1.3 Description of the research program:

A great deal of our understanding of nonlinear dynamical systems goes through  their  topological and geometrical properties on the one side, and perturbative analysis on the  other. Symmetry properties play a central role in all these fields and are one of the main axes in all the investigations of nonlinear phenomena.

The research program we propose aims at advancing along this line with two further guiding criteria in mind. On the one side, to extend to a larger arena the tools developed for hamiltonian systems; the underlying goal would be to extend the physical application of these tools. On the other side, to have a "complete geometrization", whose main tool would be the theory and language of Cartan ideals, of theories (such as the symmetry theory for PDEs) developed in an analytic framework; here the long-term goal would be to advance in Cartan-Kahler theory by employing the results of these other theories. This approach has been followed with some success in recent years. 

...............

The proposed program aims at advancing our understanding of nonlinear phenomena in different directions, strongly correlated with each other but covering anyway a rather large spectrum. These include:

A - Geometrical and topological properties

(A1) The study of how the geometrical structures at the basis of Hamiltonian dynamics  can be (partially) extended to other cases; in particular, to cases where the volume in phase space is preserved (Liouville dynamics), and cases in which the symplectic structure  is replaced by a hyperKahler structure ("hyperhamiltonian systems").

(A2) Study of the geometry of non-hamiltonian dynamical systems with conserved structures, and the possibility of giving a non-standard variational formulation of these (Gaeta and Morando) via Cartan theory; this analysis should bear relations with Cartan-Kahler theory.

B - Perturbative analysis

(B1) Developement of the theory of Poincaré-Birkhoff normal forms (and generalizations thereof, such as "hypernormal" or "renormalized" forms) for systems -- generic and hamiltonian -- with symmetry, and for systems near to symmetric ones (non-symmetric perturbations of symmetric systems). 

(B2) Extension of the Poincaré-Lyapounov theorem on persistence of periodic orbits, and of its generalization (due to Nekhoroshev) for invariant tori, to the framework of non-hamiltonian dynamics. 

C - Symmetry properties

(C1) Study of how the theory of Arnold-Liouville integrable systems (based on tori actions and the linear superposition principle) may be extended to a more general theory of integrable systems in finite dimension, based on non-abelian Lie groups action and "nonlinear superposition principles"; in this framework, hyperhamiltonian systems (see above) would be worth a detailed study.

(C2) Study of the geometry underlying recent results in the symmetry analysis of differential equations, such as "lambda-symmetries", "mu-symmetries" (and the gauge-like structures related to these), the Anderson-Fels-Torre theory of reduction, and the application of Michel-Palais theory (created for systems described by a variational principle) to more general nonlinear dynamical systems. This study would go through the formulation in terms of Cartan ideals.

1.4 Objectives:

The research will develop along the axes mentioned above. The tools to be used originate in different theories -- obviously interconnected -- and in each of these it will be needed to obtain new results:


1. Nonlinear dynamics (including integrable systems and analytical mechanics);


2. Symmetry methods for differential equations;


3. Geometrical theory of symmetry breaking;


4. Perturbation theory (mainly normal forms theory).
Concrete and verifiable goals in each of these fields (too numerous to be all pursued at the same time) may be identified as follows:

A - Geometrical and topological properties

(1) Completion of the formulation of the generalization of hamiltonian dynamics based on hyperKahler structures, having in mind the application to spin systems; and developement of a theory of "hyperKahler integrable systems".

(2) Formulation of a variational principle for algebras (in general, non abelian) of vector fields; application of this to the study of minimal surfaces, also in physico-chemical problems. 

(3) Study of the relations between Michel theory and the reduction theory of Anderson, Fels and Torre. This should lead to a method for studying equivariant dynamical systems via the corresponding dynamics in quotient space (orbit space), in particular with an application to finite dimensional dynamical systems admitting nonlinear superposition principles, and extension to evolution PDEs.

B - Perturbative analysis

(1) Develpopement of the theory of "Poincaré renormalized forms" for systems with (nonlinear) symmetry, obtaining an extension of "Joint normal forms" to this framework; and for systems near to symmetric ones.

(2) Extension of the Poincaré-Lyapounov-Nekhoroshev theory on persistence of invariant tori to the case of manifolds invariant under non-abelian Lie algebras of non-hamiltonian vector fields.

(3) Application of the method of Poincaré splitting and of normal forms theory to the study of (in particular, non hamiltonian and/or non symmetric) perturbations of systems of coupled oscillators.

C - Symmetry properties

(1) Formulation of lambda and mu-symmetries in terms of connections on jet bundle and hence of (generalized) gauge theories.

(2) Formulation of a theory of symmetry and symmetry reduction in terms of Cartan ideals. 

(3) Application of recent results on the relation between the theory of normal forms and the Landau theory of phase transitions.

In all of these cases, the accomplishment of the objectives would be proved by publication  of the results in international scientific journals of convenient level.

