EXTREME POINTS OF COMPACT CONVEX SETS

In this chapter, we are going to show that compact convex sets are determined by
a proper subset, the set of its extreme points. Let us start with the main definition.

Definition 0.1. Let E be a set in a vector space X. We say that a point x € E
is an extreme point of E, and write x € ext(E), if x cannot belong to the relative
interior of any nondegenerate line segment with endpoints in F. That is,

Vyz€E, y#2z: z¢(y,2).

Observation 0.2. Let C be a convex set in a vector space X, and x € C. Then
x € ext(C) if and only if the following implication holds:

yz€C, =42 — z=y==z.

Recall that X* denotes the algebraic dual of a vector space X. The following
simple lemma shows one of the main properties of extreme points. A hyperplane
H C X is a support hyperplane of a convex set C C X at a point xg € C if xg € H
and C' is contained in one of the two algebraically closed halfspaces determined by
H. This is equivalent to say that H is of the form H = ¢~1(a) where £ € X%\ {0},
l(xo) = supl(C) = a. By a support hyperplane of C we mean a support hyperplane
of C' at some point of C.

Lemma 0.3. Let C be a convexr set in a vector space X, and H C X a support
hyperplane of C. Then

ext(CNH)=ext(C)NH.

Proof. The inclusion “D” follows directly from the definition of extreme point. Let
us show the reverse inclusion. Assume that xzy € ext(C N H), zo = ij with
y,z € C. Write H = £~(a) where £ € X%\ {0}, £(xg) = supf(C) = a. Since
Ly) < a, £(z) < a and w = «a, we must have {(y) = ¢(z) = «, and hence
y,z € CN H. Consequently, xg =y = z. O

Extreme points of finite-dimensional compact convex sets.

Theorem 0.4 (Minkowski). Let K be a finite-dimensional compact convex set in
some t.v.s. Then

K = convlext(K)].

Proof. Let us proceed by induction with respect to the dimension of K. The case of
dim(K) = 0 is trivial. Now, assume that our theorem holds for all compact convex
sets of dimension less or equal to m. Let K be a compact convex set of dimension
m + 1. By translation, we can suppose that 0 € K. In this case, L := span(K) =
aff(K) has dimension m + 1 and inty(K) # 0 by the Relative Interior Theorem.
For a point xy € K, we have two possibilities (the boundary and the interior are

considered in L).
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(a) xg € OK. By the H-B Separation Theorem, there exists a support hyper-
plane H C L of C at xg. Then K; := K N H is a compact convex set of
dimension at most m. By our assumption, zg € convext(K)], but the last
set is contained in conv[ext(K)] by Lemma 0.3.

(b) xo € int(K). In this case, there exist y, z € 0K such that xg € (y, z). Since
y,z € conv]ext(K)| by (a), we have also xy € conv[ext(K)].

O

Corollary 0.5 (Elementary Maximum Principle). Let K be a (nonempty) finite-
dimensional compact convez set in some t.v.s., and f: K — (—o00,+00] a convex
function. If f attains its maximum over K, then the maximum is attained at some
extreme point of K.

Proof. Let x € K be a point of maximum for f. By Theorem 0.4, we can write
z =Y 1 \e wheren € N, ¢; € ext(K), \; >0 and Y ] A\; = 1. Since

f(ei) < f(x) for each i, and f(z) <> 7 Nif(ei),

we must have f(e;) = f(x) for some i (even for each i if f(x) < +00). O

The following theorem contains the Minkowski’s theorem together with a kind
of its converse. It says that ext(K) is the smallest subset of K whose convex hull
equals K.

Theorem 0.6. Let K be a finite-dimensional compact convex set in some t.v.s.,
and A C K a set. Then the following assertions are equivalent:

(i) ext(K) C A;

(ii) K = conv(A).

Proof. The implication (i) = (i7) follows from Minkowski’s Theorem 0.4. Let us
prove the reverse one. Let (ii) hold and z € ext(K). Let n € N be the smallest
integer such that z is a convex combination of n elements of A. If n = 1, we have
x € A and we are done. Let n > 1. Write = as a convex combination of n elements
of A: x = 3", Nia;. Notice that \; € (0,1) for each 7 (by minimality of n), and

write
n

Ai
x=MAar+(1—AX a;| .
() Lz;l_h ]
Since the sum in square brackets is an alement of K, and x is an extreme point of
K, we must have z = a1 =) ;" , 1j‘—i\lai. But this contradiction with minimality of
n means that the case n > 1 is impossible. g

Extreme points of arbitrary compact convex sets. We are going to show that
the infinite-dimensional compact convex sets are determined by their sets of extreme
points, too. However, the convex hull is not enough in general (see Example 0.7);
we have to replace it with the closed convex hull. Let us stress that the assumption
of local convexity of the space is crutial in these results (see Example 0.8).



Example 0.7. Consider the Banach space
ty = (co)"”

and the corresponding w*-topology o (¢1,cg). The space (£1,w*) is a locally convex
t.v.s. in which the closed unit ball B := By, is compact (by Alaoglu’s theorem).
However,

B # convlext(B)].

Proof. Let x € 0B, that is, ;Lzof |z(i)] = 1. Suppose that x has at least two
nonzero coordinates, say, z(j) and z(k). Fix 0 < ¢ < min{|z(j)|, |=(k)|} and denote
oj = sign(z(j)), or = sign(x(k)). Notice that |z(j) £ oje| = |x(j)| £ € and similarly
for k in place of j. Define y, z € ¢1 by

i) = ) = (i) for i ¢ {5, )

y(i) = 2(j3) + oje, 2(4) = 2(j) — oje,

y(k) = x(k) — ore, 2(k) = xz(k) + oke.
Then y,z € 0B, y # z and « = ij Thus z is not an extreme point of B.

It follows that an extreme point of B must have exactly one nonzero coordinate,

that is, x = +e; for some i, where ¢; is the i-th canonical unit vector. It is easy to
see that such points are actually extreme points of B. Thus we have

ext(B) = {%e; : i € N}.

Observe that each element of conv]ext(B)] has a finite support, and hence this set
is strictly contained in B. O

The following example shows that the assumption of local convexity in the subsequent
theorems cannot be omitted.

Example 0.8 (Roberts, 1977). There exist a Hausdorff t.v.s. X which is metrizable by a
complete metric, and a nonempty compact convex set K C X such that ext(K) = 0.

Let us start with the following auxiliary theorem.

Theorem 0.9. Let K be a compact convex set in some Hausdorff locally convex
tv.s. If U C K is a nonempty convex relatively open set in K such that

ext(K) C U,
then U = K.
Proof. Assume that U # K. Consider the family
V={VCK: Visconvex and openin K, V# K, UCV}

which is partially ordered by inclusion. Using compactness of K, it is easy to see
that each chain in V has an upper bound in V. By Zorn’s lemma, V contains a
maximal element Vj.

For x € Vp and t € (0,1), we define

Were={ye K:(1—-t)x+tyeVp}.
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Notice that W, is an open (in K') convex set containing V5. We claim that W,
contains V. Indeed, if y € Vo, then (1 —t)x + ty € [z,y) C int(Vp) = int(Vy) = Vo.
Since 0 # Vp # K, connectedness of K implies that Vg # Vy. By maximality of
Vo, we must have W, ; = K.
In particular, we have proved that

reVo,ye K = [z,y) C V.

Consequently, if A C K is a convex open (in K) set, then VU A is convex. This fact,
together with maximality of Vp, easily implies that K \ Vi = {20} for some zy € K.
Obviously, zp € ext(K). But then zp € K\ Vp C K \ U which is in contradiction
with our assumption on U. ]

Theorem 0.10 (Krein-Milman, 1940). Let K be a compact convexr set in some
Hausdorff locally convex t.v.s. Then

K = conviext(K)].

Proof. Let K contain more than one point (otherwise everything is trivial). Fix an
arbitrary yo € K and define

{conv[ext(K)] if ext(K) # ()
Ky = . .
{vo} otherwise

Assume there exists x € K \ Ky. By the H-B Strong Separation Theorem, there
exists ¢ € X* such that ¢(x) > sup ¢(Kp). Then the set

U=A{yecK:Ly) <llz)}

is a nonempty convex open (in K) proper subset of K, containing ext(K). But
this contradicts Theorem 0.9. Thus we must have Ky = K which implies the
statement. ]

Corollary 0.11. Let X be a normed space.
(a) By+ =conv? [ext(Bx+)].

(b) If X is a reflexive Banach space and C C X is a bounded closed convex set,
then C = convil ll[ext(C)].

Proof. (a) follows from the Krein-Milman Theorem applied to the t.v.s. (X*, w*).

(b) Since C is compact in (X, w), the Krein-Milman Theorem implies that C' =
conv”[ext(C)]. Since a convex set is w-closed if and only if it is closed, we can
substitute the w-closure with the closure in the norm topology. O

The possibility to use the norm-closure remains valid also in some nonreflexive Banach
spaces. Let us state without proof the following theorem of such kind.

Theorem 0.12. Let X be a Banach space for which ext(Bx~) is separable. Then
By~ = conv!'lext(Bx-)].

In particular, X* is separable. (And this implies that X is separable, too.)
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Theorem 0.13 (Bauer’s Maximum Principle). Let K be a nonempty compact con-
vex set in some Hausdorff locally convex t.v.s., and f: K — R a convex u.s.c.
function. Then f attains its mazimum over K at some extreme point of K.

Proof. Denote m = max f(K) (it exists since K is compact and f is u.s.c.). If the
statement is false, then the set U = {x € K : f(x) < m} is an open (in K') convex set
containing all extreme points of K. Since U # K, this contradicts Theorem 0.9. [J

Theorem 0.14 (Milman). Let K be a compact convex set in a Hausdorff locally
convez t.v.s., and A C K. Then the following assertions are equivalent:

(i) ext(K) C 4;

(i) K =conv(A).
Proof. The implication (i) = (i¢) follows immediately from the Krein-Milman Theorem
(Theorem 0.10). Let us show the reverse one.

Let (ii) hold. We want to show that ext(K) C A+ V for each V € U(0). Since our
space is locally convex, we can limit ourselves to the neighborhoods V' of 0 which are closed,
convex and symmetric.

Since A is compact, A is totally bounded. Thus there exist aq,...,a, € A such that
A c U] (a; + V). Consider the compact convex sets

K; =conv[AN (a; + V)]

contained in K. Then conv (|J} K;) is compact, and hence

K =conv(A) = conv (O KZ> = conv (O Ki> )

Now, each z € ext(K) can be written as a convex combination z = Z? A\iy; where y; € K;
for each 4. Since x is an extreme point, we must have x = y; for some j, that is, z € K; C
aj +V C A+ V. The proof is complete. O

Examples in concrete spaces.

Example 0.15. Let C be a closed convex set in a normed space X. If C is strictly
convex (in the sense that dC does not contain any nontrivial line segment), then
ext(C) = 0C. The closed unit ball of any L,(u)-space with 1 < p < 400 is strictly
convex. (Such spaces include all Hilbert spaces, ¢, and L,[0, 1] for 1 < p < +00.)

Example 0.16. For the closed unit balls of the spaces ¢y and C]0, 1], we have:
(a) ext(Bg,) = 0;
(b) ext(Bco)) = {£e} where e(t) = 1.

Consequently, these spaces are not dual spaces (Corollary 0.11(a)).

Proof. (a) Let z € ¢y be such that ||z|| = 1. Fix k € N such that |z(k)| < 1, and a
d > 0 so small that |z(k)+0| < 1. Then z = w where y4 (k) = (k) £ 0 and
y+ (i) = x(i) for ¢ # k. Since ||y+|| = 1, = is not an extreme point of Be,.

(b) It is easy to see that the points t-e are extreme points of Beg ). If x € C[0, 1]
is such that ||z|| = 1 and x # +e, there exists to € (0, 1) such that |z(to)| < 1. By
continuity, there exists 6 > 0 such that (to — d,to +0) C [0,1], and |z(t)] <1 —0
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whenever ¢ € (tg — 0, %9+ 0). Consider the function A € C[0, 1] such that A(tg) = 9,
A(t)=0fort € [0,1]\ (to—9,to+0), and A is affine on [tg — J, tg] and on [tg, to+ I].
Then z = 3(z+A)+3(z—A) and |z £ Al| = 1. Consequently, z ¢ ext(Bcp,)). O

Exercise 0.17. Show that ext(By, ) = {z € loo : |z(i)| =1 for each i}.

Exercise 0.18. Show that ext(Bp, 1)) = 0.
(Hint: use the idea of the first part of the proof of Example 0.7.)

Exercise 0.19. Determine the set of extreme points of B, (where ¢ is the Banach
space of all convergent real sequences, equipped with the supremum norm). Then
show that

B, = convlext(B.)] .
(Remark: it is known that ¢ is not a dual space, but, because of the above equality,
this fact cannot be proved using the Krein-Milman Theorem.)

It is known that the dual of C'(K'), where K is a Hausdorff compact topological space,
can be represented as the space

M"(K)={p: Borel(K) — R : u regular (signed) measure of finite variation},

equipped with the norm ||u|| = Var(u, K) (the total variation of y), and the isometric
correspondence between ¢ € C(K)* and p € M"(K) is given by the formula

o) = [ altydutt) (e,
K
This is the famous Riesz Representation Theorem. Let M7 (K) denote the set of all proba-
bility measures in M"(K). Let us state without proof the following proposition.
Proposition 0.20. Let K be a compact Hausdorff topological space. Then
ext(Bayr(iy) = {0 : t € K}, ext(MI(K))={6:t € K}.

Since M7 (K) is easily seen to be a w*-closed convex subset of B (x, it is w*-compact.
By the Krein-Milman Theorem and the above proposition, the set of all convex combinations
of Dirac measures is w*-dense in M7 (K).

Corollary 0.21. Let K be a compact Hausdorff topological space. Let p € M"™(K) \ {0},
w>0, F C C(K) a finite set and € > 0 be given. Then there exist finitely many points
t1,...,tn € K and real numbers A1, ..., A, > 0 such that > \; = u(K) and

/ rdu — Z)\ix(ti)

K i=1

Proof. The measure [i = ﬁ belongs to M7 (K). The set
W={veM(K): |[zdv— [axdi| < ;5% Yz € F}

is a w*-neighborhood of i, and hence it contains a convex combination of Dirac measures
of the form v = Y7 A;d;, (of course, we can suppose that A; > 0 for each 7). In other words,
we have > A\; =1 and

/K xdfi — i i (ts)

Now, multiplying by z(K), we obtain the desired formula for A; = \;u(K). O

<e foreachz € F.

3

< ——— foreachz € F.
H(K)
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Let us remark that in the same way one can get a similar result for an arbitrary signed
mesure p € M"(K) \ {0}, with the change that the numbers \; can have any sign and
21 [Nl = Var(p, K).

Topological properties of the set of extreme points.

Lemma 0.22. Let K be a (nonempty) finite-dimensional compact convex set in some t.v.s.
(a) If dim(K) < 2, then ext(K) is closed.
(b) For dim(K) > 2, ext(K) is not necessarily closed.
Proof. (a) The case of dim(K) <1 is obvious. Let dim(K) = 2. We can suppose that K is
contained in R?; then int(K) # (. The set of non-extreme boundary points of K, being a
union of open segments, is open in K. Thus, ext(K) is closed in K, and hence in R2.
(b) Consider R? with d > 3. Let B C R? be the Euclidean unit ball, 2y € B a point, and
[a,b] € R? a segment tangent to B at 2o = a7+b' Let H C R be the hyperplane through
g, orthogonal to [a,b] (that is, H = (b—1)1). The set K = conv(BU[a, b)) is compact and
convex. It is easy to see that xg ¢ ext(K) while (HNOB) \ {zo} C ext(K). Thus ext(K) is
not closed. O

The following example shows that the set of extreme points can be topologically quite
complicated.

Example 0.23 (Bishop and de Leeuw, 1959). There exists a compact convex set K in a
locally convex t.v.s. such that ext(K) is not a Borel set.

However, the situation is much better in the case of metrizable compact convex sets.

Theorem 0.24 (Choquet). Let K be a metrizable compact convex set in a t.v.s. Then
ext(K) is a Gs subset of K.

Proof. Let K be metrizable by a metric d. Observe that
K\ext(K)={r € K: v =2 with y,2 € K, d(z,y) > 0} = > F..,

where

F,={z€K: a=Y2withy,z€ K, dz,y) > L}.
Compactness of K easily implies that the sets F), are closed. Consequently, K \ ext(K) is
g

an F, set, which implies the statement.



