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1. Introduction

In studying the eigenvalues for 2-D shell models, one is led to consider a problem

of the following type (see Ref. 23 or Ref. 24, for instance):











Find (uε, λε) ∈ V × R such that

εam(uε, v) + ε3ab(uε, v) = λε(uε, v) ∀v ∈ V

||uε||H = 1 .

(1.1)

Above, ε is the thickness parameter, am(·, ·) is the membrane bilinear form, and

ab(·, ·) is the bending bilinear form. Moreover, V is the admissible displacement
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space, which also takes into account the kinematic boundary conditions imposed

to the structure, and H is an L2-type space with inner product (·, ·). The aim of

this paper is to study the asymptotics, as ε → 0+, of the smallest eigenvalue of

problem (1.1), by using the Real Interpolation Theory (see Ref. 12, for example) as

our main technical tool. We remark that a detailed knowledge of the asymptotic be-

havior may help in designing and analysing efficient and reliable numerical schemes

based on the finite element technique. Indeed, such an information is often able to

identify the roots of possible numerical pathologies, such as locking phenomena or

spurious mode occurrence. This is the case of the shell source problem, for which

there is a wide literature. We cite here, in a non-exhaustive way, the results detailed

in Refs. 1, 2, Refs. 4–10, Refs. 16–19 and Refs. 25–31. However, we notice that a

completely satisfactory mathematical analysis of shell elements is still missing.

A brief outline of the paper is as follows. In Section 2 we introduce our abstract

framework, as well as the concept of problem order for the eigenvalue problem under

consideration (see Definition 2.1). Roughly, we say that the eigenvalue problem is

of order α ∈ R if its smallest eigenvalue λε behaves like εα. Section 3 deals with

the asymptotic behaviour of λε. We remark that in the cases corresponding to the

so-called non-inhibited pure bending shells, the behaviour of λε is well-known (see

Ref. 34). Instead, the cases corresponding to inhibited pure bending shells lead to a

wide variety of different situations, which may be classified by means of the problem

order. We also study the behaviour of the energy percentage stored in the bending

term (cf. Section 3.2.1). Finally, Section 4 provides an example of application of our

results. More precisely, we study a clamped cylindrical shell, and we determine its

order. We notice that the same results, together with other several considerations

and numerical tests, have been developed in Ref. 11 by using a Fourier expansion

technique.

Throughout the paper we will use standard notations for Sobolev norms. More-

over, we will denote with C a generic constant, independent of ε, which may take

different values in different occurrences.

2. Problem setting

In order to incorporate the widest range of shell mid-surface geometry and boundary

conditions, it is convenient to face the problem by means of an abstract approach.

Accordingly, we suppose that we are given two separable Hilbert spaces V and H,

with V ⊂ H, together with two bilinear forms:

am(·, ·) : V × V −→ R , ab(·, ·) : V × V −→ R . (2.1)

We make the following assumptions (which are indeed shared by most of the

shell models – see Ref. 15 or Ref. 21, for instance).

(1) We assume that the inclusion V ⊂ H is compact and dense.

(2) The bilinear forms am(·, ·) and ab(·, ·) are symmetric and continuous on V .
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(3) The sum am(·, ·) + ab(·, ·) is coercive on V .

For each ε ∈ (0, 1], we then consider the abstract eigenvalue problem, written in

variational form:











Find (uε, λε) ∈ V × R such that

εam(uε, v) + ε3ab(uε, v) = λε(uε, v) ∀v ∈ V

||uε||H = 1 ,

(2.2)

where (·, ·) denotes the inner product of H.

From assumptions 1, 2 and 3, it follows that

(1) For each ε > 0, there exists a monotone non-decreasing sequence of real eigenval-

ues
{

λ
(n)
ε

}∞

n=1
, and corresponding eigenspaces Λ

(n)
ε ⊂ V , with dim Λ

(n)
ε < ∞.

Since we will focus only on the smallest eigenvalue, in the sequel λ
(1)
ε will be

simply denoted by λε, and its eigenspace Λ
(1)
ε by Λε. We also recall that λε is

characterized by the Rayleigh quotient (see for instance Ref. 36)

λε = inf
v∈V

εam(v, v) + ε3ab(v, v)

||v||2H
. (2.3)

(2) The bilinear form ab(·, ·) is coercive on the space of inextensional displacements

(see Ref. 33):

K = {v ∈ V : am(v, w) = 0 ∀w ∈ V } . (2.4)

We are interested in studying the real function ε → λε. By taking v = uε in (2.2),

we see that λε is the elastic energy of any uε ∈ Λε, with ||uε||H = 1:

λε = εam(uε, uε) + ε3ab(uε, uε) . (2.5)

We now introduce the following definition.

Definition 2.1. We say that the eigenvalue problem (2.2) is of order α if

α = inf
{

β : εβλ−1
ε ∈ L∞(0, 1)

}

. (2.6)

Remark 2.1. Definition 2.1 means that if the eigenvalue problem is of order α,

then α is the “best” exponent in order to have λε ∼ εα.

Remark 2.2. We notice that, given v ∈ V with ||v||H = 1, from (2.3) and (2.5)

we have

λε = εam(uε, uε) + ε3ab(uε, uε) ≤ εam(v, v) + ε3ab(v, v) ≤ Cε||v||2V . (2.7)
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Furthermore, it holds

λε = εam(uε, uε) + ε3ab(uε, uε) ≥ ε3
(

am(uε, uε) + ab(uε, uε)
)

≥ Cε3||uε||2V ≥ Cε3 .
(2.8)

Therefore, from (2.7) and (2.8) we deduce that if the eigenvalue problem is of order

α, then 1 ≤ α ≤ 3.

We will also consider the percentage of the elastic energy stored in the bending

part. Accordingly, for 0 < ε ≤ 1 and uε ∈ Λε with ||uε||H = 1, we define the

function R(ε, uε) as

R(ε, uε) :=
ε3ab(uε, uε)

λε
. (2.9)

3. Asymptotic behaviour of λε and of R(ε)

In order to study the asymptotic behaviour of the shell eigenvalue problem, we

distinguish two cases, depending whether the space K defined in (2.4) is reduced

to {0} or not.

3.1. The case K 6= {0}: non-inhibited pure bending shells

The following result is an easy consequence of the theory developed in Ref. 34.

However, for the sake of completeness, we sketch its proof.

Theorem 3.1. Suppose that K 6= {0}. Then there exist constants C1 and C2,

independent of ε, such that

C1ε
3 ≤ λε ≤ C2ε

3. (3.1)

Therefore, the eigenvalue problem is of order α = 3 (cf. Definition 2.1). Further-

more, it holds

lim
ε→0+

R(ε, uε) = 1 . (3.2)

Proof. We have

λε = inf
v∈V

εam(v, v) + ε3ab(v, v)

||v||2H
≤ inf

v∈K

εam(v, v) + ε3ab(v, v)

||v||2H

= inf
v∈K

ε3ab(v, v)

||v||2H
= C2ε

3 .

(3.3)

To continue, we use the coercivity of am(·, ·) + ab(·, ·) to get
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λε = inf
v∈V

εam(v, v) + ε3ab(v, v)

||v||2H
≥ inf

v∈V

ε3
(

am(v, v) + ab(v, v)
)

||v||2H

≥ Cε3 inf
v∈V

||v||2V
||v||2H

= C1ε
3 .

(3.4)

Estimates (3.3) and (3.4) give (3.1). To prove (3.2) we notice that (cf. (2.9))

R(ε, uε)
−1 =

λε

ε3ab(uε, uε)
= 1 +

ε−2am(uε, uε)

ab(uε, uε)
. (3.5)

By using the techniques of Ref. 20, it is easily seen that it holds

lim
ε→0+

ε−2am(uε, uε)

ab(uε, uε)
= 0 . (3.6)

Therefore, (3.2) follows from (3.5) and (3.6).

Remark 3.1. We notice that (3.2) is consistent with Proposition 3.1.

3.2. The case K = {0}: inhibited pure bending shells

We first notice that in this case am(·, ·) defines a norm on V . We set W as the

completion of V with the norm am(v, v)1/2 := ||v||W . Therefore, we have the dense

inclusion V ⊆ W . The main technical tool we will use is the Real Interpolation

Theory (see Ref. 12, for instance), whic was already employed in Ref. 3 to classify

the asymptotic behaviours of the shell source problem. We have the following result.

Theorem 3.2. Suppose that K = {0}. Then, for 0 < θ < 1, we have

(V,W )1−θ,1 ⊆ H if and only if ε2θ+1λ−1
ε ∈ L∞(0, 1) . (3.7)

Proof. First, suppose that ε2θ+1λ−1
ε ∈ L∞(0, 1), and fix a generic v ∈ V . Using (2.3),

we get

||v||2H ≤ εam(v, v) + ε3ab(v, v)

λε
≤ C

(

ε−2θ||v||2W + ε2(1−θ)||v||2V
)

ε2θ+1λ−1
ε

≤ C
(

ε−2θ||v||2W + ε2(1−θ)||v||2V
)

.

(3.8)

Hence, we have

||v||H ≤ C
(

ε−θ||v||W + ε1−θ||v||V
)

. (3.9)

By taking ε := c||v||W ||v||−1
V (c suitable to have ε ≤ 1), from (3.9) we infer

||v||H ≤ C||v||1−θ
W ||v||θV ∀v ∈ V . (3.10)
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Furthermore, we obviously have

||v||W = ||v||1−θ
W ||v||θW ≤ C||v||1−θ

W ||v||θV ∀v ∈ V . (3.11)

Therefore, from (3.10) and (3.11) we deduce

max(||v||W , ||v||H) = ||v||W∩H ≤ C||v||1−θ
W ||v||θV ∀v ∈ V . (3.12)

Since W ∩ H is an intermediate space with respect to the couple (V,W ), esti-

mate (3.12) implies (see Ref. 12)

(V,W )1−θ,1 ⊆W ∩H , (3.13)

by which we obtain (V,W )1−θ,1 ⊆ H.

Conversely, let (V,W )1−θ,1 ⊆ H. Then, we have (see Ref. 12)

||v||2H ≤ C||v||2(1−θ)
W ||v||2θ

V ∀v ∈ V . (3.14)

We now notice that for every ε ∈ (0, 1] it holds

||v||2(1−θ)
W ||v||2θ

V ≤ C
(

ε−2θ||v||2W + ε2(1−θ)||v||2V
)

∀v ∈ V , (3.15)

so that from (3.14) and using the coercivity of am(·, ·) + ab(·, ·), we get

||v||2H ≤ C
(

ε−2θ||v||2W + ε2(1−θ)||v||2V
)

≤ C
(

ε−2θam(v, v) + ε2(1−θ)
(

ab(v, v) + am(v, v)
)

)

≤ C
(

ε−2θam(v, v) + ε2(1−θ)ab(v, v)
)

≤ Cε−2θ−1
(

εam(v, v) + ε3ab(v, v)
)

∀v ∈ V .

(3.16)

From (3.16) we deduce

ε2θ+1 ≤ C
εam(v, v) + ε3ab(v, v)

||v||2H
∀v ∈ V . (3.17)

Hence, we have

ε2θ+1 ≤ C inf
v∈V

εam(v, v) + ε3ab(v, v)

||v||2H
= Cλε , (3.18)

which means ε2θ+1λ−1
ε ∈ L∞(0, 1). The proof is complete.

The following corollary is an immediate consequence of Theorem 3.2 and Defi-

nition 2.1.
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Corollary 3.1. The order α of the eigenvalue problem (2.2) is given by

α = inf
{

2θ + 1 : (V,W )1−θ,1 ⊆ H
}

. (3.19)

Remark 3.2. We remark that for 0 < θ < 1, we have

inf
{

2θ + 1 : (V,W )1−θ,1 ⊆ H
}

= inf
{

2θ + 1 : (V,W )1−θ,p ⊆ H
}

, (3.20)

for every p ∈ [1,+∞]. The above equality is a consequence of the standard Inter-

polation inclusions (see Refs. 12, 29)

(V,W )1−η,p ⊆ (V,W )1−θ,q ⊆ (V,W )1−σ,r

when 0 < 1 − η < 1 − θ < 1 − σ < 1 and p, q, r ∈ [1,+∞]. This means that, in

determining the problem order, one can decide to work with any p ∈ [1,+∞].

3.2.1. On the ratio R(ε, uε)

In order to study the ratio R(ε, uε) (cf. (2.9)), we first need the following two

lemmata.

Lemma 3.1. For every η ∈ (0, 1), the function ε → λε is Lipschitz continuous in

the interval [η, 1]. Therefore, the function ε→ λε is absolutely continuous in [η, 1].

Proof. Fix τ, ε ∈ [η, 1]. For every uτ ∈ Λτ and uε ∈ Λε, with ||uτ ||H = ||uε||H = 1,

we have (see (2.3) and (2.5)):

λτ − λε =
(

τam(uτ , uτ ) + τ3ab(uτ , uτ )
)

−
(

εam(uε, uε) + ε3ab(uε, uε)
)

≤
(

τam(uε, uε) + τ3ab(uε, uε)
)

−
(

εam(uε, uε) + ε3ab(uε, uε)
)

.
(3.21)

Therefore, we get

λτ − λε ≤ (τ − ε)am(uε, uε) + (τ3 − ε3)ab(uε, uε)

≤ |τ − ε| am(uε, uε) + |τ3 − ε3| ab(uε, uε)

≤ max
{

|τ − ε|, |τ3 − ε3|
} (

am(uε, uε) + ab(uε, uε)
)

.

(3.22)

We now notice that

ε3
(

am(uε, uε) + ab(uε, uε)
)

≤ εam(uε, uε) + ε3ab(uε, uε) = λε ≤ λ1 , (3.23)

which implies
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am(uε, uε) + ab(uε, uε) ≤
λ1

η3
∀ ε ∈ [η, 1] . (3.24)

Therefore, from (3.22) and (3.24) we get

λτ − λε ≤ max
{

|τ − ε|, |τ3 − ε3|
} λ1

η3
. (3.25)

A similar argument shows that it also holds

λε − λτ ≤ max
{

|τ − ε|, |τ3 − ε3|
} λ1

η3
. (3.26)

From (3.25) and (3.26) we obtain

|λε − λτ | ≤ max
{

|τ − ε|, |τ3 − ε3|
} λ1

η3
, (3.27)

which implies

|λτ − λε|
|τ − ε| ≤ max

{ |τ − ε|
|τ − ε| ,

|τ3 − ε3|
|τ − ε|

}

λ1

η3
. (3.28)

Hence, we obtain

|λτ − λε|
|τ − ε| ≤ C(η)λ1

η3
. (3.29)

The proof is complete.

Lemma 3.2. It holds

λ′ε = am(uε, uε) + 3ε2ab(uε, uε) a.e. in (0, 1] . (3.30)

Therefore, ε→ λε is an increasing function in (0, 1].

Proof. From Lemma 3.1, we deduce that λε is differentiable a.e. in (0, 1]. Let ε ∈
(0, 1] be a point where the derivative λ′ε exists. Fix τ > ε. From the first line of

(3.22), we have

λτ − λε ≤ (τ − ε)am(uε, uε) + (τ3 − ε3)ab(uε, uε) . (3.31)

Therefore, it follows

λτ − λε

τ − ε
≤ am(uε, uε) + (τ2 + τε+ ε2)ab(uε, uε) , (3.32)
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by which we obtain, letting τ → ε+,

λ′ε ≤ am(uε, uε) + 3ε2ab(uε, uε) . (3.33)

Now, take τ < ε. Similar arguments show that it holds

λτ − λε

τ − ε
≥ am(uε, uε) + (τ2 + τε+ ε2)ab(uε, uε) , (3.34)

by which, letting τ → ε−,

λ′ε ≥ am(uε, uε) + 3ε2ab(uε, uε) . (3.35)

Estimates (3.33) and (3.35) imply

λ′ε = am(uε, uε) + 3ε2ab(uε, uε) , (3.36)

for each point ε where λε is differentiable.

Remark 3.3. The monotone character of λε can also be deduced by the following

argument. Setting ψv(ε) = εam(v, v) + ε3ab(v, v) and recalling that

λε = inf
v∈V

εam(v, v) + ε3ab(v, v)

||v||2H
, (3.37)

we obtain that

λε = inf
||v||H=1

ψv(ε) . (3.38)

Since each ε → ψv(ε) is an increasing function, it follows from (3.38) that ε → λε

is monotone non-decreasing.

A straightforward consequence of Lemmata 3.1 and 3.2 is the following corollary.

Corollary 3.2. For every η ∈ (0, 1) and every α ∈ R, the function ε → ε−αλε is

Lipschitz continuous, hence absolutely continuous, in the interval [η, 1]. Moreover,

it holds

(

ε−αλε

)′
= (1 − α)ε−αam(uε, uε) + (3 − α)ε2−αab(uε, uε) . (3.39)

We are now ready to prove the following result.

Proposition 3.1. Let the eigenvalue problem (2.2) be of order α. Suppose also that

there exist
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lim
ε→0+

(

ε−αλε

)

= l0 > 0 and lim
ε→0+

R(ε, uε) ≥ 0 , (3.40)

where uε ∈ Λε. Then it holds

lim
ε→0+

R(ε, uε) =
α− 1

2
. (3.41)

Proof. From (3.39) we have a.e. in (0, 1]:

(

ε−αλε

)′
= (1 − α)ε−αam(uε, uε) + (3 − α)ε2−αab(uε, uε)

= (1 − α)ε−α−1λε + 2ε2−αab(uε, uε) .
(3.42)

Therefore, we get, a.e.in (0, 1]:

(ε−αλε)
′

ε−αλε
=

1

ε

(

1 − α+ 2
ε3ab(uε, uε)

λε

)

=
1

ε

(

1 − α+ 2R(ε, uε)
)

, (3.43)

by which

(

log(ε−αλε)
)′

=
1

ε

(

1 − α+ 2R(ε, uε)
)

a.e. in (0, 1] . (3.44)

Fix now η ∈ (0, 1). Noting that log(ε−αλε) is absolutely continuous in [η, 1], since

ε−αλε is so (see Corollary 3.2), we obtain

∫ 1

η

1

ε

(

1−α+2R(ε, uε)
)

d ε =

∫ 1

η

(

log(ε−αλε)
)′

d ε = log λ1−log
(

η−αλη

)

. (3.45)

By (3.40) it follows that

lim
η→0+

log
(

η−αλη

)

= log l0 ∈ R . (3.46)

Therefore, from (3.45) and (3.46), we deduce that there exists the improper integral

∫ 1

0

1

ε

(

1 − α+ 2R(ε, uε)
)

d ε := lim
η→0+

∫ 1

η

1

ε

(

1 − α+ 2R(ε, uε)
)

d ε = log

(

λ1

l0

)

.

(3.47)

Now, from (3.47) and (3.40) we infer (3.41).

Remark 3.4. We remark that, in general, the function ε→ λε is not differentiable

at every ε ∈ (0, 1]. Here below, we give an example where the set of non-differentiable

points for λε is an infinite sequence. Let us consider the following eigenvalue prob-

lem:
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Find (uε, λε) such that:

− ε∆−1uε(x) − ε3uε
′′(x) = λεuε(x) x ∈ (0, π)

uε(0) = uε(π) = 0 ,

(3.48)

where ∆−1 : H−1(0, π) → H1
0 (0, π) denotes the inverse of the second derivative

operator. Even though Problem (3.48) does not arise from a shell problem, it fits

the abstract framework of Section 2 with the following choices.

• The Hilbert spaces are V = H1
0 (0, π) and H = L2(0, π).

• The bilinear forms are given by:

am(u, v) = −〈∆−1u, v〉 , ab(u, v) =

∫ π

0

u′v′dx , (3.49)

where 〈·, ·〉 is the duality product between H−1(0, π) and H1
0 (0, π).

By setting wε(x) := ∆−1uε(x), we get that Problem (3.48) may be written in the

equivalent form























Find (wε, λε) such that:

− εwε(x) − ε3w(iv)
ε (x) = λεw

′′
ε (x) x ∈ (0, π)

wε(0) = w′′
ε (0) = 0

wε(π) = w′′
ε (π) = 0 .

(3.50)

A direct computation shows that, for each ε ∈ (0, 1], we have the eigenvalue se-

quence:

λε(n) = ε

(

ε2n2 +
1

n2

)

. (3.51)

Therefore, the function ε → λε returning the smallest eigenvalue is easily seen to

be:

λε = ε

(

ε2n2 +
1

n2

)

∀ ε ∈ (εn, εn−1] , (3.52)

where ε0 = 1 and, for n ≥ 1, εn =
1

n(n+ 1)
. Obviously, λε is differentiable in

the open intervals (εn, εn−1). However, at each εn with n ≥ 1, the left and right

derivatives of λε are given by the two different values:

D−λε(εn) =
4n2 + 6n+ 3

n2(n+ 1)2
, D+λε(εn) =

4n2 + 2n+ 1

n2(n+ 1)2
. (3.53)

It follows that the sequence {εn}n≥1 is the set of non-differentiable points for λε.
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4. An application to cylindrical shells

We consider the eigenvalue problem of a clamped cylindrical shell of thickness ε,

radius 1 and length L. This problem has been analyzed also in Ref. 11, by means of

a Fourier expansion technique. Among the results of that paper, it has been proved

and numerically tested that

λε ∼ ε2 , lim
ε→0+

R(ε, uε) =
1

2
. (4.1)

In the terminology of the present paper, Equations (4.1) correspond to the choice

α = 2, a result which we now prove as an application of the theory developed

in Section 3. We first describe the cylindrical shell mid-surface by using the axial

coordinate 0 ≤ x ≤ L, and the radial coordinate 0 ≤ y ≤ 2π (see Figure 1). Ac-

cordingly, the coordinate domain is Ω = [0, L] × [0, 2π]. The displacement field will

be denoted by u = (u1, u2, u3), where u1, u2, and u3 are the axial, angular and nor-

mal component, respectively. A similar notation will be used for other displacement

fields.

x
y

L

Clamped

Clamped 1

Fig. 1. The Cylindrical shell

We will adopt the Koiter shell model (see Refs. 14, 21, 22, 23, for example), which

fits our abstract framework with the following choices (in the case of a clamped

cylindrical shell of homogeneous and isotropic material).

• The Hilbert spaces are given by

V = H1
0,P (Ω) ×H1

0,P (Ω) ×H2
0,P (Ω)

H = L2(Ω) × L2(Ω) × L2(Ω) ,
(4.2)

where Hk
0,P (Ω) denotes the space of functions in Hk(Ω), periodic in the y vari-

able, and vanishing (up to the k−1 order derivatives) on the edges {0}× [0, 2π]

and {L} × [0, 2π].

• The bilinear forms are
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am(u, v) := k

∫

Ω

[

β11(u)β11(v) + β22(u)β22(v) + ν
(

β11(u)β22(v)

+ β22(u)β11(v)
)

+ 2(1 − ν)β12(u)β12(v)
]

dx ,

(4.3)

and

ab(u, v) :=
k

12

∫

Ω

[

k11(u)k11(v) + k22(u)k22(v) + ν
(

k11(u)k22(v)

+ k22(u)k11(v)
)

+ +2(1 − ν)k12(u)k12(v)
]

dx .

(4.4)

Here, k = E/[(1 + ν)(1− ν)], where E > 0 is the Young modulus, and 0 < ν <

1/2 is the Poisson’s ratio.

The membrane operators in (4.3) are given by



















β11(u) = u1,x ,

β12(u) =
1

2
(u1,y + u2,x) ,

β22(u) = u2,y + u3 ,

(4.5)

where the comma in subscripts indicates a derivative with respect to the vari-

ables that follow.

The bending operators in (4.4) are defined by











k11(u) = u3,xx ,

k12(u) = u3,xy − u2,x ,

k22(u) = u3,yy − 2u2,y − u3 .

(4.6)

• Due to the imposed boundary conditions, it is easily seen that K = {0}, where

K is defined in (2.4). Therefore, we are in the framework of Section 3.2. In the

space W (i.e the completion of V with respect to the norm am(·, ·)), we will

use the following equivalent norm, still denoted by || · ||W , with a little abuse of

notation.

‖u‖2
W := ‖u1,x‖2

L2(Ω) +‖u1,y +u2,x‖2
L2(Ω) +‖u2,y +u3‖2

L2(Ω) ' am(u, u) . (4.7)

We can now prove the following result (see Definition 2.1).

Proposition 4.1.

The order of the eigenvalue problem for the clamped cylinder shell under con-

sideration is α = 2.

Proof. According to Corollary 3.1, we need to show that
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(V,W )1−θ,1 = (W,V )θ,1 * H if θ < 1/2 , (4.8)

(V,W )1−θ,1 = (W,V )θ,1 ⊆ H if θ > 1/2 . (4.9)

Step 1. We first prove (4.8). It is sufficient to find a sequence {v(n)}n∈N in V

such that

‖v(n)‖H ≥ C with C > 0 (4.10)

‖v(n)‖(W,V )θ,1
−→ 0 as n→ ∞ (4.11)

for 0 < θ < 1/2. Now, let g 6= 0 be any fixed function in C∞
0 (0, L). We then define

v(n) = (v
(n)
1 , v

(n)
2 , v

(n)
3 ) ∈ V as:

v
(n)
1 = n−2g′(x) cos (ny) (4.12)

v
(n)
2 = n−1g(x) sin (ny) (4.13)

v
(n)
3 = −g(x) cos (ny) . (4.14)

It is easy to check that:

‖v(n)‖H =
(

∑

i=1,3

‖v(n)
i ‖2

L2(Ω)

)1/2 −→ ‖g‖L2(0,L)

√
π as n→ ∞

‖v(n)‖W = ‖v(n)
1,x‖L2(Ω) = n−2‖g′′‖L2(0,L)‖ cos (ny)‖L2(0,π) ∼ n−2

‖v(n)‖V ∼ ‖v(n)
3,yy‖L2(Ω) = n2‖g‖L2(0,L)‖ cos (ny)‖L2(0,π) ∼ n2 .

(4.15)

Since it holds (see for example Ref. 12):

‖v(n)‖(W,V )θ,1
≤ c‖v(n)‖1−θ

W ‖v(n)‖θ
V , (4.16)

from (4.15) we infer (4.10) and (4.11), for all 0 < θ < 1/2.

Step 2. We now prove (4.9). We first show that it holds:

W ⊆ L2(Ω) ×H−1(Ω) ×H−2(Ω) . (4.17)

Let v = (v1, v2, v3) ∈ V , and recall that (see (4.7))

‖v‖2
W = ‖v1,x‖2

L2(Ω) + ‖v1,y + v2,x‖2
L2(Ω) + ‖v2,y + v3‖2

L2(Ω) . (4.18)

Due to the considered boundary conditions, it is immediate to show that

‖v1‖L2(Ω) ≤ C‖v1,x‖L2(Ω) ≤ C‖v‖W . (4.19)
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Next, we bound ||v2||H−1(Ω). Consistently with a previous notation, we use the

subscript P to denote spaces of y-periodic functions. Integrating by parts and using

the Cauchy-Schwarz inequality, we get

‖v1,y‖H1
P

(Ω)′ = sup
ϕ∈C∞

P
(Ω)

∫

Ω

v1,y ϕ

‖ϕ‖H1(Ω)
= sup

ϕ∈C∞

P
(Ω)

−
∫

Ω

v1 ϕ,y

‖ϕ‖H1(Ω)
≤ ‖v1‖L2(Ω) . (4.20)

Using the triangle inequality and (4.18), from (4.19) and (4.20) we obtain

‖v2,x‖H1
P

(Ω)′ ≤ ‖v2,x + v1,y‖H1
P

(Ω)′ + ‖v1,y‖H1
P

(Ω)′ ≤ C‖v‖W . (4.21)

Now, for a generic function ϕ ∈ C∞
P (Ω), let us define I(ϕ)(x, y) ∈ C∞

P (Ω) as

I(ϕ)(x, y) :=

∫ x

0

ϕ(s, y) ds . (4.22)

We have

{

I(ϕ),x = ϕ ,

‖I(ϕ)‖H1(Ω) ≤ C‖I(ϕ),x‖L2(Ω) ≤ C‖ϕ‖H1(Ω) ∀ϕ ∈ C∞
P (Ω) .

(4.23)

An integration by parts and (4.23) lead to

‖v2‖H−1(Ω) ≤ sup
ϕ∈C∞

P
(Ω)

∫

Ω

v2 ϕ

‖ϕ‖H1(Ω)
≤ C sup

ϕ∈C∞

P
(Ω)

∫

Ω

v2 I(ϕ),x

‖I(ϕ),x‖H1(Ω)

≤ C sup
ϕ∈C∞

P
(Ω)

−
∫

Ω

v2,x I(ϕ)

‖I(ϕ)‖H1(Ω)
≤ C‖v2,x‖H1

P
(Ω)′ . (4.24)

Therefore, from (4.21) and (4.24) we obtain

‖v2‖H−1(Ω) ≤ C||v||W . (4.25)

We now bound ||v3||H−2(Ω). To this aim, we first notice that the same argument

as in (4.20) gives

‖v2,y‖H−2(Ω) ≤ C‖v2‖H−1(Ω) . (4.26)

From (4.25) and (4.26) we get

‖v2,y‖H−2(Ω) ≤ C‖v‖W . (4.27)
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Hence, recalling (4.18) and using the triangle inequality, from (4.21) we deduce

‖v3‖H−2(Ω) ≤ ‖v3 + v2,y‖H−2(Ω) + ‖v2,y‖H−2(Ω) ≤ C‖v‖W . (4.28)

From estimates (4.19), (4.25), and (4.28) we get

‖v1‖L2(Ω) + ‖v2‖H−1(Ω) + ‖v3‖H−2(Ω) ≤ C‖v‖W ∀v ∈ V . (4.29)

A density argument implies (4.17), i.e.:

W ⊆ L2(Ω) ×H−1(Ω) ×H−2(Ω) (4.30)

From (4.30) we immediately get (see for instance Ref. 12):

(W,V )θ,1 ⊆ (W,V )θ,2 ⊆ (L2(Ω) ×H−1(Ω) ×H−2(Ω), V )θ,2 . (4.31)

Inclusion (4.31), applying well-known results on the interpolation of Sobolev spaces

(see for example Ref. 35), gives

(W,V )θ,1 ⊆ Hθ(Ω) ×H2θ−1(Ω) ×H4θ−2(Ω) ∀ θ ∈ (0, 1). (4.32)

Recalling that H = L2(Ω) × H = L2(Ω) × H = L2(Ω), inclusion (4.9) is then a

straightforward consequence of (4.32).
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