, F) and Cj, := Cp(€2) the space of continuous
and bounded functions on 2. Except when explicitly stated, we endow P with the weak™ topology
o(P,Ch), so that (P,o(P,Cy)) is a Polish space (see [AB06] Chapter 15 for further details). The
convergence of P, to P in the topology o(P,Cy) will be denoted by P, 2 P and the o (P, Cy)-
closure of a set Q@ C P will be denoted with O.

We define the support of an element P € P as

supp(P) = ({C € ¢ | P(C) =1}
where C are the closed sets in (€2, d). Under our assumptions the support is given by
supp(P) = {w € Q| P(Bs(w)) > 0 for all € > 0},
where B.(w) is the open ball with radius € centered in w.
Definition 6 We say that P € P has full support if supp(P) = Q and we denote with
P.i= {PeP | supp(P) = O}
the set of all probability measures having full support.

Observe that P € P if and only if P(A) > 0 for every open set A. Full support measures are
therefore important, from a topological point of view, since they assign positive probability to all
open sets.



Definition 7 The set of F-martingale measures is
MF)={Q €P|S is a (Q,F)-martingale} . (3)
and we set: M = M(F), when the filtration is not ambiguous, and
My =MnP,.

Definition 8 Let P € P and G C F be a sub-sigma algebra of F. The generalized conditional
expectation of a non negative X € L(Q, F,R) is defined by:

EP[X | g] = nEI-POOEP[X An | g],
and for X € L(Q,F,R) we set Ep[X | G] := Ep[X™T | G] — Ep[X~ | G], where we adopt the
convention oo — oo = —oo. All basic properties of the conditional expectation still hold true (see

for example [FKV09]). In particular if Q@ € M and H € H then Eg[H; - (Sy — Si—1) | Fio1] =
Hy - Eq[(St — Si—1) | Fiz1] =0 Q-a.s., so that Eg[Vr(H)] =0 Q-a.s.

3 Arbitrage de la classe S
Let H € H and recall that V{; := {w € Q| Vy(H)(w) > 0} and that Vo(H) = 0.
Definition 9 Let P € P. A P-Classical Arbitrage is a trading strategy H € H such that:
e Vy(H)>0 P—a.s., and P(V{) >0
We denote with NA(P) the absence of P-Classical Arbitrage.
Recall the definition of Arbitrage de la classe S stated in the Introduction.

Definition 10 Some examples of Arbitrage de la classe S:

1. H is a 1p-Arbitrage when S = {C € F | C # @}. This is the weakest notion of arbitrage
since V;FI might reduce to a single point. The 1p-Arbitrage corresponds to the definition given
in [Rill]. This can be easily generalized to the following notion of n point Arbitrage: H is
an np-Arbitrage when

S ={C e F|C has at least n elements} ,

and might be significant for Q (at most) countable.
2. H is an Open Arbitrage when S = {C € B(Q) | C' open non-empty}.

3. H is a P'-q.s. Arbitrage when S = {C € F | P(C) > 0 for some P € P'}, for a fized family
P’ C P. Notice that S = (N'(P’))¢, the complements of the polar sets of P'. Then there are
No P’-q.s. Arbitrage if:

H € H such that Vr(H)(w) > 0Vw € Q= Vy(H) =0 P'-¢.s.

This definition is similar to the No Arbitrage condition in [BN13], the only difference being
that here we require Vp(H)(w) > 0 Yw € Q, while in the cited reference it is only required
Vr(H) >0 P’-q.s.. Hence No P’'-q.s. Arbitrage is a condition weaker than No Arbitrage in
[BN13J.



4. His a P-a.s. Arbitrage when S = {C € F | P(C) > 0} for a firzed P € P. As in the previous
example the No P-a.s. Arbitrage is a weaker condition than the No P-Classical Arbitrage
condition, the only difference being that here we require Vip(H)(w) > 0 Yw € Q, while in the
classical definition it is only required Vp(H) > 0 P-a.s.

5. H is a Model Independent Arbitrage when S = {Q}, in the spirit of [AB13, DH07, CO11].

6. H is an e-Arbitrage when S = {C:(w) | w € Q}, where € > 0 is fized and C.(w) is the closed
ball in (2, d) of radius € and centered in w.

Obviously, for any class S,
No 1p-Arbitrage = No Arbitrage de la classe S = No Model Ind. Arbitrage (4)

and these notions depend only on the properties of the financial market and are not necessarily
related to any probabilistic models.

Remark 11 The No Arbitrage concepts defined above, as well as the possible generalization of
No Free Lunch de la classe S, can be considered also in more general, continuous time, financial
market models. We choose to present our theory in the discrete time framework, as the subsequent
results in the next sections will rely crucially on the discrete time setting.

Example 12 The flexibility of our approach relies on the arbitrary choice of the class S. Consider
Q = C9([0,T);R) which is a Polish space once endowed with the supremum norm || - ||oc. We may
consider two classes

S = { open balls in || - |oo} and S'={ open balls in || - |1}

where ||w|j1 = fOT |w(t)|dt. Notice that since the integral operator fOT | -]dt : C°([0, T];R) — R is
| ||oo -continuous every open ball in || - ||1 is also open in || ||oo. Hence every Arbitrage de la classe
S' is also an Arbitrage de la classe S> but not the converse.

For instance consider a market described by an underlying process S* and a digital option S?,
where trading is allowed only in a set of finite times {0,1,...,7 — 1}. Define Si(w) = so for
every w € Q and S} (w) = w(t) for the underlying and S?(w) = 1p(w)1r(t) for the option where
B :={w| St(w) € (so —&,80 +€) Vt € [0,T]}. A long position in the option at time T — 1 is an
arbitrage de la classe S™ even though there does not exist any arbitrage de la classe S*.

3.1 Defragmentation

When the reference probability P € P is fixed, the market admits a P-Classical Arbitrage if and
only if there exists a time ¢ € {1,...,7} and a random vector n € L°(€, F;_, P;R?) such that
n- (St —S¢—1) > 0 P-a.s. and P(n-(S¢—Si—1) > 0) > 0 (see [DMWI0] or [FS04], Proposition 5.11).
In our context the existence of an Arbitrage de la classe S, over a certain time interval [0, T, does
not necessarily imply the existence of a single time step where the arbitrage is realized on a set
in §. It might happen, instead, that the agent needs to implement a strategy over multiple time
steps to achieve an arbitrage de la classe §. The following example shows exactly a simple case
in which this phenomenon occurs. Recall that £(£2, F;R?) is the set of R%-valued F-measurable
random variables on 2.



Example 13 Consider a 2 periods market model composed by two risky assets S*,S? on (R, B(R))
which are described by the following trajectories

3 — 3 w e Ay 7 — 7 we A
Vs 5 w € Ay N 3 w € A
gl 2 — 2< g2 2 — 2<
\, 1 weA;s N\ 1 weAs
1— 1 CL)GA4 1— 1 w€A4

Consider Hy = (—1,+1) and Hy = (14,045, —1a,04,). Then Hy-(S1—So) =414, and Hy-(S2 —
S1) =214,. Choosing Ay = QN (0,1), A2 = (R\ Q)N (0,1) and Az = [1,+00), Ay = (—00, 0] we
observe that an Open Arbitrage can be obtained only by a two step strategy, while in each step we
have only 1p-Arbitrages.

In general the multi step strategy realizes the Arbitrage de la classe S at time T even though it
does not yield necessarily a positive gain at each time: i.e. there might exist a t < T such that

{Vi(H) < 0} # @. This is the case of Example 32.
In the remaining of this section AS; =[S} — St 4,...,S% — S ,].

Lemma 14 The strategy H € H is a 1p-Arbitrage if and only if there exists a time t € I, an
a € L(Q, Fi_1;RY) and a non empty A € F; such that

a(w) - ASi(w) >0 VweN (5)
a(w) - ASi(w) >0 on A.

Proof. (=) Let H € H be a 1p-Arbitrage. Set
t=min{t € {1,...,T} | Vi(H) > 0 with V;(H)(w) > 0 for some w € Q}.

If ¢t = 1, « = H; satisfies the requirements. If ¢ > 1, by definition, {V;_,(H) < 0} # & or
{Vi_1(H) = 0} = Q. In the first case, for « = Hyl(y.  (m)<oy we have a - AS; > 0 with strict
inequality on {V;_;(H) < 0}. In the latter case oo = Hy satisfies the requirements.

(<) Take o € L(Q, F;_1;R?) as by assumption and define H € H by H, = 0 for every s # t
and H; = «. Hence Vr(H)(w) = Vi(H)(w) for every w € Q so that Vp(H) > 0 and {w € Q |
Vr(H)(w) >0} = {w € Q| a- ASi(w) > 0} which ends the proof. m

Remark 15 Notice that only the implication (<) of the previous Lemma holds true for Open
Arbitrage. This means that there exists an Open Arbitrage if we can find a time t € Iy, an
a € L(Q, Fi_1;R?Y) and a set A € F; containing an open set such that (5) holds true. Similarly for
Arbitrage de la classe S. On the other hand the converse is false in general as shown by FExample
13.

The following Lemma provides a full characterization of Arbitrages de la classe S by the mean
of a multi-step decomposition of the strategy.

Lemma 16 (Defragmentation) The strateqy H € H is an Arbitrage de la classe S if and only
if there exists:

e a finite family {Uy }rer with Uy € Fy, UyNUs = @ for every t # s and |J,o; Ur contains a set
nS;



e a strateqy H € 1 such that VT(fAI) >0 on Q, and Hy - AS; >0 on Uy for any U, # @.
Proof. (=) Let H € H be an Arbitrage de la classe S. Define B, = {V;(H) > 0} and

Uy =B

Us = Bf N By

Ur_1 = Bf Nn...N B%_Q N Br_q

Ur=B{N...NB5_,NBf_, NV}

Hy - ASj(w) >0 Ywel,

Hy - ASy(w) >0 VweUs
Hr_1-AS7t_1(w) >0 VYweUr_
Hyp ASr(w) >0 VYweUr

A

From the definition of {Uy,Us,...,Ur} we have that VE - UiT=1 U;. Set ﬁl = H; and consider
the strategy for every 2 <t < T given by

~

Hi(w) = Hi(w)lp,_,(w) where D;_; = <O US> .

s=1

By construction H e H and ﬁt - ASi(w) > 0 for every w € Us.
(«<=) The converse implication is trivial. m

4 Arbitrage de la classe S and Martingale Measures

Before addressing this topic in its full generality we provide some insights into the problem and we
introduce some examples that will help to develop the intuition on the approach that we adopt.
The required technical tools will then be stated in Sections 4.2 and 4.3.

Consider the family of polar sets of M
N:={ACA eF | QA)=0VQeM}.
In Nutz and Bouchard [BN13] the notion of NA(P’) for any fixed family P’ C P is defined by:
Vr(H) > 0P —qs.= Vr(H)=0P —q.s.

where H is a predictable process which is measurable with respect to the universal completion
of F. One of the main results in [BN13] asserts that, under NA(P’), there exists a class Q" of
martingale measures which shares the same polar sets of P’. If we take P’ = P then NA(P) is
equivalent to No (universally measurable) 1p-Arbitrage, since P contains all Dirac measures. In
addition, the class of polar sets of P is empty. In Section 4.4 we will show that this same result is
true also in our setting as a consequence of Proposition 34. The existence of a class of martingale
measures with no polar sets implies that Yw € Q there exists @ € M such that Q({w}) > 0 and
since € is a separable space we can find a dense set D := {w,, }52 ;, with associated Q™ € M, such
that >0, %Q” is a full support martingale measure (see Lemma 76).

Proposition 17 We have the following implications
1. No 1p-Arbitrage = M # .

2. My # 0 = No Open Arbitrage.

Proof. The proof of 1. is postponed to Section 4.4.
We prove 2. by observing that for any open set O and @ € M we have Q(O) > 0. Since for any
H € H such that Vp(H) > 0 we have Q(V;) = 0, then V}; does not contain any open set. m
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Example 18 Note however that the ezistence of a full support martingale measure is compatible
with 1p-Arbitrage so that the converse implication of 1. in Proposition 17 does not hold. Let
(Q,F) = (RT,B(R")). Consider the market with one risky asset: Sy =2 and

(3 weRT\Q
si={) e ()

Then obuviously there exists a 1p-Arbitrage even though there exist full support martingale measures
(those probabilities assigning positive mass only to each rational).

As soon as we weaken No 1p-Arbitrage, by adopting any other no arbitrage conditions in
Definition 10, there is no guarantee of the existence of martingale measures, as shown in Section
4.1. In order to obtain the equivalence between M # & and No Model Independent Arbitrage
(the weakest among the No Arbitrage conditions de la classe S) we will enlarge the filtration, as
explained in Section 4.5.

4.1 Examples

This section provides a variety of counterexamples to many possible conjectures on the formula-
tion of the FTAP in the model-free framework. A financially meaningful example is the one of
two call options with the same spot price p; = p2 but with strike prices K; > Ko, formulated
in [DHOT7], which already highlights that the equivalence between absence of model independent
arbitrage and existence of martingale measures is not possible.

We consider a one period market (i.e. 7 = 1) with (Q, F) = (R*, B(R")) and with d = 2 risky
assets S = [S!,S?], in addition to the riskless asset S° = 1. Admissible trading strategies are
represented by vectors H = («, ) € R? so that

Vi(H) = aAS! + BAS?,
where AS* = Si — S} for i = 1,2. Let Sy =[S}, S3] = [2,2],

R+
5112{3 w€R+\Q . S%: 1+8XP(UJ) Zio \Q (7)
+ b
2 weQ 1+exp(-w) weQt\{0}

and F = F°. We notice the following simple facts.

1. There are no martingale measures:
M=0.

13

Indeed, if we denote by M; the set of martingale measures for the i*" asset we have M; =

{QeP | QRT\Q) =0} and VQ € My, QRT\ Q) > 0.

2. The final value of the strategy H = (a, ) € R? is
a+ Blexp(w) — 1) weRT\Q
Vr(H) =< -8 w=0 .
Blexp(-w) — 1) w e QF\ {0}
Only the strategies H € R? having 8 = 0 and « > 0 satisfy Vy(H)(w) > 0 for all w € €.

For 8 =0 and o > 0, V;} = R™ \ Q and therefore there are No Open Arbitrage and
No Model Independent Arbitrage (but M = &). This fact persists even if we impose
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boundedness restrictions on the process S or on the admissible strategies H, as the following
modification of the example shows: let Sy = [2,2] and take S = [2+ exp(—w)]1p+\g+21g+
and S7 = [1 + exp(w) A 4]1g+\g + 1{o} + [1 + exp(—w)]1g+\ {o}-

. Set Ht :={H € % | Vr(H) >0 and Vy(H) = 0} so that we have g+ Vir = RT\Q G Q.
This shows that the condition M = @ is not equivalent to Jycqpy+ Vi = Qi.e. it is not true
that the set of martingale measures is empty iff for every w there exists a strategy H that
gives positive wealth on w and Vj(H) = 0. In order to recover the equivalence between these
two concepts (as in Proposition 43) we need to enlarge the filtration in the way explained in
Section 4.5.

. By fixing any probability P there exists a P-Classical Arbitrage, since the FTAP holds true
and M = @. Indeed:

(a) If P(R*\ Q) =0, then 3 = —1 (a = 0) yield a P-Classical arbitrage, since V}"I =Qt
and P(V};) =1

(b) If P(R*\Q) > 0 then 8 = 0 and a = 1 yield a P-Classical arbitrage, since V;; = R*\Q
and P(V};) > 0.

. Instead, by adopting the definition of a P-a.s. Arbitrage (Vp(H)(w) > 0 for all w € © and
P(V};) > 0), there are two possibilities:

(a) If P(R*\ Q) = 0, No P-a.s. Arbitrage holds, since only the strategies H € R?
having 8 =0 and « > 0 satisfies V- (H)(w) > 0 for all w € Q and V;; =RT \ Q.

(b) If P(R*\Q) > 0, then 3 =0 and a = 1 yield a P-a.s. arbitrage, since V;; = R*\Q
and P(V};) > 0.

. Geometric approach: If we plot the vector [AS, AS?] on the real plane (see Figure 1)
we see that there exists a unique separating hyperplane given by the vertical axis. As a
consequence 1p-Arbitrage can arise only by investment in the first asset (8 = 0). For a
separating hyperplane we mean an hyperplane in R? passing by the origin and such that one
of the associated half-space contains (not necessarily strictly contains) all the image points
of the random vector [AS?, AS?]. Let us now consider this other example on (R*, B(RT).
Let So = [2,2], and

3 weRT\Q 7 weRT\Q
Sl=<2 w=0 S2={2 w=0 (8)
1 weQt\ {0} 0 weQ*\{0}

In both examples (7) and (8) there exist separating hyperplanes i.e. a 1p-Arbitrage can
be obtained (see Figure 1). In example (7) M is empty and we find a unique separating
hyperplane: this hyperplane cannot give a strict separation of the set [AS! (w), AS?(w)],e0+
even though QT does not support any martingale measure. In example (8) M = {d,—0},
only the event {w = 0} supports a martingale measure and there exists an infinite number
of hyperplanes which strictly separates the image of both polar sets RT \ Q@ and QT \ {0},
namely, those separating the convex grey region in Figure 1.

In conclusion the previous examples show that in a model-free environment the existence of a
martingale measure can not be implied by arbitrage conditions - at least of the type considered so
far. This is an important difference between the model-free and quasi-sure analysis approach (see

for example [BN13]):
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Figure 1: In examples (7) and (8), 0 does not belong to the relative interior of the convex set generated by the
points {[AS!(w), AS?(w)]}weq and hence there exists an hyperplane which separates the points.

AS, . AS,
; .
’ ° Legend:
e ®
. ® R\ Q
e i x {0}
.
. ¢ Q" \ {0}
L]
2 L]
L]
.
.
.
—4 —2 30 2 1AQ, 0 2 4AS‘
1 1
—2 * 2
Ex. (7) Ex. (8)

e Model free approach: we deduce the ‘richness’ of the set M of martingale measures starting
directly from the underlying market structure (€2, F,S) and we analyze the class of polar
sets with respect to M.

e Quasi sure approach: the class of priors P/ C P and its polar sets are given and one
formulates a No-Arbitrage type condition to guarantee the existence of a class of martingale
measures which has the same polar sets as the set of priors.

An alternative definition of Arbitrage. The notion of No P-Classical Arbitrage (P(Vy(H) <
0)=0= P(Vp(H) > 0) =0) can be rephrased as: Vo(H) = 0 and

{Vr(H) < 0} is negligible = {Vr(H) > 0} is negligible (9)
or in our setting
V;; does not contain sets in S = V;; does not contain sets in S. (10)

where Vj; == {w € Q| Vp(H)(w) < 0}. In the definition (10) we are giving up the requirement
Vr(H) > 0, and so the differences with respect to the existence of arbitrage opportunities showed
in Item 5 of the example in this section disappear. However, this alternative definition of arbitrage
does not work well, as shown by the following example. Consider (Q,F) = (RT,B(R"), a one
period market with one risky asset: Sy = 2,

3 w € [1,00)
Si=¢{ 2 w=[01\Q (11)
1 wel0,1)NQ

Consider the strategy of buying the risky asset: H = 1. Then V5 = [0,1) N Q does not contain
an open set, VIJS, = [1,00) contains open sets. Therefore, there is an Open Arbitrage (in the
modified definition obtained from (10)) but there are full support martingale measures, for example
Q([0,1) N Q) = Q([1,00)) = 3. Notice also that by enlarging the filtration the Open Arbitrage
would persist.

A concept of no arbitrage similar to (9) was introduced by Cassese [C08], by adopting an ideal
N of “negligible” sets - not necessarily derived from probability measures. In a continuous time
setting, he proves that the absence of such an arbitrage is equivalent to the existence of a finitely
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additive “martingale measure”. Our results are not comparable with those by [CO08] since the
markets are clearly different, we do not require any structure on the family S and [C08] works
with finitely additive measures. In addition, the example (11) just discussed shows the limitation
in our setting of the definition (9) for finding martingale probability measures with the appropriate
properties.

4.2 Technical Lemmata

Recall that S = (S¢)ser is an Re-valued stochastic process defined on a Polish space Q endowed
with its Borel o-algebra F = B(Q) and I; := {1,...,T}.

Through the rest of the paper we will make use of the natural filtration F° = {F}ier of the
process S and for ease of notation we will not specify S, but simply write Fy for F7.

For the sake of simplicity we indicate by Z := Mat(d x (T + 1);R) the space of d x (T + 1)
matrices with real entries representing the space of all the possible trajectories of the price process.
Namely for every w € Q we have (Sp(w), S1(w), ..., S7(w)) = (20,21, ..., 27) =t 2 € Z. Fix s < 1:
for any z € Z we indicate , the components from s to t by zs.s = (zs, ..., 2¢) and z; = z;. Similarly
Ss:t = (Ss, Sst1, ..., 5¢) represents the process from time s to t.

We denote with 7i(K) the relative interior of a set K C R?. In this section we will make extensive
use of the geometric properties of the image in R¢ of the increments of the price process AS; :=
S —Si—1 relative to a set I' C 2. The typical sets that we will consider are the level sets I' = ¥7_,
where:

¥ i ={weQ]| So—1(w) =204-1} € Ft_1, 2€Z, t€y (12)

and I' = A7 ,, the intersection of the level set 37_; with a set A € Fy_1:

Af | i={we A| Sp.t-1(w) = z0:t—1} € Fi_1. (13)
For any I'" C Q define the convex cone:

(AS(T)) := co (conv(AS(T))) U {0} C R (14)

If 0 € ri(AS;(T))° we cannot apply the hyperplane separating theorem to the convex sets {0}
and 7i(AS;(T))°, namely, there is no H € R? that satisfies H - AS;(w) > 0 for all w € T with
strict inequality for some of them. As intuitively evident, and shown in Corollary 21 below,
0 € ri(AS(T))c if and only if No 1p-Arbitrage are possible on the set T', since a trading strategy
on I' with a non-zero payoff always yields both positive and negative outcomes.

In this situation, for I' = X7 ,, the level set is not suitable for the construction of a 1p-
Arbitrage opportunity and sets with this property are naturally important for the construction of
a martingale measure. We wish then to identify, for I’ = X7_; satisfying 0 ¢ ri(AS:(T"))°¢, those
subset of ¥7_; that retain this property. This result is contained in the following key Lemma 20.

Observe first that for a convex cone K C R? such that 0 ¢ 7i(K) we can consider the family
V={veR!||v|=1landv-y>0Vy € K} so that

K=(\{yeR|v-y>0}={yeR v, -y >0},
veV neN

where {v,} = (Q*NV)\ {0}.

Definition 19 Adopting the above notations, we will call 7 W%lvn € V the standard separa-
tor.
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Lemma 20 Fiz t € I and T # @. If 0 ¢ ri(ASy(T))° then there exist 5 € {1,...

H',...,H? B', ... ,B® B* with H ¢ R, B' CT and B* :=T'\ (LJ?:1 Bj) such that:
1. Bb# @ foralli=1,...5, and {w € T | AS;(w) = 0} C B* which may be empty;

2. BPNB =@ ifi # j;

3. Vi< B, H' - ASy(w) > 0 for allw € B and H* - AS;(w) >0 for all w € U?:iBj U B*.

4. VH e R? s.t. H-AS, >0 on B* we have H - AS; =0 on B*.

Moreover, for z € Z, A€ Fy_1 and T = A7_, (or T =3%_,) we have B, B* € F, and

B
Hw) := ZHilBi(UJ)

(15)

is an Fy-measurable random variable that is uniquely determined when we adopt for each H® the

standard separator.

Clearly in these cases, 8, H', H, B* and B* will depend on t and z and whenever necessary they

will be denoted by By, Hi ,, Hy ., Bf , and B} ,.

Proof. Set A :=T and K = (AS,(I"))* C R? and let Aj := {w € A° | AS;(w) = 0}, which

may be empty.

Step 1: The set K C R? is non-empty and convex and so ri(K°) # @. From the assumption
0 ¢ ri(K°) there exists a standard separator H* € R? such that (i) H* - AS;(w) > 0 for all
we A% (ii) B := {w e A° | H' - AS;(w) > 0} is non-empty. Set A! := (A°\ B!) = {w €
AV | H' - ASi(w) = 0} and let K := (AS;(A'))°, which is a non-empty convex set with

dim(K') <d—1.

If 0 € ri(K") (this includes the case K* = {0}) the procedure is complete: one cannot
separate {0} from the relative interior of K'. The conclusion is that 3 = 1, B* = A! =
A%\ B! which might be empty, and A¢g C B*. Notice that if K! = {0} then B* = Ay which

might be empty. Otherwise:

Step 2: If 0 ¢ ri (Kl) we find the standard separator H? € R? such that H?- AS;(w) > 0, for all
w € Al and the set B? := {w € Al | H?-AS;(w) > 0} is non-empty. Denote A? := (A!\ B?)

and let K2 = (AS,(A2))° with dim(K?) < d — 2.

If 0 € ri(K?) (this includes K? = {0}) the procedure is complete and we have the conclusions
with 8 = 2 and B* = A'\ B2 = A\ (B' U B?), and Ay C B*. Notice that if K! = {0}

then B* = Ay. Otherwise:

Step d-1 If 0 ¢ ri(K%2) ..Set B4~1 # @, A1 = (49-2\ BI-1), K91 = (AS,(A%1))* with

dim(K9™1) < 1. If 0 € ri(K9") the procedure is complete. Otherwise:

Step d: We necessarily have 0 ¢ ri (del), so that dim(K?!) = 1, and the convex cone K%'
necessarily coincides with a half-line with origin in 0. Then we find a standard separator

H? € R? such that: B := {w e A" | H?- AS;(w) > 0} # @ and the set

B*:={we AT | AS;(w) =0} = {w € A” | AS;(w) =0} = Ay

satisfies: B* = A4~1\ B Set A4 := A4"1\ B = B* = Ag and K% := (AS;(A%))°°. Then

K4 ={0}.
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Since dim(AS; (")) < d we have at most d steps. In case f = d we have I' = A" = Ule BiUA.
To prove the last assertion we note that for any fixed t and z, B* are F;-measurable since B’ =
A7 1N (foS)71((0,00)) where f: RY — R is the continuous function f(z) = H’- (z — 2z;_1) with
H' € R? fixed. m

Corollary 21 Lette€l,z€Z, Ac F_1, T = A7 ;. Then 0 € ri(AS(T"))°¢ if and only if there
are No 1p-Arbitrage on T, i.e.:

for all H € R? s.t. H(S; —2-1) >0 on T we have H(S; —z4—1) =0 on T (16)

Proof. Let 0 ¢ ri(AS:(T"))°. Then from Lemma 20-3) with ¢ = 1 we obtain a 1p-Arbitrage
H'onT = U?ZlBj U B*, since B! # @. Viceversa, if 0 € ri(AS;(T))°® we obtain (16) from the
argument following equation (14). m

Definition 22 For A € Fi_y and I' = A7 | we naturally extend the definition of ;. in Lemma
20 to the case of 0 € Ti(ASy(T"))<¢ using

Bi. =00 € ri(AS,(T))e

with BY , = @ and Bj , = A7 | € Fi_1. In this case, we also extend the definition of the random
variable in (15) as Hy ,(w) = 0.

Corollary 23 Lett € I, z € Z, A € Fo_y and I' = Af_, with 0 ¢ ri(AS,('))°°. For any
PePst PT)>0letj:=inf{l <i<p|PB,) >0} Ifj< oo the trading strategy
H(s,w) := HI1p(w)1y(s) is a P-Classical Arbitrage.

Proof. From Lemma 20-3) we obtain that: H/AS;(w) > 0 on Bf’z with P(Bg’z) > 0;
HIAS;(w) >0o0n U/ Bi,UB;, and P(Bf,)=0for 1 <k<j. m

Remark 24 Let D C R? and C := (D)* C R? be the convex cone generated by D. If 0 € 7i(C)
then for any x € D there exist a finite number of elements x; € D such that 0 is a conver
combination of {x,x1,...,xn} with a strictly positive coefficient of x. Indeed, fix x € D and recall
that for any convex set C C R we have

ri(C):={z€C|VeeC JFe>0st z—c(x—2) € C}.

As 0 € ri(C) and x € D C C we obtain —ex € C, for some ¢ > 0, and therefore: - +
1
T+e

of elements of D and we obtain: TSz + ﬁ Z;”:l ajr; = 0, which can be rewritten - possibly
normalizing the coefficients - as: \x + Z;nzl Njx; = 0, with z; € D, A+ Z;”zl Aj=1,A>0
and A\; > 0. When the set D C R? is the set of the image points of the increment of the price
process [ASy(w)|wer, for a fived time t, this observation shows that, however we choose w € I we

(—ex) = 0. Since —ex € C then it is a linear combination with non negative coefficients
[

can construct a conditional martingale measure, relatively to the period [t — 1,t], which assigns a
strictly positive weight to w and has finite support. The measure is determined by the coefficients
{1y s A} in the equation: 0 = MAS(w) + 3770 AjASy(w;). This heuristic argument is made
precise in the following Corollary and it will be used also in the proof of Proposition 34.

Corollary 25 Let z, t, I' = Aj_; and By, as in Lemma 20.
For allU C By ,, U € F there exists Q € M(B; ) s.t. Q(U) >0

where M(B) ={Q € P | Q(B) =1 and Eg[S; | Fi—1] = Si—1 Q-a.s.}, for B € F.
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Proof. From Lemma 20-4) there are no 1p-Arbitrage restricted to I' = B} .. Applying
Corollary 21 this implies that 0 € 7i(AS;(B; ,))*. Take any w € U C B}, . Applying Remark 24
to theset D := ASy(B; ) and to x := AS;(w) € D, we deduce the existence of {wy,...,wnm} C B},
and non negative coefficients {A\;(w1), ..., \e(wm)} and A (w) > 0 such that: A\ (w)+3770, M(w;) =
1 and

0= M (W) ASHw) + Y \e(w;)ASy (w;).

j=1
Since {w1,...,wm} C B}, and w € B}, we have S;_1(w;) = 2;—1 and S;_1(w) = 2;—1. Therefore:
0= A\ (@)(St(w) = 2ze-1) + Y Ae(w;)(Si(wy) — 21-1), (17)

j=1

so that Q({w}) = A¢(w) and Q({w;}) = A¢(wj), for all j, give the desired probability. m

Example 26 Let (Q,F) = (R*Y,B(R")) and consider a single period market with d = 3 risky
asset Sy =[S}, 52,83 witht =0,1 and Sy = [2,2,2]. Let

1 weRT\Q 2 weRT\Q
Siw)=22 weQn[1/2,+) SFw)={1+w? weQn[1/2,+x)
3 weQnlo,1/2) 1+w? weQnio,1/2)

2+w? weRT\Q
S3w) =<2 weQNI1/2,+00)
2 weQnio,1/2)

Fix t =1 and z € Z with zy = Sp. It is easy to check that in this case ;. = 2 with Btl,z =
RT\Q, B}, =QnN[0,1/2), Bf, = QN [1/2,400). The corresponding strategies H = [hy, ha, hs]
(standard in the sense of Lemma 20) are given by H} , = [0,0,1] and H? = [1,0,0]. Note that H},
is a 1p-arbitrage with V;_I,} = Bt{z. We have therefore that B}, is a null set with respect to any

t,z

martingale measure. The strategy HZ, satisfies Vo (HZ,) > 0 on (B} )¢ with VEEZ = B}, hence,
B}, '
it is not possible to find a single separating hyperplane H € R? such that the image points of
B}, U B}, (which is M-polar), through the random vector AS, are strictly contained in one of
the associated half-spaces. We have indeed that B7, is a subset of {w € Q | H! (S1 — So) = 0}
where Htl, . is the only 1p-arbitrage in this market.

The corollaries 23 and 25 show the difference between the sets B’ and B*. Restricted to
the time interval [t — 1,¢], a probability measure whose mass is concentrated on B* admits an
equivalent martingale measure while for those probabilities that assign positive mass to at least

one B’ an arbitrage opportunity can be constructed. We can summarize the possible situations

is also an M-polar set. This example shows the need of a multiple separation argument, as

as follows.
Corollary 27 For ' = A7 |, with A € F,_1, and M(B) defined in Corollary 25 we have:
1. Bf, = A}, & No l1p-Arbitrage on A7_; < 0 € ri(ASy(A7_y))*.
2. Bf, =2 &0 ¢ conv(AS(A7_,))
3. Br.=1and Bf , # @ = 3H € R\ {0} s.t. Bf, = {we A7, | H(St(w) — z¢—1) = 0} is

“martingalizable” i.e. YU C B} ,, U € F there exists Q € M(B; ) s.t. Q(U) > 0.
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ASy

ASy
AS,

Figure 2: Decomposition of Q in Example 26: Bt1 . in red BtQZ in green and B} , in blue

Proof. Equivalence 1. immediately follows from Corollary 21 and Definition 22.
To show 2. we use the sets K for i = 1,..., 3; . and the other notations from the proof of Lemma
20. Suppose first that 0 ¢ conv(AS(T')) which implies 0 ¢ 7i(ASy(T'))** and Ag = @. From the
assumption we have 0 ¢ conv(AS,(C)) for any subset C' C I so, in particular, 0 ¢ ri(K") unless
K% ={0}. This implies By, =Ag=02.
Suppose now 0 € conv(ASy(T)). If 0 € ri(AS(I))*, by Definition 22 we have By, =T# 2.
Suppose then 0 ¢ ri(AS(I'))*. As 0 € conv(AS(T')) there exists n > 1 such that: 0 =
D=1 A (Se(wy) = ze-1), with 350 A; = 1, Aj > 0 and w; € T for all j. If 0 is extremal then
n=1, Si(w1) =21 =0and {w} € Ay C Bf,. If n > 2 we have 0 € conv (ASi{wy,...,wn}) 50
that for any H € R? that satisfies H - AS;(w;) > 0 for any i = 1,...,n we have H - AS;(w;) = 0.
Hence {w1,...,w,} C B}, by definition of By .
We conclude by showing 3. From Lemma 20 items 3 and 4, if we select H = H' then {w € T' |
H'(S¢(w) —z-1) =0} =T\ B}, = B;, # @ and on B}, we may apply Corollary 25. =

t,z

4.3 On M-polar sets

We consider for any ¢ € I the sigma-algebra §: := (ge ]:tQ, where ftQ is the Q-completion of F;.
3§ is the universal completion of F; with respect to M = M(F). Notice that the introduction of
this enlarged filtration needs the knowledge a priori of the whole class M of martingale measures.
Recall that any measure (Q € M can be uniquely extended to a measure @ on the enlarged sigma
algebra Fr so that we can write with slight abuse of notation M(F) = M(F) where § := {Ft }ter-

We wish to show now that under any martingale measure the sets Bf . (and their arbitrary
unions) introduced in Lemma 20 must be null-sets. To this purpose we need to recall some
properties of a proper regular conditional probability (see Theorems 1.1.6, 1.1.7 and 1.1.8 in
Stroock-Varadhan [SV06]).

Theorem 28 Let (0, F,Q) be a probability space, where ) is a Polish space, F is the Borel o-
algebra, QQ € P. Let A C F be a countably generated sub sigma algebra of F. Then there exists a
proper regular conditional probability, i.e. a function Qa(-,-) : (Q,F) — [0,1] such that:

a) for all w € O, Q4(w, ) is a probability measure on F;

b) for each B € F, the function Q4(-, B) is a version of Q(B | A)(+);
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¢) AN € A with Q(IN) = 0 such that Q 4(w,B) = 1g(w) forw € Q\ N and B € A
d) In addition, if X € L'(Q, F,Q) then Eg[X | Al(w) = [, X(©)Qa(w,dw) Q — a.s.
Recall that F; = F7, t € I, is countably generated.

Lemma 29 Fizte I, ={1,...,T}, A€ Fi_1, Q € M and for z € Z consider A} | :={w e A|
So:t—1(w) = zo:e—1}. Then

Jfwe i, st Qr,(w, UliBLL) > 0}
z2€Z

is a subset of an Fi_1-measurable Q-null set.

Proof. If Q(A) = 0 there is nothing to show. Suppose now Q(A) > 0. In this proof we set for
the sake of simplicity X := S;, Y := Eg[X | F;_1] = Si—1 Q-as. 8:=f;. and A= F,_1 = Fp ;.
Set

Di = {w € A7, such that Qa(w, U’ Bi ) > 0} .

If z € Z is such that 0 € ri(AS;(A7_;))°® then Uiﬁle;Z = @ and D = &. So we can consider
only those z € Z such that 0 ¢ ri(AS;(A7_;)). Fix such z.

Since A = F; | is countably generated, @@ admits a proper regular conditional probability Q 4.
From Theorem 28 d) we obtain:

:/X((:})QA(W,CZ(:J) Q — a.s.
Q

As A} | € A, by Theorem 28 c) there exists a set N € A with Q(N) = 0 so that Q4(w, A7 ;) =
on A7 ; \ N and therefore we have

/X )QA(w, d0) = / X(@)Qa(w,dw) VYwe A7_;\ N. (18)

Since 0 ¢ ri(AS;(T))° we may apply Lemma 20: for any i = 1,..., 3, there exists H’ € R? such
that H' - (X(@) — 2—1) > 0 for all & € UlB:iBéyz UB;y, and H' - (X(@) — z—1) > 0 for every
weBi,.

Now we fix w € Df \ N € A7 | \ N. Then the index j := min{1 <i < | Qa(w, B} ,) > 0} is
well defined and: i) HY - (X (@) —z-1) > 0 on B}, (i) Qa(w, B} .) > 0iii) H - (X (@) — 2-1) > 0
on Uf:jBl UB;f.;iv) Qa(w, B} ) =0 for i < j. From i) and ii) we obtain

t,27
Qalw, A7y N{H? (X = z1) > 0}) 2 Qu(w, B].) > 0.
From iii) and iv) we obtain:
Qalw, {H - (X — z_1) > 0}) Qu(w,U. Bl _UB;.)
QA((U, Atz—l) - QA(wv Ui<jBZ,z) =1

(ALY

Hence
- ( X(@)Qa(w, dw) — Zt—l) = H - (X(@) = 2-1)Qa(w, d2) > 0
AZ 1 Az 1
and therefore, from equation (18) and from z;_; = Y (w), we have:

HI - (/QX(@)QA(w,dw) —Y(w)) > 0.
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As this holds for any w € D} \ N we obtain:
DI\NC{weQ| V(W) / X(3)Qa(w, di)} = N* € Foy
Q

with Q(N*) = 0. Hence, D C N UN* := Ny with Q(Ny) = 0 and Ny not dependent on z. As
this holds for every z € Z we conclude that | J ., Df C No. =

Corollary 30 Fizt e I; and Q € M. If

Btz
%t = U U Bizfl,z
z€Z | i=1

for B, given in Lemma 20 withT = X, orT' = A7, (defined in equations (12) and (13)), then
B, is a subset of an Fy-measurable @ null set.

Proof. First we consider the case I' = ¥7_; and B;Z given in Lemma 20 with I' = ¥7 ;. As
in the previous proof, we denote the sigma-algebra F;_; with A := F;_;. Notice that if z € Z
is such that 0 € ri(AS;(T"))® then Uf;f Bj . = @, hence we may assume that 0 ¢ ri(AS,(T'))* .
From the proof of Lemma 29

U D? C Ny = NUN*

z€Z
with Q(Np) = 0. Notice that if w € Q\ Ny then, for all z € Z, either w ¢ 37_; or Q 4(w, Uf;f B;.)
0. Hence w € ¥7_;\ Ny implies Q 4 (w, Uf;f Bj ) = 0. By Theorem 28 ¢) we have Q4 (w, (X_;)°)
0 for all w € £7_; \ No.

Fix now w € ¥7 ; \ Ny and consider the completion EQ““(W") of F; and the unique extension
on ftQA(w") of Q 4(w, -), which we denote with Q 4(w,) : .FEA(“)") — [0, 1].

From B, N ($7_,)° € (¥%_,)° and Q4(w, (37_,)°) = 0 we deduce: B, N ($7_,)¢ € Fral)
and Q4 (w, B, N (37_,)°) = 0. From B, N X7 | = U’f;f Bj, and Q(w, Uf;fB;z) = 0 we deduce:
B,N%7 ;€ FA) and Q 4(w, B,NX:_,) = 0. Then B, = (ByNT7_,)U(BN (X7 ,)°) € Fral)
and @A (w,B) = 0. Since w € ¥ _; \ Ny was arbitrary, we showed that @A(w,‘Bt) = 0 for all
weXf  \ Nogandall z€Z. Since | (X7 1\ No) = Q\ Ny we have:

B, € F4) and Qa(w, By) = 0 for all w € Q\ Ny with Q(Np) = 0. (19)
Now consider the sigma algebra

ﬁt — n ]:tQA(Wa')

weN\ Ny

and observe that B; € ft. Notice that if a subset B C 2 satisfies: B C C for some C € F; with
Qa(w,C) =0 for all w € 2\ Ny, then

Q(C) = /Q Quw.C)Qw) = | Qu(w.C)Q(dw) =0,

Q\No

so that B € F?. This shows that F; C 7, C F<. Hence B, € FZ. Let Q : F; — [0,1] be defined
by Q) = Jo Qa(w,)Q(dw). Then @ is a probability which satisfies Q(B) = Q(B) for every
B € F; and therefore is an extension on ft of Q. Since Q : ]-"tQ — [0, 1] is the unique extension
on ]—'tQ of Q and F; C ft - .7-'tQ then @ is the restriction of Q on ]?t and

@(%t) = Q\(%t) = /Q@.A(wa%t)Q(dw) = Q\A(wa%t)Q(dw) =0.

Q\N()
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Suppose now A € F;_1, I' = A7 | and set &; := J ., {Uf;f B;Z} where Bj _ is given in Lemma

20 with ' = A7 ;. Fix any w € A. Then EtSO:T(w) C Asince A € F;_1. As a consequence ¢; C B;.

Corollary 31 Fizt € I, ={1,...,T} and for any A € Fi_1 consider A7 | ={w € A| So.t—1(w) =
20:-1} # @. Then for any Q € M the set |J{A7_, | 0 ¢ conv(AS,(A7_,))} is a subset of an
Fi_1-measurable Q-null set and as a consequence is an M-polar set.

Proof. From Corollary 27 2), the condition 0 ¢ conv(AS;(A7_,)) implies that Uf;f B, =
Az |, thus: Qa(w, A7 1) =1on A7 |\ N, Df ={we€ A} {st. Qr,_,(w,A7 ;) >0} D A7 ;|\ N
and

(U{Ag_1 10 ¢ conv(ASy(A7_ 1))} \ N) c |JDicNoeFia

z€Z

4.3.1 Backward effect in the multiperiod case

The following example shows that additional care is required in the multi-period setting;:

Example 32 Let Q2 = {w;,wa,ws,ws} and consider a single risky asset Sy with t =0,1,2.

9 w=uw
8 € , 6 =
So=7  Siw)=4° wElwnw So(w) =4 “ T2
3 we {ws,wa} 5 w=uws
4 w=uwy

Fix z € Z with the first two components (zo,z1) equal to (7,3).
First period: Y& = Q and 0 € ri(conv(AS1(XE))) = (—4,1) and there exists Q1 such that
Q1(w;) >0 fori=1,2,3,4 and Sy = Eq, [S1]. If we restrict the problem to the first period only,
there exists a full support martingale measure for (Sp, S1) and there are no M-polar sets.
Second period: ¥} = {ws,ws}, 0 ¢ conv(AS2(X%)) = [1,2] and hence X is not supported by
any martingale measure for S, i.e. if Q@ € M then Q({ws,ws}) = 0.
Backward: As{ws,ws} is a Q null set for any martingale measure Q € M, then Q({w1,w2}) = 1.
This reflects into the first period as 0 ¢ conv(AS1({wi,w2})) = {1} and we deduce that also
{w1,wa} is not supported by any martingale measure, implying M = @.

This example thus shows that new M-polar sets (as {ws,ws}) can arise at later times creating
a backward effect on the existence martingale measures. In order to detect these situations at time
t, we shall need to anticipate certain polar sets at posterior times.

More formally we need to consider the following iterative procedure. Let

QT = Q
Qo= Q\ J{B71 [0 ¢ conv(AS(57,))} tel,

z€Z

where
Y1 ={we Q| Sou—1=204-1}, tel.

We show that the set Bj , obtained from Lemma 20 with I’ = if belong to the family of polar
set of M(F):
N:={ACA eF | QA)=0VQeM(F)}

More precisely,
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Lemma 33 For allt € I) and z € Z consider the sets B} , from Lemma 20 with T = if_l. Let
Bo= J{uliBl} Dea= U {510 ¢ conv(asi G}
z2€Z z€Z

For any Q e M, %t is a subset of a Fi-measurable Q-null set and ®¢_1 is a subset of an Fi_1-
measurable Q-null set.

Proof. We prove this by backward induction. For ¢t = T' the assertion is true from Corollary
30 and Corollary 31. Suppose now the claim holds true for any k+1 < ¢ <T. From the inductive
hypothesis there exists NkQ € F such that ©; C NkQ with Q(NkQ) = 0. Introduce the auxiliary
Fir-measurable random variable

X = Sko1lye + Skliye) (20)

and notice that EQ[XI? | Fi—1] = Sk—1 @Q-a.s. Moreover from AX,S2 = X,? — Sg_1=0on N,?
and Q \ N,? C 2\ Dy, we can deduce that

0 ¢ ri(ASK(SF 1)) = 0 ¢ ri(AX2 (D5 1)) (21)

which implies B, C %k(XkQ) u NkQ where we denote By (X ,? ) the set obtained from Corollary 30
with I' = £7 | and X which replaces S. According to Corollary 30 we find M € F, with
Q(MkQ) = 0 such that B, C %k(XkQ) UN,CQ - M,? U N,?. Since @ is arbitrary we have the thesis.
We now show the second assertion.

For every Q € M and ¢ = (e, ...,e) € R? with € > 0 we can define

SkQ = (Skfl +§)1N§UM,? + Sk]‘(NkQU]\/I,?)C (22)
and EQ[S,? | Fr—1] = Sk—1. With AS,&2 = S,? — S,_1 we claim

Di1 € (J{Zio1 10 ¢ conv(ASP (S720))}- (23)

z€Z

Indeed let z € Z such that ¥7_; C ©;_; and observe that
0 ¢ conv(ASK(Z:_ 1)) < 0 ¢ conv(ASK(S;_, \ Dk)). (24)

Since 27, \ NZ C %2 |\ D, C By, C N2 UM, then

Po= (DL NN Ui \NS) S NPuMP
c Ui 10¢ conv(ASP(S70)}
z€Z

for any ¥7_; € ;. Hence the claim since (J,{¥7_, |0 ¢ conv(ASS(Ei_l))} is a subset of an
Fi_1-measurable Q-null set. =

4.4 On the maximal M-polar set and the support of martingale mea-
sures

The sets introduced in Sections 4.2 and 4.3.1 provide a geometric decomposition of €2 in two parts,
Q = Q. U ()¢ specified in Proposition 34 below. The set {2, contains those events w supported
by martingale measures, namely, for any of those events it is possible to construct a martingale
measure (even with finite support) that assign positive probability to w. Observe that such a
decompostion is induced by S and it is determined prior to arbitrage considerations.
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Proposition 34 Let {Q;}icr as defined in Section 4.5 and, for any z € Z, let f;, and B}, be
the index B and the set B* from Lemma 20 with T’ = ifﬁl, Define

We have the following
M#*AD <= N #D <= MNPy #a,

where
Py :={P € P | supp(P) is finite}

is the set of probability measures whose support is a finite number of w € Q.
If M # @& then for any w. € Q. there exists Q € M such that Q({ws}) > 0, so that (Q)€ is
the mazimal M-polar set, i.e. ()¢ is an M-polar set and

VYN € N we have N C (Q,)°. (25)

Proof. Observe first that: .
Q) =J 3.
t=1

From Lemma 33, %t is an M-polar set for any ¢ € I, which implies (£.)¢ is an M-polar set.
Suppose now that €, = @ so that Q0 = Uthl %t is a polar set. We can conclude that M = &.

Suppose now that Q, # @. We show that for every w, € Q, there exists a € M such that
Q({ws+}) > 0. Observe now that for any ¢ € I and for any w € ., 0 € ri(AS;(B;,))* with
z = So.r(w). As we did in Corollary 25, we apply Remark 24 and conclude that there exists a

finite number of elements of B} ,, named C}(w) := {w,w1,...,wnm} € B}, such that
Si1(w) = Ae(@)Se(w) + D Ar(w;) S (w;) (26)
j=1

where A¢(w) > 0 and A\ (w) + E;n:l At(wj) = 1.
Fix now w, € Q.. We iteratively build a set Q? which is suitable for being the finite support of a
discrete martingale measure (and contains w,).
Start with Q} = Cj(w.) which satisfies (26) for ¢+ = 1. For any ¢ > 1, given 93717 define

Q= {C’t (W) |we ijl}. Once Q}f is settled, it is easy to construct a martingale measure via
(26):

T
QH{w}) = H)\t(w) Yw € Q?
t=1
Since, by construction, A;(ws) > 0 for any ¢t € Iy, we have Q({w«}) >0 and Q € M NPy.

To show (25) just observe from the previous line that €2, is not M-polar, while (€2,)¢ = Uthl B,
is M-polar thanks to Lemma 33. =

Proof of Proposition 17. The absence of 1p-Arbitrages readly implies that Q, = Q (see
Corollary 27). Take a dense subset {wy, }nen of Q: from Proposition 34 for any w, there exists
a martingale measure Q™ € M such that Q"({w,}) > 0. From Lemma 76 in the Appendix
Q:=>:2, £Q" € M, moreover Q({wy}) > 0Vn € N. Since {wy, }nen is dense, Q is a full support
martingale measure. ®
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4.5 Enlarged Filtration and Universal Arbitrage Aggregator

In Sections 4.2 and 4.3 we solve the problem of characterizing the M-polar sets of a certain mar-
ket model on a fixed time interval [t — 1,¢] for ¢t € I; = {1,...,T}. In particular, if we look at
the level sets X7 ; of the price process (St)ter, we can identify the component of these sets that
must be polar (Corollary 30) which coincides with the whole level set when 0 ¢ conv(AS:(XF_4))
(Corollary 31). Further care is required in the multiperiod case due to the backward effects (see
Section 4.3.1), but nevertheless a full characterization of M-polar sets is obtained in Section 4.4 .

In this section we build a predictable strategy that embrace all the inefficiencies of the market.
Unfortunately, even on a single time-step, the polar set given by Corollary 30 belongs, in general,
to §: (the universal M-completion), hence the trading strategies suggested by equation (15) in
Lemma 20 fail to be predictable. This reflects into the necessity of enlargement of the original
filtration by anticipating some one step-head information. Under this filtration enlargement, which
depends only on the underlying structure of the market, the set of martingale measures will not
change (see Lemma 41).

Definition 35 We call Universal Arbitrage Aggregator the strategy

Hy.(w) on UMiBi,

! i tel ={1,..,T}, (27)
0 on X 4 \Uiﬁ:d Bt,z

HY (w)ls: = {
where z € Z satisfies zo.i—1 = Sou—1(w), He ., B, B;. comes from (15) and Lemma 20 with
=3z ,.

This strategy is predictable with respect to the enlarged filtration F = {F;}ier given by

Fi : =FVo(Hy, . Hp,), te{0,..,T—1} (28)
Fr : =FpVo(H},.. HY). (29)

Remark 36 The strategy H® in equation (27) satisfies Vp(H®) > 0 and
T ~
Vi = U B,. (30)
t=1

Indeed, from Lemma 20 Hy .- AS; > 0 on Uf;f Bf,z, so that Uthl B, C V.. On the other hand,
Ve C{H? #0 for some t} C Uthl %i'

For t <T we therefore conclude that Fy C Fy V Uill N, C ., where

VCZ

N,= A= U U By . | for some J(2) C{1,..., 8.}

zeV ieJ(z)

UDt,

while fort =T, Fr C FrV Ustle C3r.
For any Q € M and t € I, any element of N; is a subset of a F;-measurable Q-null set .

From now on we will assume that the class of admissible trading strategies H is given by all
F predictable processes. We can rewrite the definition of Arbitrage de la classe S using strategies
adapted to F. Namely, an Arbitrage de la classe S with respect to H is an INF—predictable processes
H = [H',...,HY such that Vy(H) > 0 and {Vr(H) > 0} contains a set in S.

Remark 37 No Arbitrage de la classe S with respect to H implies No Arbitrage de la classe S
with respect to H.

24



Remark 38 (Financial interpretation of the filtration enlargement) Fiz t € I, z € Z,
the event ¥7_; = {Soi—1 = z0—1} and suppose the market presents the opportunity given by
0 ¢ ri(ASy(X7_1))¢. Consider two probabilities P, € P, k = 1,2, for which Py(Xi_,) > 0.
Following Lemma 20, if ji := inf{i = 1,...,8 | Pu(Bj,) > 0} < oo, then the rational choice
for the strategy is H’*, as shown in Corollary 23. Thus it is possible that j, < oo holds for both
probabilities, so that the two agents represented by Py and Py agree that ¥7_, is a non-efficient
level set of the market, although it is possible that j1 # ja so that they might not agree on the
trading strategy H* that establish the Pj-Classical Arbitrage on ¥7_,. In such case, these two
arbitrages are realized on different subsets of ¥7_, and generate different payoffs. Nevertheless
note that any of these agents is able to find an arbitrage opportunity among the finite number
of trading strategies {Hfz}ﬁ’5 [ given by Lemma 20 (recall B, < d). The filtration enlargement
allows to embrace them all. This can be referred to the analogous discussion in [DHO7]: “A weak
arbitrage opportunity is a situation where we know there must be an arbitrage but we cannot tell,
without further information, what strategy will realize it”.

We expand on this argument more formally. Recall that Lemma 20 provides a partition of
any level set §J§71 with the following property: for any w € (€2,)¢ there exists a unique set B;Z,
identified by i = i(w), such that w € B} , with z = Sp.p(w). Define therefore, for any ¢ € I, the
multifunction

Hy(w) == {H eR%s.t. H-AS,(@) >0 for any & € Uﬁ' z Bi”z U sz} ifwe (2,)¢  (31)

i(w)

and H;(w) = {0} otherwise.
Observe that for any t € I, if wy,ws satisfy Sp.1—1(w1) = So:t—1(w2) and i(wy) = i(w2) they belong

to the same B, and H;(w;) = H;(wz). In other words H; is constant on any B}

. and therefore

t,z
for any open set V C R? we have
Bt,=
fwe Q| Hwnv£o}=J UBL BNV £ 2}

z€Z i=1
from which H; is measurable with respect to F;_1 V |J'_, Ni. Note that since Hf(w) € H,(w)
for any w € €2, we have that H} is a selection of H; with the same measurability. We now show
how the process H := (Hy):cs, provides P-Classical Arbitrage as soon as we choose a probabilistic
model P € P which is not absolutely continuous with respect to v := supgeaq @ The case of
P < v is discussed in Remark 40.

Theorem 39 Let H be defined in (31). If P € P is not absolutely continuous with respect to v
then there exists an FF -predictable trading strategy HY which is a P-Classical Arbitrage and

HY (w) € H(w) P-a.s.
where FF denote the P-completion of Fy and F¥ := {FF }ier.

Proof. See Appendix 7.1. =

From Lemma 43 if P € P fulfills the hypothesis of Theorem 39 there exists an F-measurable
set F' C (Q.)° with P(F) > 0. Note that from Remark 69 such a P always exists if (Q,)¢ # @.
Theorem 39 asserts therefore that for any probabilistic models which supports (.)¢ an Ff-
predictable arbitrage opportunity can be found among the values of the set-valued process H.
This property suggested us to baptize H as the Universal Arbitrage Aggregator and thus H® as a
(standard) selection of the Universal Arbitrage Aggregator. Note that we could have considered a
different selection of H satisfying the essential requirement (30). Since this choice does not affect
any of our results we simply take H*®.
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Remark 40 Recall from (2) that any P € (Py)¢ admits a P-Classical Arbitrage opportunity. We
can distinguish between two different classes in (Po)¢. The first one is: Ppg = {P € (Py)° | P << v}
or, in other words, an element P € (Py)¢ belong to P iff any subset of (Q.)¢ is P-null. Then
for each probability P in this class, there exists a probability P' with larger support that annihi-
lates any P-Classical Arbitrage opportunity. Recall Example 26 where Q, = QN [1/2,+00). By
choosing P = 5{%} € Paq we clearly have P-Classical Arbitrages. Nevertheless by simply taking
P = )\6{%} + (1 — A)dgoy for some 0 < X\ < 1 this market is arbitrage free. From a model-
independent point of view these situations must not considered as market inefficiencies since they
vanish as soon as more trajectories are considered. This feature is captured by the Universal Ar-
bitrage Aggregator by means of the property: H® =0 on (..

On the other hand when P € (Py)¢ \ Py then P assigns a positive measure to some M-polar
F-measurable set F' € N'. Therefore, any other P' € P with larger support will satisfy P'(F) >0
and the probabilistic model (Q, F,F, S, P') will also exhibit P’'-Classical Arbitrages. In the case of
Example 26 (Q.)¢ = B U B? where B* = RY\ Q and B? = QN [0,1/2). If P((2.)¢) > 0 the
market exhibits a P-Classical Arbitrage, but this is still valid for any probabilistic model given by
P’ with P << P'. In particular if P'(B') > 0 then H' := [0,0,1] is a P’-Classical Arbitrage,
while if P'(B') = 0 and P'(B?) > 0 then H? := [1,0,0] is the desired strategy. In this example,
H} = H'lze\gy + H?Lignpo,1/2)-

Lemma 41 M(F) = M(ﬁ) with the following meaning
o the restriction of any Q € M(F) to Fr belongs to M(F);

o any Q € M(F) can be uniquely extended to an element of M(F)

Proof. Let Q € M(ﬁ) and @ € P(Q) be the restriction to Fr. For any t € I; and A € F;_4
we have EqQ[(S; — Si—1)1a] = E5[(St — Si—1)14] = 0. Let now @ € M(F). There exists a unique
exteniiori to ]-;t of @ that we call Q. For any A € F;_1 with t € I; there exists A € F;_; such
that Q(A) = Q(A) = Q(A). Hence E@[(St — Si—1)13] = EQ[(S: — Si—1)14] = 0. We conclude
that E5[S; | Fi—1] = Si—1, hence Q € M(F). =

Remark 42 The filtration enlargement F has been introduced to guarantee the aggregation of 1p-
Arbitrages on the sets By , obtained from Lemma 20 with I’ = ifﬁl. If indeed we follow [C12] we
can consider any collection of probability measures O, := {P} .} on (Q, F) such that P} (Bj ) = 1.
Observe first that

Fi oo (U{Bﬁz |z€V,ie J(Z)}>

c

with V- and J(z) arbitrary. For any P}, we have indeed that ftptl’z contains any subset of (Bj ,)°.
Therefore if A=\J{B}, | z€V,iec J(z)} we have

o if2¢V ori¢ J(z) then A€ .7-'tPZ’Z trivially because A C (Bé’z)c
o ifzcVandic J(z) then Ac .7-—tptz‘z because A = Bj , U A with A C (Bj ,)°
It is easy to check that ©; has the Hahn property on F; as defined in Definition 3.2, [C12],

with ®, := O, |5,. We can therefore apply Theorem 3.16 in [C12] to find an FP*- measurable
function Hy such that Hy = H;z Ptiz—a.s. which means that Hy(w) = HZA’Z for every w € B;z.
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4.6 Main Results

Our aim now is to show how the absence of arbitrage de la classe S provides a pricing functional
via the existence of a martingale measure with nice properties.

Clearly the “No 1p-Arbitrage” condition is the strongest that one can assume in this model indepen-
dent framework and we have shown in Proposition 17 that it automatically implies the existence
of a full support martingale measure. On the other hand we are interested in characterizing those
markets which can exhibit 1p-Arbitrages but nevertheless admits a rational system of pricing rules.

The set €2, introduced in Section 4.4 has a clear financial interpretation as it represents the set
of events for which No 1p-Arbitrage can be found. This is the content of the following Proposition.
Let (Q, Fr,F), H as in Section 4.5 and define

HE = {H eH | Vr(H)w) > 0Yw e Q and Vo(H) = 0} .

Proposition 43 (1) V. = Upycqs Vir = (Q.)°
(2) M # @ if and only if U e+ Vi is strictly contained in Q.

Proof. (2) follows from (1) and Proposition 34. Indeed: M # @ iff Q, # @ iff (,)° & Q iff
Upei+ Vi € Q. Now we prove (1). Given (30), we only need to show the inclusion |, o7+ Vi C
()¢ Let w € Upeqs Vi, then there exists H € HT and ¢ € I such that Hy(w) - ASy(w) >0
Yw € Q and H (@) - AS (@) > 0. Let z = So.r(@). From Lemma 20 there exists i € {1,..., 5.}
such that @ € By, hence we conclude that & € B, and therefore @ € (,)°. m

Proof of Theorem 2. We prove that

J an Arbitrage de la classe S in H < M =@ or N contains sets of S.

Notice that if H € H satisfies Vp(H)(w) > 0 Vw € Q then, if M # @, Vi € N, otherwise
0 < Eg[Vr(H)] = Vo(H) =0 for Q € M. If there exists an H-Arbitrage de la classe S then Vi
contains a set in S and therefore A/ contains a set in S. If instead M = & we already have the
thesis. For the opposite implication, we exploit the Universal Arbitrage H® € H as defined in
equation (27) satisfying Vo (H®)(w) > 0 Vw € Q and Vj;. = Uthl B, = (2,)°. If M = & then, by
Proposition 34, (€2,)¢ = Q and H* is an H-Model Independent Arbitrage and hence (from (4)) H*
is also an Arbitrage de la classe S. If M # @ and A contains a set C in S then C C (€0,.)¢ = V}i.
from (25) and Proposition 43, item 1. Therefore H*® is an H-Arbitrage de la classe S. m

Definition 44 Define the following convex subset of P:
Rs:={Q P |Q(C) >0 forall C € S}. (32)

The martingale measures having the property of the class Rs will be associated to the Arbitrage
de la classe S.

Example 45 We consider the examples introduced in Definition 10. Suppose there are no Model
Independent Arbitrage in H. From Theorem 2 we obtain:

1. 1p-Arbitrage: S ={C € F | C # @}.

e No 1p-Arbitrage in H N = g;

o Rs =Py, if Q finite or countable; otherwise Rs = @.
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e In the case of np-Arbitrage we have:
Rs={Q €P|Q(A) >0 for all A C Q having at least n elements}
No np-Arbitrage in H iff N does not contain elements having more than n—1 elements.

2. Open Arbitrage: S = {C € B(Q) | C open non-empty}.

e No Open Arbitrage in H iff N does not contain non-empty open sets;

e Rs="P;.
3. P'-q.s. Arbitrage: S ={C € F | P(C) > 0 for some P € P'}, P' CP.

e No P'-q.s. Arbitrage in H iff N may contain only P'-polar sets;

e Rs={QeP|P <«Q forall P € P'}.
4. P-a.s. Arbitrage: S ={C € F | P(C) >0}, PeP.

e No P-a.s. Arbitrage in H iff N may contain only P-null sets;

e Rs={QeP|P<KQ}.
5. Model Independent Arbitrage: S = {Q}.

o Rs="7P.

6. e-Arbitrage: S = {C(w) | w € Q}, where e > 0 is fizred and Cc(w) is the closed ball in (€2, d)
of radius € and centered in w.

e No e-Arbitrage in H iff N does mot contain closed balls of radius ¢;

o Rs={QeP|Q(C:(w)) >0 for allw € Q}.
Corollary 46 Suppose that the class S has the property:

3{Cn} ey €S s.t. ¥C €8 3 s.t. Cr C C. (33)

Then:
No Arb. de la classe S in H <= M NRs # 3. (34)

Proof. Suppose Q € M NRs # @. Then any polar set N € AN does not contain sets in
S (otherwise, if C € S and C C N then Q(C) > 0 and Q(N) = 0, a contradiction). Then,
from Theorem 2, No Arbitrage de la classe S holds true. Conversely, suppose that No Arbitrage
de la classe S holds true so that M # @ and let {Cy}, .~ € S be the collection of sets in the
assumption. From Theorem 2, we obtain that N € N does not contain any set in S, and so
each set C,, is not a polar set, hence for each n there exists @, € M such that @,(C,) > 0. Set
Q:=> ", 3Qn € M (see Lemma 76). Take any C € S and let Cy C C. Then

1
2ﬁ

L

Q(C) = 7Qn(C) 2 3 Qu(Cr) > 0

and @ e MNRs. m

Corollary 47 Let S be the class of non empty open sets. Then the condition (33) is satisfied and
therefore N
No Open Arbitrage in H <= M, # @. (35)
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Proof. Consider a dense countable subset {wy,}nen of Q, as Q is Polish. Consider the open
balls:

1
B™(wy,) == {w €0 dw,w,) < m}’ m e N,

The density of {wy, }nen implies that Q = J,, .y B™(wy) for any m € N. Take any open set C' C Q.
Then there exists some 7 such that wy € C. Take m € N sufficiently big so that B™(wz) C C. m

Corollary 48 Suppose that Q is finite or countable. Then the condition (33) is fulfilled and
therefore:

No Arb. de la classe S in H <= MNRs # @. (36)
In particular:
No 1p-Arbitrage in H <= My # 0. (37)
No P-a.s. Arbitrage inH <= 3 Qe M s.t. P<LQ. (38)
No P’'-q.s. Arbitrage inH <= I Qe M st. PP < QVP €P. (39)

Proof. Define Sy := {{w} | w € Q such that there exists C € S with w € C'}. Then S is at
most a countable set and satisfies condition (33). m

Remark 49 While (37) holds also for 1p-Arbitrage in H (see Proposition 65)), (38) and (39)
can not be improved. Indeed, by replacing in the example (7) RT with QT and Q1 with N, Q is
countable, we still have M = @ but there are No P-a.s. Arbitrage in H if P(QT\N) = 0 (see
Section 4.1, item 5 (a)).

Remark 50 There are other families of sets satisfying condition (33). For example, in a topo-
logical setting, nowhere dense subset of Q (those having closure with empty interior) are often
considered “negligible” sets. Then the class of sets which are the complement of nowhere dense
sets, satisfies condition (33).

Remark 51 Condition (33) is not necessary to obtain the desired equivalence (34). Consider for
example the class S defining e-Arbitrage in Example 45 item 6. In such a case condition (33)
fails, as soon as Q) is uncountable. However, we now prove that (34) holds true, when Q = R.
We already know by the previous proof that M N Rs # & implies No Arbitrage de la classe S
in H. For the converse, from No Arbitrage de la classe S in H we know that each element in
S:={[r—e,r+¢||reR} is not a polar set. Consider the countable class

G:={lg—e,q+¢]|qecQ} CS.

FEach set G,, € G is not a polar set, hence for each n there exists Q, € M such that Q,(Gy) > 0.
Set Q=307 5-Qn € M (see Lemma 76). The set

D:={reR|Q(r—er+e]) =0}

is at most countable. Indeed, any two distinct intervals J :=[r —e,r+¢| and J' :=[r' —e, 1’ + ¢,
with .7’ € D, must be disjoint, otherwise for a rational ¢ between r and v’ we would have:
[q—e,q+¢] CJUJ and thus Q([q — €, q+€]) = 0, which is impossible by construction of Q. For
each r, € D the set [r, — e, + €] € S is not a polar set, hence for each n there exists @n eM
such that @n([rn —e,rn+e]) > 0. Set Q= S 2%@” eM. Thus Q== 1Q+ %@ e MNRs is
the desired measure.
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5 Feasible Markets

We extend the classical notion of arbitrage with respect to a single probability measure P € P to
a class of probabilities R C P as follows:

Definition 52 The market admits R-Arbitrage if
o for all P € R there exists a P-Classical Arbitrage.
We denote with No R-Arbitrage the property: for some P € R, NA(P) holds true.

Remark 53 (Financial interpretation of R-Arbitrage.) If a model admits an R-Arbitrage
then the agent will not be able to find a fair pricing rule, whatever model P € R he will choose.
Howewver, the presence of an R-Arbitrage only implies that for each P there exists a trading strategy
HP which is a P-Classical Arbitrage and this is a different concept respect to the existence of one
single trading strategy H that realizes an arbitrage for all P € R. In the particular case of R =P
this notion was firstly introduced in [DHO7] as “Weak Arbitrage opportunity” and further studied
in [CO11, DOR1/] and the reference therein. The No R-Arbitrage property above should not
be confused with the condition NA(R) introduced by Bouchard and Nutz [BN13] and recalled in
Section 4 as well as in Definition 10, item 3.

We set:
Pe(P)={P' € P|P' ~ P}, Mc(P)={Q eM|Q~ P}

In discrete time financial markets the Dalang-Morton-Willinger Theorem applies, so that N A(P)
ifft M (P) # @.
Proposition 54 Suppose that R C P has the property: P € R implies P.(P) C R. Then

No R-Arbitrage iff MN'R # @.

In particular

No Rs-Arbitrage iff MNRs # O,
No P -Arbitrage iff My # @,
No P-Arbitrage iff M # @.

where Rg is defined in (32) and all arbitrage conditions here are with respect to H.

Proof. Suppose @ € M NR # &. Since Q € R and NA(Q) holds true we have No R-
Arbitrage. Viceversa, suppose No R-Arbitrage holds true. Then there exists P € R for which
NA(P) holds true and therefore there exists @ € M.(P). The assumption P.(P) C R implies
that Q@ € M.(P) := M NP(P) C MNR. The particular cases follows from the fact that Rs
has the property: P € Rs implies P.(P) C Rs. ®

Remark 55 As a result of the previous proposition, whenever (34), (35), (36) hold true each
(equivalent) condition in (34), (35), (36) is also equivalent to: No Rs-Arbitrage in H (with
S := {open sets} for (35)).

Given the measurable space (2, F) and the price process S defined on it, in this section we
investigate the properties of the set of arbitrage free (for S) probabilities on (€2, F). A minimal
reasonable requirement on the financial market is the existence of at least one probability P € P
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that does not allow any P-Classical Arbitrage. Recall from the Introduction the definition of the
set

Po={PeP| M(P)#2}.
By Proposition 54 and the definition of Py it is clear that:

No P-Arbitrage & M # 0 < Py # @,

and each one of these conditions is equivalent to No Model Independent Arbitrage with respect
to H (Theorem 3). When Py # &, it is possible that only very few models (i.e. a “small” set of
probability measures - the extreme case being |Py| = 1) are arbitrage free. On the other hand, the
financial market could be very “well posed”, so that for “most” models no arbitrage is assured -
the extreme case being Py = P.

To distinguish these two possible occurrences we analyze the conditions under which the set
Py is dense in P: in this case even if there could be some particular models allowing arbitrage
opportunities, the financial market is well posed for most models.

Definition 56 The market is feasible if Py = P

Recall that we are here considering the o(P, Cy)- closure.
In Proposition 58 we characterize feasibility with the existence of a full support martingale mea-
sure, a condition independent of any a priori fixed probability.

Lemma 57 For all P € Py
P.(P) =P and Py is o(P,Cy)-dense in P.

Proof. It is well know that under the assumption that (€2, d) is separable, Py # &. Let us first
show that Va € Q we have that §, € P.(P) where P € P, and ¢, is the point mass probability
measure in a. Let

A, = {weQ : d(a,w)<1}.
n

This set is open in the topology induced by d and, since P has full support, 0 < P(A4,) < 1.
Define the conditional probability measure P, := P(- | 4,). For all 0 < A < 1, Py := AP(- |
AS) + (1 = AN)P(- | A,) is a full support measure equivalent to P and P\ converges weakly to
P(-| A,) as A | 0. Hence: P, € P.(P). In order to show that P, -5 §, we prove that ¥V G open
liminf P, (G) > 0,(G). If a € G then §,(G) =1 and P(G N A,) = P(A,,) eventually so we have
that liminf P,(G) = 1 = §,(G). Otherwise if a ¢ G then 0,(G) = 0 and the inequality is obvious.
Since Va € Q we have that d, € P.(P) then co({d, : a € Q}) C P.(P) and from the density of
the probability measures with finite support in P (respect to the weak topology) it follows that

P.(P) = P. The last assertion is obvious since P.(P) C Py foreach P€P,. m

Proposition 58 The following assertions are equivalent:

1. My #0;

2. No P4-Arbitrage;

3. Poﬂp+7é@,'
4. Pon Py =P;
5. Py =P.
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Proof. Since M, # () & No P,-Arbitrage by Proposition 54 and No P -Arbitrage <
Po NPy # 0 by definition, 1),2), 3) are clearly equivalent.
Let us show that 3) = 4): Assume that Py N P4 # 0 and observe that if P € Py N P4 then
P.(P) C Py NPy, which implies that P.(P) C Py NP C P. From Lemma 57 we conclude that
4) holds.
Observe now that the implication 4) = 5) holds trivially, so we just need to show that 5) = 3).
Let P € Py. If P satisfies NA(P) there is nothing to show, otherwise by 5) there exist a sequence
of probabilities P, € Py such that P, = P and the condition NA(P,) holds Vn € N. Define
P = Z:z Q%Pn and note that for this probability the condition NA(P*) holds true, so we just
need to show that P* has full support. Assume by contradiction that supp(P*) C Q. Then there
exist an open set O such that P*(O) = 0 and P(O) > 0 since P has full support. From P, (O) =0
for all n, and P, % P we obtain 0 = liminf P,,(O) > P(O) > 0, a contradiction. m

Remark 59 From the previous proof we observe that if the market is feasible then UPEPO supp(P) =
Q and no “significantly large parts” of Q0 are neglected by no arbitrage models P € Py.

Proof of Theorem 4. Proposition 58 guarantees: 1. < 2. < 3. and Corollary 47 assures:
3.4 =

The case of a countable space Q2. When Q = {w, | n € N} is countable it is possible
to provide another characterization of feasibility using the norm topology instead of the weak
topology on P. More precisely, we consider the topology induced by the total variation norm. A
sequence of probabilities P, converges in variation to P if |P, — P|| — 0, where the variation
norm of a signed measure R is defined by:

IR = sup |R(A43)], (40)
(A,;,...,An)efi_zl

and (A;,...,Ay) is a finite partition of 2.
Lemma 60 Let Q2 be a countable space. Then VP € Py
WIH\ _ ﬁl\-ll —P.
Proof. Since {2 is countable we have that
P={P={p}"€l' | pn>0¥neN, [P =1},

Pr={P€P | p, >0VneN},

with || - ||; the /! norm. Observe that in the countable case P.(P) = P, for every P € P,. So we
only need to show that for any P € P and any & > 0 there exists P’ € Py s.t. |P— P'||; <e.

Let P € P\Py. Then P = {p,}5° € ¢! and there exists at least one index n for which p,, = 0.
Let @ > 0 be the constant satisfying

3 %:1.

neN s.t. pp,=0

There also exists one index n, say ni, for which 1 > p,,, > 0. Let p :=p,, > 0.

For any positive ¢ < p, define P' = {p/,} by: p},, =p — 5, pj, = pn for all n # n; s.t. p, >0,
P = 35 forall n s.t. p, = 0. Then p, > 0 for all n.and 357\ pl, =37 .\ o Pn =1, so that
P ePiand ||[P-Pli=¢c =
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Remark 61 In the general case, when € is uncountable, while it is still true that ﬁ”“l =P, it
s no longer true that ’PG(P)”‘H =P for any P € P,.

Take Q2 = [0,1] and P.(A) the set of probability measures equivalent to Lebesgue. It is easy to see
that 5 ¢ Po(N) | since | P — 6|l = P((0,1]) =1 .

Proposition 62 If () is countable, the following conditions are equivalent:
1. M+ # @;
2. No P, -Arbitrage;

3. P() ﬂPJr 7é (Z),'

. B P,

where || - || is the total variation norm on P

Proof. Using Lemma 60 the proof is straightforward using the same techniques as in Propo-
sition 58. m

6 On Open Arbitrage

In the introduction we already illustrated the interpretation and robust features of the dual for-
mulation of Open Arbitrage. In order to prove the equivalence between Open Arbitrage and (1)
consider the following definition and recall that Vi := {w € Q| Vp(H)(w) > 0}.

Definition 63 Let 7 be a topology on P and $) be a class of trading strategies. Set

W(r,$H) = { He$| there exists a non empty T — open set U C P such that }

VPeU Vrp(H)>0 P-as. and P(Vj)>0

Clearly, W (7, ) consists of the trading strategies satisfying condition (1) with respect to the
appropriate topology and the measurability requirement. The first item in the next proposition is
the announced equivalence. The second item shows that the analogue equivalence is true also with
respect to the class H. Therefore, in Theorem 4 we could add to the four equivalent conditions
also the dual formulation of Open Arbitrage with respect to H.

Proposition 64 (1) Let 0 := o(P,Cy) and || - || the variation norm defined in (40). Then:

H e W(| |,H)< HeHisalp-Arbitrage
1)
H € W(o,H) < H € H is an Open Arbitrage

In addition, if H € W(o,H) then Vp(H)(w) > 0 for all w € Q.
(2) Let F = B(Q) be the Borel sigma algebra and let F be a sigma algebra such that F CF.
Define the set
P:={P:F —[0,1]| P is a probability},

and endow P with the topology o := 0(75, Cy). The class of admissible trading strategies H is given
by all F- predictable processes. Then

HeW(,H) < HeH isan Open Arbitrage in H

In addition, if H € W(5,H) then Vip(H)(w) > 0 for all w € Q.
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Proof. We prove (1) and we postpone the proof of (2) to the Appendix.

(a) H is a 1p-Arbitrage = H € W(|| - ||, H). Let H € H be a 1p-Arbitrage. Then Vy(H)(w) >
0 Vw € Q and there exists a probability P such that P(V;{I) > ¢ > 0. From the implication
[P —Q| <e=|P(C)—Q(C)| < ¢ for every C € F, we obtain: P(V};) >0 VP € B.(P), where
B.(P) is the ball of radius ¢ centered in P. Hence H € W(|| - ||, H).

(b He W(|| - |l,H) = H is a 1p-Arbitrage. If H € W(|| - ||, H) then Vp(H) > 0 P-a.s. for
all P in the open set U. We need only to show that B :={w € Q | Vp(H)(w) < 0} is empty. By
contradiction, let w € B, take any P € U and define the probability Py := Ad,, + (1 — A\)P. Since
Vr(H) > 0 P-a.s. we must have P(w) = 0, otherwise P(B) > 0. However, Py(B) > P\(w) =X >0
for all positive A and Py will eventually belongs to U, as A | 0, which contradicts Vp(H) > 0 P-a.s.
for any P € U.

(¢ He W(o,H) = H € W(|| - ||,H). This claim is trivial because every weakly open set is
also open in the norm topology.

(d) If H € W(o,H) then Vr(H)(w) > 0 for all w € Q. This follows from (c) and (b).

(e) H € W(o,H) = H is an Open Arbitrage. Suppose H € W(o,H), so that Vr(H)(w) > 0
for all w € Q. We claim that (V)¢ = {w € Q| Vr(H) = 0} is not dense in . This will imply the
thesis as int(V};) will then be a non empty open set on which Vo (H) > 0. Suppose by contradiction
that (VE)C = Q. We know by Lemma 77 in the Appendix that the set Q@ of embedded probabilities
co({6,} | w € (Vi})¢) is weakly dense in P and hence it intersects, in particular, the weakly open
set U in the definition of W (o, H). However, for every P € Q we have Vp(H) = 0 P-a.s. and so
H is not in W (o, H).

(f) H is an Open Arbitrage = H € W (o, H). Note first that if F' is a closed subset of 2, then
P(F):={P P | supp(P) C F}is a o(P,C)-closed face of P from Th. 15.19 in [AB06]. If H
is an Open Arbitrage then VIJ; contains an open set and in particular G := (V;'I)C is a closed set
strictly contained in Q. Observe then that U := (P(G))“ is a non empty open set of probabilities
that fulfills the properties in the definition of W (o, H). =

The following proposition is an improvement of (37), as the 1p-Arbitrage is defined with respect
to H.

Proposition 65 For Q countable: No 1p-Arbitrage in H <= M, # (.

Proof. From Propositions 17 and 64 we only need to prove M4 # 0§ = W(|| - ||, H) = 2.

From Proposition 62 item 4) we have M, # ) = 7370HAH = P and so for every (norm) open set
U C P there exists P € Py NU for which NA(P) holds, which implies W(|| - ||,H) = <. =

6.1 On the continuity of S with respect to w

Consider first a one period market I = {0,1} with Sy = sp € R? and S; a random outcome
continuous in w. Then every 1p-Arbitrage generates an Open Arbitrage (this was shown by [Rill]
and is intuitively clear). From Proposition 17, No 1p-Arbitrage implies M # & and therefore
No Open Arbitrage. We then conclude that, in this particular case, the three conditions are
all equivalent and Theorem 4 holds without the enlargement of the natural filtration so that we
recover in particular the result stated in [Rill].

Differently from the one period case, in the multi-period setting it is no longer true that No
Open Arbitrage and No 1p-Arbitrage (with respect to admissible strategies H) are equivalent, as
shown by the following examples. Moreover, even with S continuous in w, No Open Arbitrage is
not equivalent to M # @& as long as we do not enlarge the filtration as in Section 4.5.
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Example 66 Consider Q = [0,1] x [0,1], F = Bjg,1) ® Bjo,1) and the canonical process given by
S1(w) = wy and Sa(w) = wy. Clearly for any w = (w1,ws) such that wy € (0,1) we have that
0 € ri(AS2(X¢))°. On the other hands for @ = (1,ws) or @ = (0,ws) we have 1p-Arbitrages since
S2(W) < S1(@W) with < for any we # 1 and Se(©) > S1(@) with > for any we # 0. Denote by
v = {8 =1} and X° = {S; = 0} then a(w) = —1x1 + 1x0 is a 1p-Arbitrage which does not
admit any open arbitrage since neither L' nor X0 are open sets, and any strategy which is not
zero on (B! U X0)¢ gives both positive and negative payoffs.

Example 67 We show an example of a market with S continuous in w, with no Open Arbitrage
in H and M4 = &. Let us first introduce the following continuous functions on = [0, 400)

m(w—a) wé€la,a+1]

— atb
m(w) = T_ny(:}(w il)b) : g {?—&-b2b]] ™ (W) = m wela+1,b—1]
@a,b = 2‘ ’ a,b = 7m(w — b) w E [b _ ]_’ b]
0 otherwise .
0 otherwise

with a,b,m € R. Define the continuous (in w) stochastic process (St)i=0.1,2.3

144y

So(w) = %
Si(w) = oz (W) + b6 (W) + i Plok,2k+2) (@)
k=3
) = 0h )+ 6@+ s @)
k=3
S3(w) = @fgw)+ 90%376] (W) + Pl (W) + i 90?2161@+17%,2k+1+%](w)

k=4

It is easy to check that given z € Z such that 20 = [3,1,2], we have £5 = {2k + 1},>3 and
H := 1y is the only 1p-Arbitrage opportunity in the market. One can also check that Vi =%z,
as a consequence, H is not an Open Arbitrage and

Q({2k + 1}ik>3) =0 for any Q € M (41)
Consider now 2 € Z with 2p.0 = [%, 1, %] and the corresponding level set ¥5. It is easy to check

that
¥ =[1,2]U[4,5] and AS; <0 on X; (42)

Observe now that zp.1 = Zp.1 and that X5 = [1,2] U [4,5] U {2k + 1}k>3. We therefore have
2 we{2k+1}i>3

So(w) = { 1owell,2]Uf4,5

forw e X5

From S1(w) =1 on X%, (41) and (42) we have that any martingale measure must satisfy Q([1,2]U
[4,5]) = 0. In other words there exist polar sets with non-empty interior which implies M = @.

7 Appendix

7.1 proof of Theorem 39

Lemma 68 (Lebesgue decomposition of P) Letv := supgem Q- For any P € P there exists
a set F' € F such that F C ()¢, and the measures P.(-) := P(-\ F) and Ps(-) := P(-NF) satisfy

P.<v, P, Lv and P=P. .+ P (43)
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Proof. We wish to apply Theorem 4.1 in [LYLO7] to p = P € P and v = supgep Q- It is
easy to check that: 1) p and v are monotone [0, 1]-valued set functions on F satisfying u(@) =0
and v(@) = 0; 2) P is exvhaustive, i.e. if {A,}nen is a disjoint sequence then P(A,) — 0 (indeed,
1 > P(Uy4,) = >, P(A,) > 0 = P(4,) — 0; 3) v is weakly null additive: if A,B € F
with v(A) = v(B) = 0 then v(AU B) = 0 (indeed, if v(A) = v(B) = 0 then for any Q € M,
Q(A) = Q(B) = 0 which implies Q(AUB) = 0 and v(AU B) = 0); 4) v is continuous from below.
Indeed if A,, A then Q(A4,) T Q(A4), Q(A) = sup,, Q(A,) and

lim v(A4,) =supv(4,) =sup sup Q(A,) = sup supQ(A,) =v(4).

n—roo n n QeM QEM n
Hence p and v satisfy all the assumptions of Theorem 4.1 in [LYLO07] and hence we obtain the
existence of F' € F such that v(F) = 0 and the decomposition in (43) holds true. From Proposition
34, VA € F such that A C Q. we have v(A) > 0. Therefore, F' C (€,)¢ and this concludes the
proof. m

Remark 69 Observe that if (Q.)¢ # & the set of probability measures with non trivial singular
part Ps is non-empty. Simply take, for instance, any convexr combination of {6, | w € (0.)°}.

Preliminary considerations. We want to consider now the probabilistic model (2, {F¥ }1e1, S, P)
and we need therefore to pass from w-wise considerations to P-a.s considerations. For this reason
we first need to construct an auxiliary process S{ with the property S’ = S; P-a.s for any t € I
in the same spirit of Lemma 33.

Let Pasy () : Q x B(RY) + [0,1] be the conditional distribution of ASy and denote YTag, its
random support. Define as in Rokhlin [Ro08] the set Aag, := {0 ¢ ri(convYag,)}. It may
happen that P(Aas;) = 0. In this case B and Dp_; as in Lemma 33 are subset of P-null sets
(respectively in Fr and Fr_1). Construct iteratively X/ and S¥ as in (20) and (22). Denote
AXF = XFP — 5,1 and let

o= min{tell|P(AAXf) >0}. (44)

Observe that 7 is well defined since, from Lemma 33, if P(Ayxr) = 0 for any ¢t > 1 we have

that e, B, = (Q,)° is a subset of a P-null set (cfr (21)). This is a contradiction since P is not
absolutely continuous with respect to v, henceforth the set F' from Lemma 43 satisfies F' C (€,)°
and P(F) > 0. From now on denote S; = S;1,«, + X} 1,5, which is a P-a.s. version of S.

Remark 70 For any t € I} denote Po_1(-,-) : (, F) — [0, 1] the conditional probability of P on
Fi—1. Recall from Theorem 28 c] that there exists N1 € Fy—1 with P(N1) = 0 such that for any
w € Q\ Ny we have P,y (w, Efiwl)) = 1 where z(w) = So.1r(w).

Construction of a P-arbitrage from H. Fix time 7 and denote A; := Aag. . For any w € Q

the level set ¥Z_; can be decomposed as £2_; = U;B;‘f Bi,z U B; .. Define for any z € Z

joo=inf{je{l,....5..} | Plw,B.,) >0Vwe XZ_;}

and recall that P(-,B].) is constant on ¥Z_; (Theorem 28 b]). Define N2 := {J, oz, ulz'BL,
where Z; := {2 € Z | j, <oo}. Nj is a P-null set since for any w € N{ we have P(w, Ny) =
P(w, U{;?Bi’z) = 0 hence P(N2) = P(Ny N Nz) + P(N{ N Ny) =0 (see also Lemma 73 below).
Recall that P(-) and P(w,-) denote the completion of P(-) and P(w,-) respectively.
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Denote N := N; U Ny. We are now able to define the following multifunction ¥ : Q 2R? with
values in the power set of R<.

z(w) c c
by = | OS5 (EH NN ) weN 45)
o otherwise

In Lemma 71 we show that ¥ is F£ ;-measurable. We apply now an argument similar to [Ro08].
Denote S¢ the unitary closed ball in R%, lin() the linear space generated by x and x° the polar
cone of x. By preservation of measurability (see Proposition 75) the (closed-valued) multifunction

w = Go(w) == lin(¥(w)) N (—cone ¥(w))® NSY

is also F -measurable and Go(w) # @ iff w € A- N N°, hence A, = {0 ¢ ri(convYagr)} is
FFP -measurable. Note that we already have that Go(w) C H, (w) for P-a.e. w € €. Indeed fix
w ¢ N and consider the level set Ei(fl) and its decomposition as in Lemma 20. By construction
of Gy we have that any g € Go(w) # @ satisfies g - AS;(w) > 0 for any w € U?;‘;ZBQZ U B; , and
thus g € H(w).

Nevertheless, the random set Go(w) contains those g € S¢ such that g - AS,(w) = 0. Thus,
we will not extract a measurable selection from Gy but we will rather consider for any n € N the
following closed-valued multifunction

w i Gp(w) == 1lin(¥(w)) N {v €R?| (v,s) > Vs € U(w) \ {0}} nsd, n>1

3=

and seek for a measurable selection of G := U2 (G,,. From Lemma 74 all the random sets G, are

FP | -measurable and therefore the same is true for G. Now, for any n > 0, let H,, a measurable
selection of G, on {G,, # @} which always exists for a (measurable) closed-valued multifunction
with H,(w) =0 if G,,(w) = @. Define therefore

Hy, = Zﬁn and By := V;'Ik (46)

By construction By is an increasing sequence of sets converging to U,BJ= which is therefore

T,2

measurable and it satisfies

P(U.Bl:,) = / P(w,U,BZ:,)dP(w) = / P(w,Bf>,)dP(w) > / P(w, BJ,)dP(w) > 0

Q Q\N AN
which follows from the definition of conditional probability, P(A,) > 0 and P(w, BJz,) > 0 for
every w € A; \ N. We can therefore conclude that there exists m > 0 such that P(B,,) > 0
and since obviously H,,AS, > 0 we have that H,, is a P-arbitrage. The normalized random
variable HY := H,,(w)/||Hm(w)|| is a measurable selector of the multifunction Gg since it satisfies
HF(w) € U™ ,G,(w) € G(w) C H,(w) P-a.s. and thus the desired strategy is given by HE =
HP1.(s).

Lemma 71 The multifunction ¥ defined in (45) is FX_;-measurable.

Proof. Recall that by definition the multifunction ¥ is measurable iff for any open set V C R¢
we have {w | U(w) NV # @} is a measurable set. Observe that

VHV) = {w [ V() NV # 2} = 71 [Sro1 (ASTH(V) NNG) ] N
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Let us show that the complement of this set is F£_;-measurable from which the thesis will follow.
Observe that for any function f and for any set A we have (f~1(A4))¢ = f~1(A°) so that

74 [Se-r (As7H V) NN U N

= SN [Sr—1 ((ASSY(V)CUN)JUN

= S [Sr—1 (ASSH(VEO)UN)JUN

— T

(T (V))°

Note now that A; := ASZ1(V¢)UN is an analytic set since it is union of a Borel set and a P-null
set. The set By := S;_1(A;) is an analytic subset of R since S is a Borel function and image
of an analytic set through a Borel measurable function is analytic. Finally Ay := S;}l(Bl) is
an analytic subset of {2 since pre-image of an analytic set through a Borel measurable function is
analytic. Since P-completion of F contains any analytic set, Ao U N is also analytic and belongs
to FL ;.

Remark 72 For sure Ay U N is analytic and belongs to F¥. The heuristic for Ao U N belonging
to FL | should be that this set is union of atoms of FX . More formally, since By is analytic
in R for any measure p there exists F,G such that By = F UG with F a Borel set and G a
subset of p-null measure (because analytic sets are in the completion of B respect to any measure
w). If we take p as the distribution of S,_1 under P we have Ay = S (F)U S ' (G). Since
S1(F) € Fr_1 and S71,(G) is a subset of a F,_i-measurable P-null set, we have Ay € FF |
and hence also Ay U N.

Lemma 73 Let (2, F, P) a probability space and G a subsigma-algebra of F. Let Pg(w,-) the
conditional probability of P on G. Then

P(A) = / Pg(w,A)dP(w) AcFF (47)
Q\N(A)

where Pg(w,-) is the completion of Pg(w,-) and N(A) € G is a P-null set which depends on A.

Proof. It is easy to see that every set in F¥ is union of a set F' € F and a subset of a P-null
set. For any F € F, P(F) = P(F) and Pg(w,F) = Pg(w, F) so equality (47) is obvious from
the definition of conditional probability (with N(F') = &). Let A be a subset of a P-null set A;.
0 = P(A1) = [, Pg(w, A1)dP(w) which means that Pg(w, A1) = 0 P-a.s. Thus, we also have
Pg(w, A) = 0 P-a.s. from which the equality (47) follows with N(A) = {w € Q: Pg(w, A1) > 0} €
g nm

Measurable selection results.

Lemma 74 Let (Q, A) a measurable space and ¥ : Q — 2% an A-measurable multifunction. Let
€ >0 then
U iwe {veRY | (v,s) > Vse U(w)\{0}}
is an A-measurable multifunction.
Proof. Observe first that for v € R?
(v,8) >e Vs U(w)\{0} & (v,8)>e Vsec¥w))\{0}
& (v,8) >e Vse Dw)\ {0}
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where D(w) is a dense subset of ¥(w). This is obvious by continuity of the scalar product. With
no loss of generality we can then consider ¥ closed valued and we denote by 1, its Castaing
representation (see Theorem 14.5 in [RW98] for details). For any n € N consider the following
closed-valued multifunction:
{veR?| (v,¥,(w)) > e} ifwedom V¥, b, (w)#0
Ap(w) =< R4 if we dom ¥, ¢, (w) =0
%] otherwise

We claim that A,, is measurable for any n € N from which the map w + [,y An(w) is also
measurable (cfr Proposition 75). From (48) we thus conclude that ¢ is measurable.

We are only left to show the claim. To this end observe that A, (w) has non-empty interior on
{A,, # @}. Therefore for any open set V C R? we have {w € Q | A,(w)NV # @} = {w € Q|
int(A,(w)) NV # @}. Note now that

{weQ|int(An(w) NV # 2} = (I, (IZH(V)N ()7 (e, 00))) Uy (0)

which is measurable (when ,, is measurable) from the continuity of (-,-) and from the open
mapping property of the projections I, I, : RExR?— RY m

Proposition 75 [Proposition 14.2-11-12 [RW98]] Consider a class of A-measurable set-valued
functions. The following operations preserve A-measurability: countable unions, countable inter-
sections (if the functions are closed-valued), finite linear combination, convex/linear/affine hull,
generated cone, polar set, closure.

7.2 Complementary results

Recall that we are assuming that ) is a Polish space.

Lemma 76 Let Q; € M for any i € N. Then

Q= Z %Qz eM
ieN
Proof. We first observe that ) € P hence we just need to show that is a martingale measure.
Consider the measures Q := Zle %Ql, which are not probabilities, and note that for each k we
have: [, 13AS5:dQy = 0 if B € F;,_;. We observe that ||Qr — Q|| = 0 for k — oo, where || - || is
the total variation norm. We have indeed that

= 1 = 1
sup |Qr(A) — Q(A)| = sup —Qi(A) = — —0as k — oo.
Aefl K(A) — Q(A)] Aefi;k;l 5 Qi(4) i:;l 5

In particular we have Qx(A) T Q(A) for any A € F. This implies that for a non negative random
variable X

klim / XdQy = klim (sup fj(w)Qk(Aj)> =sup sup f;(w)Qr(4;) =
—oo Jo —00 \ fe& k feo

sup sup f;(w)Qk(4;) = sup f;(w)Q(4;) = / rdQ
fe6 Q2

fecé k
where & are the simple function less or equal than X. For any B € F;_; we then have:

EQ [1BAS,5] :/SI(]-BASt)erQ*\/Q(]-BASt)idQ

= lim /(1BASt)+ko— lim /(1BASt)7ko: lim / 15AS5:dQy = 0.
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Lemma 77 For any dense set D C ), the set of probabilities co({dw}wep) is o(P,Ch) dense in
P.

Proof. Take w* ¢ D and let w,, — w*. Note that for every open set G we have liminf 4, (G) >
8.+ (G) and this is equivalent to the weak convergence &, —+ d,-. Observe that for every set X
we have

co(X)=rco(X) := ﬂ {C'| C convex closed containing X} = ¢o(X).

Hence, by taking X = {6, }wep and by o(P, C}) density of the set of measures with finite support
in P, we obtain the thesis. m

Lemma 78 Let F = B(Q) be the Borel sigma algebra and let F be a sigma algebra such that
F CF. The set P:={P:F — [0,1] | P is a probability} is endowed with the topology o(P,Cs).
Then

1. If A C Qs dense in Q, then co({8,}wea) is o(P,Cy) dense in P. Notice that any element
Q € co({0u}wea) can be extended to F.

2. If D C Q is closed then N L N
P(D) :={P € P | supp(P) C D}

18 0(73, Cy) closed, where the support is well-defined by
supp(P) := ﬂ{C eC|P(C)=1}
and C are the closed sets in (2, d).

Proof. By construction for any P € P we have Ik fd]S = [ fdP for any f € C, where P € P
is the restriction of P to F.

To show the first claim we choose any P € P. Consider P € P the restriction of P to F. Then
from Lemma 77 there exists a sequence @, € co({0w}wea) such that [ fdQ, — [ fdP for every
[ € Cy. As a consequence [ fdQ, — ffd]g, for every f € Cy.

To show the second claim consider any net {P,}, C P(D) such that P, — P. We want to
show that P € ﬁ(D) Consider P,, P the restriction to F of ﬁa, P respectively. Then P, = p.
Notice that by definition supp(P,) = supp(ﬁa) C D and supp(P) = supp(ﬁ). Moreover the
set P(D) = {P € P | supp(P) C D} is o(P,C) closed (Theorem 15.19 in [ABO06]) so that
D D supp(P) = supp(P). m

Proof of Proposition 64, item (2). Recall that an Open Arbitrage in His a {.7?}—
predictable processes H = [H', ..., H such that Vp(H) > 0 and V{; = {Vy(H) > 0} contains an
open set.

First we show that H € W (5, H) implies Vi (H)(w) > 0 for all w € Q. We need only to show
that B :={w € Q | Vp(H)(w) < 0} is empty. By contradiction, let w € B, take any P € U and
define the probability Py := Ad,, + (1 — A\)P. Since Vp(H) > 0 P-a.s. we must have P(w) = 0,
otherwise P(B) > 0. However, Py\(B) > Py\(w) = A > 0 for all positive A and Py will belongs to
U, as A ] 0, which contradicts Vp(H) > 0 P-a.s. for any P € U.

To prove the equivalence, assume first that H € W (&, H). We claim that Vi ={we Q| Vr(H) =0}
is not dense in 2. This will imply the thesis as the open set int(V}‘}) will then be a not empty
on which Vr(H) > 0. Suppose by contradiction that (V};)¢ = Q. We know by Lemma 78 that
the corresponding set Q of embedded probabilities CO({(Sw}we(vg)u) is weakly dense in P and
hence it intersects, in particular, the weakly open set U. However, for every P € Q we have
Vr(H) =0 P-a.s. and so this contradicts the assumption.

Suppose now that H € H is an Open Arbitrage. Note that from Lemma 78 if F is a closed
subset of Q, then P(F) := {P € P | supp(P) C F} is o(P,Cy)-closed. Since H is an Open

40



Arbitrage then V;} contains an open set and in particular G := (VE)C is a closed set strictly

contained in Q. Observe then that (73(G)>c is a non empty o(P,C,)-open set of probabilities
such that for all P € U we have Vp(H) > 0, P-a.s. and P(V};) > 0. m
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