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Exercise 1. Consider V C C3 given by equation yz — 22 = 0. Consider the action of (C*)? on C? given by

(t17t2> : (557:1/,2) = (tlxa t2ya tglt%Z)

Prove that this action leaves V fixed, so that it becomes an action on V. For every n = (ny,ns) € Z?, consider
the one parameter subgroup A, : ¢ — (t"*,¢"). Given the point z = (1,1,1) € V, determine the cone of the
values n € Z? such that lim;_,o A\, (t) - Z exists and is finite.

Exercise 2. Consider V C C* given by equation wz — yz = 0. Consider the action of (C*)® on C* given by

(t1,t2,t3) - (W, 2,y, 2) = (trw, taz, tay, 5 'titaz).

Prove that this action leaves V fixed. For every n = (ny,ng,n3) € Z3, consider the one parameter subgroup
Ap t e (t"1 72 ¢73). Given the point z = (1,1,1,1) € V, determine the cone of the values n € Z? such that
lim; 0 An (t) - Z exists and is finite.

Esercizio 5. A topological space X is said to be irreducible if it is not the union of two proper closed subsets
of X. Given an algebraic set V' with Zariski topology, let U C V' be a subset such that: U is irreducible with
respect to the subspace topology and U = V. Prove that V is irreducible.

Esercizio 7. Given a morphism of affine varieties f : V' — W, prove that if f* : kK[W] — k[V] is surjective then
the image of f is closed in W (i.e. f(V) is algebraic) and that f induces an isomorphism onto its image f(V).

Exercise 8. Given a morphism of affine varieties f : V' — W, prove that if f* : k[W] — k[V] is injective, then
the image of f is dense in W with respect to the Zariski topology.
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morphism ¢ : (C*)? — (C*)?, prove that ¢ is surjective and that for every w = (wq,ws) € (C*)?, ¢~ (w)
consists of two points.

Exercise 9. Consider the linear map ¢ : Z? — Z? given by the matrix A = < ) Write the induced



