
BDDC preconditioners for Naghdi shell problems

and MITC9 elements

L. Beirão da Veiga∗ C. Chinosi† C. Lovadina‡

L. F. Pavarino§

March 16, 2012

Abstract

We introduce and study a BDDC (Balancing Domain Decomposition
by Constraints) method for the Naghdi shell problem discretized with
MITC (Mixed Interpolation of Tensorial Components) elements. Com-
pared with the Kirchhoff model, the Naghdi model uses both displace-
ment and rotation as variables, and therefore is more accurate but also
more complicated at the numerical level. The severe difficulties of finite
element shell analysis are also reflected in the condition number of the
problem, which quickly diverges as the thickness of the shell and/or the
finite element mesh size tend to zero. The proposed BDDC preconditioner
is based on a proper selection of primal continuity constraints, the implicit
elimination of the interior degrees of freedom in each subdomain, and the
iterative solution of the resulting shell Schur complement by a precondi-
tioned conjugate gradient method. The preconditioner is built from the
solutions of local shell problems on each subdomain with clamping con-
ditions at the primal degrees of freedom and on the solution of a coarse
shell problem for the primal degrees of freedom. Three choices of primal
constraints, hence coarse spaces, are considered, yielding three BDDC pre-
conditioner of increasing strength and cost. Several numerical tests are
performed for cylindrical, hyperbolic and elliptic shells. The results show
that the proposed BDDC preconditioners are scalable in the number of
subdomains, quasi-optimal in the ratio subdomain/element sizes, robust
with respect to discontinuities of the shell material properties, and almost
robust with respect to the shell thickness.
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1 Introduction

It is well known that the finite element analysis of shells poses severe difficul-
ties when the relative thickness of the structure is small, which unfortunately
includes the most interesting applications. Some of these difficulties are the
membrane and shear locking phenomena, the presence of layers, the presence of
spurious modes and the completely different behaviors (membrane and bending)
that a shell structure may exhibit (see for instance [?, ?, ?, ?, ?]). It is indeed
quite significant that, from a mathematical viewpoint, currently there does not
exist any finite element method which has been proved to be uniformly con-
vergent for all shell geometries. Nevertheless, from an engineering viewpoint,
fairly satisfactory shell elements do exist and they give sufficiently good results
in most situations of practical interest. Perhaps the most well-known family of
such kind of elements is the MITC (Mixed Interpolation of Tensorial Compo-
nents) family, which has both bi-dimensional and degenerate three-dimensional
versions (see for instance [?, ?, ?]).

In this paper, we concentrate on MITC elements for the popular Naghdi
shell model. As we show with several numerical tests and qualitative arguments
at the start of this work, the condition number of discrete shell problems is often
expected to behave as t−2h−2, where t represents the shell thickness and h the
finite element mesh size. As a consequence, the system becomes ill conditioned
for the majority of the cases of interest, since they involve both a small thickness
and a small mesh size. Indeed, a large number of papers dealing with the
preconditioning of shell problems, considering different models and elements,
can be found in the literature. A partial list includes [?, ?, ?, ?, ?, ?, ?, ?, ?].

The goal of this paper is the construction and study of novel iterative solvers
based on BDDC (Balanced Domain Decomposition by Constraints) precondi-
tioners for discrete shell problems. BDDC methods, introduced by Dohrmann
[?] and analyzed by Mandel, Dohrmann and Tezaur [?, ?], can be regarded as an
evolution of balancing Neumann-Neumann methods where all local and coarse
problems are treated additively due to a choice of so-called primal continuity
constraints across the interface of the subdomains, just as in the closely related
FETI-DP methods (see e.g. [?, ?]) that exhibit essentially the same spectrum.
These primal constraints can be point constraints and/or averages or moments
over edges or faces of the subdomains. We refer to the domain decomposi-
tion monograph by Toselli and Widlund [?, Ch. 6] for a detailed treatment of
Neumann-Neumann, FETI and FETI-DP algorithms. After the implicit elimi-
nation of the interior degrees of freedom in each subdomain, the resulting shell
Schur complement is solved by the preconditioned conjugate gradient method.
Our BDDC preconditioner is built from the solutions of local shell problems on
each subdomain with clamping conditions at the primal degrees of freedom and
on the solution of a coarse shell problem for the primal degrees of freedom.

Our starting idea stems from our previous work [?] on Reissner-Mindlin
plates. In this work, a serious difficulty with respect to the simpler biharmonic
plate model was given by the presence of rotations and the related Kirchhoff
constraint, enforced at the limit of zero thickness. Nevertheless, in [?] it was
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possible to prove the scalability and the independence on the thickness of the
preconditioned system. In the present work, such difficulties compound with
those peculiar to shell analysis, precisely the different membrane/bending be-
haviors and the more complicated form of the operators, so that we do not
currently have a theoretical analysis of our shell solver.

The main novelties of this paper are: i) the construction of efficient BDDC
preconditioners for Naghdi shell problems based on a proper selection of pri-
mal constraints; ii) a qualitative study of the conditioning of the original shell
discrete problem in both membrane and bending regimes; iii) an extensive nu-
merical study of scalability, optimality, robustness of the proposed BDDC pre-
conditioner for cylindrical (parabolic), hyperbolic and elliptic shells. In particu-
lar, we propose three choices of primal constraints, leading to increasingly richer
coarse spaces and therefore to BDDC preconditioners of increasing strength and
cost. For each of the three shell types considered, the results of our numerical
study are very encouraging, showing that the proposed BDDC preconditioners
are scalable in the number of subdomains, quasi-optimal in the ratio subdo-
main/element sizes, robust with respect to discontinuities of the shell material
properties, and almost robust with respect to the shell thickness.

The paper is organized as follows. In Section ??, we briefly introduce the
Naghdi shell model, the MITC elements and then describe the quadrilateral
MITC9 element more in detail. In Section ??, we show qualitative arguments
which indicate the behavior of the condition number of the (unpreconditioned)
shell linear system. Such results are confirmed by some numerical tests and
strongly suggest the need of preconditioning. In Section ??, we present the
BDDC preconditioner and its application to our discrete shell problem. In
particular, we propose three possible choices of primal constraints, leading to
three different BDDC preconditioners. Finally, in Section ?? we develop sev-
eral numerical tests of the BDDC preconditioned system and draw the related
conclusions.

2 The Naghdi shell model and MITC elements

Naghdi shells are dimension-reduced models based on the Reissner–Mindlin as-
sumptions that take into account the transverse shear deformation. The un-
knowns of the Naghdi shell problem are displacements and rotations, which are
vector fields defined on the middle surface of the shell; such quantities are ob-
tained by minimizing the internal energy which combines the bending energy,
transverse shear and membrane stresses.

In a system of cartesian coordinates of R3 the middle surface of the shell is
represented as the image of a C2 map

Ψ : Ω → R3,

where the parametric domain Ω ⊂ R2 is assumed bounded, connected, and
with Lipschitz boundary. The body of the shell, assuming for simplicity that
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the thickness t is constant and sufficiently small, is given by

S =
{
x ∈ R3 : x = Ψ(x1, x2) + x3n(x1, x2), (x1, x2) ∈ Ω, −t/2 < x3 < t/2

}
,

(1)
where n : Ω → R3 represents a unitary normal field to the middle surface,
preserving a given orientation. In the sequel, we scale the domain S such that
the diameter

max
ξ1,ξ2∈Ω

|Ψ(ξ1)−Ψ(ξ2)| = 1;

therefore the thickness parameter t takes also the meaning of a relative thickness.
In the model proposed by Naghdi, the five unknowns are the three covariant

components ui, i = 1, 2, 3, of the displacement u at the points of the shell middle
surface and the two components θα, α = 1, 2, of the rotation θ of the unit normal
vector to the middle surface. From now on, we use the convention that Greek
indices range over 1 and 2 and Latin indices range over 1, 2 and 3. We assume
that part of the shell boundary ∂Ωc is clamped, part of the shell boundary
∂Ωs is simply supported and the rest ∂Ωf is free. Clearly, more complicated
boundary conditions could also be considered. Accordingly, we define the space
of admissible solutions

V =
{
(v,ψ) ∈ [H1(Ω)]3 × [H1(Ω)]2 : v = 0 on ∂Ωc ∪ ∂Ωs, ψ = 0 on ∂Ωc

}
,

where we consider the homogeneous case for simplicity. In the sequel, we as-
sume as usual that the boundary conditions are sufficient to prevent rigid body
motions.

We denote by Υ the change of curvature tensor, by Σ the transverse shear
strain and by Λ the membrane strain tensor. Then, for all (u,θ) and (v,ψ) in
V , we define the following symmetric and semi-positive definite bilinear forms

Ab(u,θ;v,ψ) =

∫
Ω

aαβγδ

12
Υαβ(u,θ)Υγδ(v,ψ) dx1dx2,

Am(u;v) =

∫
Ω

aαβγδΛαβ(u)Λγδ(v) dx1dx2,

As(u,θ;v,ψ) =

∫
Ω

aαβ
E

2(1 + ν)
Σα(u,θ)Σβ(v,ψ) dx1dx2,

(2)

where E is the Young’s modulus, ν is the Poisson ratio, aαβ denote the contra-
variant components of the metric tensor for the middle surface, and

aαβγδ =
E

2(1 + ν)

(
aαγaβδ + aαδaβγ +

2ν

1− ν
aαβaγδ

)
.

The components of the strains Υ,Σ,Λ are first order differential operators acting
on the displacements and rotations. Such operators are determined by the
function Ψ, see for instance [?] for their explicit form. The three bilinear forms in
(??) are called respectively bending, membrane and shear forms, in accordance
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to the type of elastic energy taken into account. We then define the bilinear
form

A(u,θ;v,ψ) = Ab(u,θ;v,ψ) + t−2Ams(u,θ;v,ψ),

representing the total (scaled) elastic energy, where Ams = Am+As. Then, the
Naghdi shell problem reads:{

Find (u,θ) ∈ V such that

A(u,θ;v,ψ) =< f ,v > ∀(v,ψ) ∈ V,
(3)

where f in the dual of V represents the external forces scaled by a factor t3.
Note the dependence of the bilinear form A on the thickness t, which we have
left implicit in the notation.

It can be proved that, for any shell geometry, it exists a positive constant C
such that (see [?])

Ab(v,ψ;v,ψ) +Ams(v,ψ;v,ψ) ≥ C||(v,ψ)||2H1(Ω) ∀(v,ψ) ∈ V. (4)

The above condition clearly implies coercivity of A for all positive t; therefore
problem (??) has a unique solution for all positive t.

Remark 2.1 It is important to observe that, from both the applicative and the
numerical standpoint, the interesting cases in shell analysis are those with a
small relative thickness, i.e. the so called thin (t ∼ 10−3) and moderately thin
(t ∼ 10−2) shells.

2.1 The MITC element family

When a classical finite element approximation is used, the discrete solution
(uh,θh) of problem (??) belongs to a finite element space Vh subset of V . It is
known that the standard Galerkin approximation of shell problems is subjected
to shear and membrane locking phenomena, i.e. the numerical solution degener-
ates for small thickness, in the case of bending dominated problems. Frequently,
locking phenomena arise if there are hidden constraints in the physical model
that are not well represented in the finite element approximation of the model
(see for instance [?, ?, ?, ?, ?]). A common way to avoid locking is the use
of modified bilinear forms to describe the shear and membrane energy of the
shell. In the MITC element family, this is achieved by introducing some reduc-
tion operators which interpolate the membrane and shear strains into a coarser
discrete space. These reduction operators introduce a relaxation of the limit
constraint Ams(u,θ;u,θ) = 0, thus allowing for a better numerical solution in
bending dominated regimes.

In order to keep the presentation valid for all the elements in the MITC
family, we will keep the description at a general level. In the following subsec-
tion, we will then focus on the case of the MITC9 element. Let τh be a shape
regular and conforming quadrilateral or triangular grid for the domain Ω, which
we assume polygonal for simplicity. Let Vh = Uh × Θh ⊂ V , where Uh and
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Θh are finite element spaces for displacements and rotations, respectively. The
MITC discretization of the Naghdi shell problem reads:{

Find (uh,θh) ∈ Vh such that

Ah(uh,θh;v,ψ) =< f ,v > ∀(v,ψ) ∈ Vh,
(5)

where the discrete bilinear form is defined as

Ah(u,θ;v,ψ) = Ab(u,θ;v,ψ) + t−2Ah
ms(u,θ;v,ψ).

The reduced membrane-shear bilinear form Ah
ms = Ah

m + Ah
s is constructed

identically to Ams, but with reduced strain operators Λh,Σh

Ah
m(u;v) =

∫
Ω

aαβγδΛh
αβ(u)Λ

h
γδ(v) dx1dx2,

Ah
s (u,θ;v,ψ) =

∫
Ω

aαβ
E

2(1 + ν)
Σh

α(u,θ)Σ
h
β(v,ψ) dx1dx2.

(6)

Writing the discrete problem (??) in terms of the degrees of freedom of Vh,
we obtain as usual a linear system

Kw = f , (7)

where w represents the degrees of freedom of the discrete solution uh, f the
loading term and K = K(t) the stiffness matrix.

Remark 2.2 We also note that locking becomes even a more complicated issue
when the vibration of shells is considered, see for instance [?, ?, ?] for some
recent studies.

2.1.1 The MITC9 element

For simplicity, we will detail the MITC9 element in the case of rectangular
meshes. For general quadrilaterals, the use of a reference element and ad-hoc
mappings becomes necessary. In the following, let (x, y) represent local cartesian
coordinates for the generic element E.

Given any connected bounded set Ξ and k ∈ N, Pk(Ξ) denotes the space
of polynomials of total degree at most k defined on Ξ, and Qk(Ξ) denotes the
space of polynomials of degree at most k in each variable. Moreover, we define

S2(E) =
{
q ∈ Q2(E) :

∂

∂x2

∂

∂y2
q = 0

}
,

the so called serendipity space in which the bubble part is neglected. Let Hh

and Θh be the scalar discrete spaces

Hh =
{
v ∈ H1(Ω) : v|E ∈ S2(E) ∀E ∈ τh

}
,

Θh =
{
v ∈ H1(Ω) : v|E ∈ Q2(E) ∀E ∈ τh

}
.
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