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Notation

e Let (X, 7) be a topological space.
e Let U C X. Then U denotes the open part of U and U its closure.

e C(X):={f: X = C, fis continuous}.

o C.(X) = {f: X — C,supp(f) is compact} (the set of continuous and compactly
supported functions).

o || - ||oo,x the sup norm on X, i.e., ||f|lco.x = supyex |f(x)].

e CH(X):={f: X —» RT, fis continuous , supp(f) is compact} (the set of nonnega-
tive continuous and compactly supported functions).

o Cp(X) :={f € C(X), supp(f) is compact} (the set of continuous and bounded func-
tions).

e Co(X) :={f € C(X), f “goes to 0 to the 00"} (actually, let X’ := X U {oc} be the
one point compactification of X, then f € Cy(X) iff it can be extended as continuous
function on X’ with f(o0) := 0).



CHAPTER 1
Topological groups

1.1. Preliminary facts

Let X be a topological space, and let 7 be its topology. Let x € X. A neighborhood of
x is any set U containing an open set V such that x € V C U. Thus, U is not assumed to
be an open set in itself, but x € U.

Convergence in topological spaces is introduced using the machinery of nets (see K],

p.62): limx, = y means that (z,) is a directed set (i.e., a map A — X, where A is the
set of indexes supporting a notion of > which is transitive and reflexive, and such that
for every couple a, 5 € A, there is v € A with v > « and vy > f), such that for every
open neighborhood U of y, the (x,) net is eventually (in the sense of nets, i.e. using the
> notion) in U.
This notion allows to prove that given two topological spaces X and Y, amap f: X =Y
is continuous (i.e. the preimage f~!(V) is an open set in X for every open set V in Y) if
and only if lim f(z,) = f(x) for every net (z,) converging to an element x (see [K] p. 86).
When the topology satisfies the first axiom of countability (i.e., each point has a countable
base of neighborhoods) the mechanism of nets can be substituted by sequences.

We also need a local version of compactness: we adopt the following definition. A
topological space (X, 1) is locally compact when every point = € X has a compact neigh-
borhood, i.e. for every x there is a compact K such that {z} C K C K.

1.1.1. Product topology. Here we collect several facts about product topology:
proofs are mainly omitted but these results are standard and all of them can be found
for example in [K].

Let X, for every o € I (any cardinality admitted here) be a topological set. Then in
X :=]],e; Xa we can introduce the product topology, which is the coarsest topology such
all the projection maps mg: X — X3, m3((za)acr) := g, are continuous.

A cylindric open set is a set of type [[,c; Ua where each U, is an open subset of X,
and U, = X, with only finitely many exceptions. The set of cylinders is a base for the
product topology (see [K], p. 90).

When the set of indexes [ is finite, all sets of type ngl U, with U, open in X, are
cylinders, thus the product topology coincides with the topology generated by the products
of open sets. However, if I is not finite then not every product of open sets is a cylinder,
and in fact in this case the product topology is strictly coarser than the topology generated
by product of open sets.

Note that every open set U # () in X contains a cylinder: this is a consequence of the
fact that cylinders are a base for that topology (see K], p. 46).

The projections 7, are always open maps, i.e., m,(U) is open in X, whenever U is open
in X: this is evident for cylinders and the general claim follows by the fact that cylinders
are a base for the topology.

Proposition 1.1 If each X, is Ty (i.e., Hausdorff), then X is T5.

2



1.1. PRELIMINARY FACTS 3

Proof. (see |K|, p. 92). Take z,y € X, x # y. Then z, # y, for some index a. Let
U, Vo be open sets separating z, and y, in X, (they exist, because X, is Th). Take
U:=n,(Uy) and V := 7, 1(V,). They are open sets in X which separate z and y. B

Proposition 1.2 Let Y be another topological space, and let f: Y — X. Then f is contin-
wous if and only if T 0 f: Y — X4 is continuous for each o € I.

Proof. See [K], p. 91. [
The following proposition states the key feature of the product topology.

Proposition 1.3 (Tychonoff’s theorem) if each X, is compact, then X is compact with
respect to the product topology.

Proof. See K] p. 143. [

Unfortunately the product topology behaves badly with respect the local compactness,
because in general the product of locally compact sets is not locally compact.
For example (see [SS] p. 122), consider X, = Z for all « € I, I = N (hence countably
many copies of Z), and in X, (i.e. in Z) set the discrete topology. Choose any (z4)q € X.
Let U be any open set in X containing (z4)q (S0 it is not empty). Then it is the union
of cylinders (because cylinders are a base for the product topology). In particular there is
an index & such that 75(U) = Z (because every cylinder is eventually equal to the base
set). If X is locally compact, then there is a compact K such that {(z4)a} € K C K. The
previous argument applied to K shows that there exists an index & such that 7r@(f( ) ="Z.
Hence Z = 75 (K) C 74(K), but this is impossible, because 5 (K) is a compact (because
Ta 18 continuous) in the discrete topology, and hence it is finite.

However, it is possible to prove that if the locally compact X, spaces are actually

compact with only finitely many exceptions, then X is locally compact, and viceversa
(see [K] Th. 19, p. 147).
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1.2. Topological groups

Let G be a group, hence a set with a binary operation that we denote as a product -,

having good properties: identity, associativity, and inverse. Note that we do not assume
commutativity.
Suppose that G has also a topology, so we have a notion of open/closed sets. By definition
the set G becomes a topological group when these structures interact well. The correct
definition is the following: G is a topological group G when the product p: G x G — G,
p(a,b) := a-b and the inverse 1: G — G, t(a) := a~!, both are continuous maps (in G x G
we set the product topology).

Let a € G, and let L4, Rq: G — G be defined as L,(z) := ax (left multiplication by a),
Ra(z) := xa~! (right multiplication by a~!). Note that definitions are such that £,L}, =
Loy and RyRp = Rap. The maps L, and R, are homeomorphisms acting transitively on
G, because for every couple z,y of elements in G there is a such that L£,(z) = y (set
a:=yx~1). Thus G is a homogeneous space with respect to the family {£,: a € G} (and
{R4: a € G}, as well). This property is extremely important, since it allows to transfer
properties which are true locally in the identity e to the neighborhood of each other point:
in other words, all points behave the same from the point of view of the topology.

Here we collect some basic properties.

Proposition 1.4 Let G be a topological group. Then

1. every neighborhood U of e contains an open neighborhood V' still containing e and such
that VV C U. If necessary, V can be chosen symmetric, i.e. such that V = V"1

2. Let U be an open set in G, and W C G be any subset. Then UW and WU are open
sets.

The product map p: G x G — G is an open map.
Let H C G be a subgroup, then also the closure H is a subgroup.
Let H C G be an open subgroup, then H is also closed.

S S L

Let K1, Ko be compact sets in G, then K1Ks is compact.
7. Let K be compact and F' be closed sets in G, then FK and KF are closed.

Proof.

1. By hypothesis e € U. Let p: G x G — G be the product. The set pfl([}) is open
in G x G (because p is continuous), and contains (e,e). Hence there are open sets
Ui, Us C G such that (e,e) € Uy x Uy C p~1(U) (because the product of open sets is a
base for the product topology). Let V' := Uy N Uz, an open subset of G. Then e € V',
and V'V’ = p(V' x V') C p(Ur x Uz) C p(p~ (U)) CU C U.

The inclusion of e in V/ implies V/ C V'V’, which is in U, thus V' C U. Finally, take
V :=V'Nn V'~ in order to produce the symmetric open set.

2. Note that WU = Uyew Ly (U), hence it is open because each L, (U) is open. The
same for UW = Uyew R -1 (U).

3. Every open set U in G X G may be written as U,U, x U/, for suitable open sets Uy, U/,
in G (because the sets U, x U/, are a base for the product topology). Then

p(U) = P( Ua (Ua % U&)) = Uap(Ua x Uy) = Ua(Ualy)
and each U,U/, is open, by [2.].
4. Easy, because the product and the inverse are continuous maps.
5. We decompose G as disjoint union of lateral classes G/H. Thus
H= |J aH

acG/H
a#e
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which is open, because each aH is open by [2.].

6. The product K1 x K» is compact in G X G, and the product map p: G x G — G is
continuous. Thus K; Ky = p(K; x K3) is compact.

7. It is sufficient to prove the claim for FK (for the other case consider that KF =
(F7'K~1)~! and that the inverse map ¢ is a homeomorphism). Let z in the closure
of the product FFK. Then there is a net of the form z,y, converging to z, with z, in
F and y, in K. The compactness of K ensures that, passing to a subnet if necessary,
the net {y,} converges to an element y, say.

Let U be a neighborhood of e, and let V' be a symmetric neighborhood of e such that
VV C U (it exists by [1.]). Then the nets {z'2,y,} and {y~'y,} are both eventually
in V', whence the product

z ey = (27 aya) (Y 'ya) !
is eventually in VV~! = VV C U. This proves that 2 'z,y tends to e, i.e. that x,
tends to zy~ L.
By hypothesis x, is in F' which is closed, thus zy~

2z = (zy~ 1)y shows that z € FK.

lisin F' as well. Then the equality

Remark. 1.1 Note that claims [6.] and [7.] in previous proposition do not imply that
compact x compact is closed: this happens because we are not assuming T5 property, so
that in this general setting a compact set is not necessarily a closed set. O

Remark. 1.2 Note that p is not necessarily a closed map. For example, let G = (R, +)
(i.e., R with the sum as binary operation), and take F := {(z,27! —2) € R x R: # > 0}
is a closed subset in R x R, but p(F) = {z7!: 2 > 0} = (0, +0c0) is not closed. O

Remark. 1.3 A similar example shows that in general the product of closed sets is not
closed. Take G = (R2,+) (i.e., R? with the vector sum as operation), and take F :=
{(z,271) € R?: 2 # 0} in R%. Then p(F, F) = {(z+y,z 4y~ 1): 2,y # 0} = {(a,b): ab <
0} U{(a,b): ab> 4} U {(0,0)}, which is not closed. O

The following result shows how the algebraic structure interacts with the separation
properties.

Proposition 1.5 Let G be a topological group. Then the following properties are equiva-
lent:

1. {e} is a closed set.

2. Fach element in G is a closed set.

3. G isTy.

4. G is TQ.

Proof.

1. = 2. In fact, let z € G. Then {z} = L,({e}) and L, is a homeomorphism and {e}
is closed by assumption. Thus {z} is closed, too.

2. = 3. Trivial.

3. = 4. Let z,y € G, © # y. By hypothesis G is T3, thus there is a neighborhood U of
e separating zy ! and e. Let V be an open and symmetric set still containing e and
such that VV C U (it exists by Proposition [l.4]1.]). Then Vz and Vy are open sets
containing x and y respectively, and without common elements, because if vz = vy
then e = v lozy™' € V"IWay™! = VVay! C Uzy™!, which is impossible.

4. = 1. Trivial.
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Let H be a subgroup of the topological group G. In the quotient space G/H :=

{aH: a € G} (i.e. the set of left cosets of H in G) we take the quotient topology, which is the
strongest topology (i.e., largest topology) such that the canonical projection 7: G — G/H
is continuous. In other words, a subset W of G/H is open if and only if 7=!(W) is open in
G. The following proposition shows how the topological properties of H affect the quotient
topology.

Proposition 1.6 Let G be a topological group, and let H be a subgroup. Then:

1.
2.
3.

7.

the quotient space G/H is homogeneous under G.
The canonical projection m: G — G/H is an open map.

If H is a compact subgroup, then the canonical projection w: G — G/H is a closed
map.

G/H is Ty if and only if H is closed.

G/H is discrete if and only if H is open. When G is compact, G/H is finite if and
only if H is open.

If H is normal, then G/H is a topological group with respect to the quotient topology
and the induced operation.

Let H be the closure of {e} in G. Then H is normal and G/H is Hausdorff.

Exercise. 1.1 Let G be a topological group.

1.

let S C G be the maximal connected component containing e. Prove that .S is a closed
subgroup of G.

. let S as before. Suppose that S has a finite index in G. Prove that S is also an open

subgroup of G.
Suppose that G is connected and let H C G be an open subgroup. Prove that H = G.

In general (i.e. without assuming that G is connected), let S as before and let H C G
be an open subgroup. Prove that S C H, with equality if and only if H is connected.

Proof.

1.

For every couple of cosets xH, yH, the left multiplication by the element yz~! acts on
G/H and sends xH to yH, in other words, £,,-1(xH) = yH (but note that this is an
abuse of notation, because by definition £,,-1: G — G, not G/H — G/H). This map
is also continuous. In fact, for every set U C G/H, (L,) Y (U) = {a~'bH: bH € U},
implying 77 1((L£,) "1 (U)) = (L) (7~ 1(U)). Thus, if U is open in G/H, then 7~ 1(U)
is open in G (by definition of quotient topology), hence (£,)~!(7~1(U)) is open in G
(because L, is continuous), hence 7= 1((L,)~1(U)) is open in G, hence (L£,)~ ' (U) is
open in G/H (by definition of quotient topology).

. Let U be an open set in G. Then 7(U) is open in G/H if and only if 7~1(7(U)) is open

in G. This is true, since 7! (7(U)) = UH and UH is open by Proposition [1.4]2.].
Let F be a closed set in G. Then m(F) is closed in G/H if and only if 7= (w(F))
is closed in G. This is true, since 771 (n(F)) = FH and FH is closed by Proposi-

tion [L.4]7 .

. Imitate the proof of Proposition this is possible since G/H is homogeneous with

respect to G. It follows that G/H is Ty if and only if the trivial class in G/H is closed,
and by the definition of quotient topology this happens if and only if H is closed in G.

. By definition, G/H is discrete if and only if the points in G/H are open, and by

homogeneity this happens if and only if the trivial class is open, and this happens (by
the definition of the quotient topology) if and only if H is open.
When G is compact, then G/H is compact as well (because 7 is continuous). Thus H
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is open if and only if G/H is discrete (by previous step), and a compact is discrete if
and only if it is finite.

6. When H is normal, the product
pa/a: G/H xG/H — G/H, pa/a((aH,bH)) = (aH)(bH) := abH

is well defined and the diagram

GxG =% G/H xG/H

lﬁc lﬂc /H

G— " G/H

commutes. It shows that pa}H(U) = (7 x 7)(pg" (rH(U))) for every set U in G/H.
When U is open, then 771 (U) is open in G (because 7 is continuous), pél (m~H(U)) is
open (because pg is continuous), and (7 x 7)(pg' (7~1(U))) is open (because 7 is an

open map). This proves that pg/y is continuous. A similar argument proves the same
for the inverse map.

7. {e} is a subgroup in G, thus also its closure H is a group (by Proposition [1.4]4.]). Each
conjugate group aHa~! of H is closed (because it is £,R,(H)) and contains e. Thus
H is contained in each conjugate group (because H is the intersection of all closed set
containing e). In particular H is normal.

H is closed, hence G/H is T (by step 4), hence it is 75 (by Proposition [L.5)).
|

Remark. 1.4 Note that [7.] is a generalization of the implication [1.] = [4.] of Proposi-
tion 0

Let G be a topological group, and let D(G, S) be the set of functions f: G — S, where
S is R or C (or any other Banach space). Then G acts on D both via the left action

Ly:D — D’ Lh(f)(g) = f(h_lg)7
and the right action
Ry: D — D, Ru(f)(g) == f(gh).

Note that the definitions are similar to the ones of £; and Ry, but the details are different
(Lj, modifies a function f via a left multiplication by h~!, not by h as for £;). This is a
bit strange, but it is necessary in order to preserve the validity of identities L,Ly = Lgy
and R, Ry = Ryp. In fact, in this way

(Lo f)(9) = (La(Lof))(g) = (Lo f)(a"'g) = f(b " a"g)
= f((ab)~'g) = (Lab)(9),

and an analogous computation shows that R, R, = Ryp-
A function f is left-uniformly continuous on G when for every € > 0, there exists a neigh-
borhood V of e such that

heV = ||Lnf = fllooc = sup [(Lnf)(9) = f(9)s = sup | f(h ™ g) = f(9)]ls <e.

geG geG

For the right-uniformity the definition is similar.
Let C(G, S) be the set of continuous maps, and C.(G, S) be the subset of continuous maps
having compact support. The following property is probably highly expected, but it is
extremely important for our purposes and a proof is welcome.

Proposition 1.7 Let G be a topological group, and let C.(G,S) be the set of continuous
maps with compact support. Then each map in C.(G,S) is both left and right uniformly
continuous.
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Proof. We prove the left uniformity, the proof of the right uniformity being similar. Let
K be the support of f. It is a compact, by assumption. Set a value for ¢ > 0. f is by
hypothesis a continuous map, hence for every g in K there is an open neighborhood U, of
e such that

heU, —  |fhg) - f(g)lls <e.
Let V; be the open and symmetric subset of U, such that e € V,, and V,V,;, C U, (once
again, it exists by Proposition [1]) The family {V,g}4ek is an open covering of K, from
which we can produce a finite covering: g1,...,gn and sets Vi,...,Vx (where V; 1=V,
for every i =1,...,N).
Let V .= ﬁi]\ilw, which contains e, is open, symmetric, and satisfies V C V'V C V;V; C U;
for every ¢. Assume h € V. Then, when g € K, there is an index ¢ such that g € V;g;, and
we have

I(Lrf)(9) = F@ls = 1f (b7 9) = F(@lls < 1F (W7 g) = Flga)lls + [1£ () — f(9)lls-

The inclusions h~'g = (h™')(gg; )gi € V(gg; *)gi (because V is symmetric) € VVig;
(because g € Vigi) € Uig; (because V- C V; and V2 C U;) prove that || f(h1g)— f(gi)|ls < e
In similar way, the inclusion g = (gg; ')g; € Vigi € Uigi, shows that also || f(g;) — f(9)ls <
€. This proves that

gek = |[[(Lnf)(g) — F(g)ls < 2e.
Suppose g € K. If also h™'g ¢ K then f(g) = f(h~'g) = 0, and the bound ||f(h~tg) —
f(@)lls =0 < 2¢ is trivial.
On the contrary, suppose h~'g € K. Let i be the index such that h='g € V;g;. Then

I(Lrf)(9) = F@ls = 1f (b g) = F(@)lls < 1 (7 g) = Flga)lls + [1F () = f(9)lls-
The inclusion h~tg € Vig; C U;g; shows that ||f(h~tg) — f(9:)|ls < €, and the inclusions

g = h(h™tgg; Vg € V(h__lggi_l)gi (because h € V) € VVig; (because h™'gg;* € V)
€ U,g; (because V'V; C V;V; C U;) prove that also || f(gi) — f(9)|ls < e.

Thus, in any case we have proved that h € V implies that ||(Lpf)(9) — f(9)lls <2 N

1.2.1. Locally compact groups. A topological group G which is locally compact,
and Ty (Hausdorff) is called locally compact group.

Note that a topological group which is also locally compact is not necessarily a locally
compact group: the separation property T (Hausdorff) is assumed for a locally compact
group. The following property is quite distinctive of these groups.

Proposition 1.8 Let G be a locally compact group. Let H be a subgroup which is locally
compact. Then H is closed.

Proof. We prove that H C H. Let x € H. Also H is a group (Prop. [4]), sor ' e H
as well. By hypothesis H is locally compact in the induced topology, thus there exists a
neighborhood K of e which is compact in H. Then K is compact also in G. Hence K is
closed both in G and in H, because G and hence H are Hausdorff spaces. In particular,
there exists F' a closed (in G) neighborhood of e such that K = F'n H.

We know that there exists V' C G such that e € V, and VV C F. The sets Vol
and H intersect nontrivially, because x=! € H and V! is a neighborhood of z7!: let
yeVa lNH.

We prove now that xy € H. In fact, let W be any neighborhood of zy. Then y~'W is
a neighborhood of x, hence y~'W N 2V is again a neighborhood of z, and there exists
z €y 'WnaV N H (because x € H). Then yz € W (evident), and yz € H (because y
and z are in H which is a group). Moreover, the fact that y € Va~! with the inclusion
z € 2V implies that yz € Vo=l -2V =VV C F.

Thus yz € W N (F N H), in particular W N (F N H) # 0.

This happens for every neighborhood W of xy, and F'N H is closed (because it is K which
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is closed in G), hence xy € F'N H. In particular zy € H.
Now we can conclude the proof, because x = xy -y~ and zy € H and y~! € H, hence
alsox € H. |
1.2.2. Haar measure. A collection 91 of subsets of a set X is called o-algebra when
i. X e,
ii. if £ € 9N, then E¢ € M where E° denotes the complement of E in X,
iii. suppose E, € M for all n € N, then E :=J _yEn € M.
(thus 0 € 9 and (),,cy En € M).

A measured space X is the triplet (X, 9, u) where 9 is a o-algebra and u is a measure,
i.e. a map: M — [0, +00] (+00 admitted here) such that

(U En) = ulEn)

neN neN

neN

whenever the sets E,, are pairwise disjoint.

In particular, a Borel-measure is any such structure when X is locally compact and Haus-
dorff topological space, and 2 contains the Borel sets. Essentially, we have a Borel measure
when we have both a topology and a measure, and the measure interacts well with the
topology.

Assume that X is locally compact and Hausdorff, and that u is a Borel measure. Then

i. p is called outer regular in a set E € 91 when
w(E) =inf{u(U): E CU, U open};
ii. w is called inner regular in a set E € 91 when
p(E) =sup{u(K): K C E, K compact}.

A Radon-measure is a Borel measure (hence X is locally compact and Hausdorff) which is
finite on compact sets, is outer regular on all Borel sets, and is inner regular on all open
sets.
Essentially, a Radon measure is a Borel measure in which the measure of all Borel sets de-
pends only on measures of compact sets. Or, in other words, a measure which is completely
known on Borel sets when it is known on compact sets.

Let G be a topological group and let i be a Borel measure on G. We say that it is left
tnvariant when

u(gE) = p(E)
for every Borel subset F C (G, and all g € G, and right invariant when
w(Eg) = p(E)

for every Borel subset F and all g € G.

Finally, let G be a locally compact topological group (hence it is also Hausdorff, by
definition). A left (resp. right) Haar measure on G is a nonzero Radon measure that is
left (resp. right) invariant.

Example. 1.1 G := (R¥, +), i.e. R* with the vector sum. The Lebesgue measure dy := dz
is both a left and a right Haar measure.

Example. 1.2 G := (R", x), i.e. (0,400) with the usual product. The measure d*p :=
dz/x, where dzx is the Lebesgue measure, is both a left and a right Haar measure.

Example. 1.3 G := (GL(n,R),), i.e. the set of invertible matrices with real entries
and the ‘rows-times-columns’ product. We introduce in G the topology that we obtain
identifying GL(n,R) with a subset of R"*. The measure dy := [17 =1 dwi;/| det(M)|",
where each dz; ; is the Lebesgue measure in the x; ; space, and M := [wi,jmj:p is both a
left and a right Haar measure.
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Example. 1.4 Let

G;:{(‘ég ??ﬁ):aeﬂ{, beR+},

which is a subgroup of GL(n,R) since
(0 ) (0 w) = (0 ™)

The formula shows that G is isomorphic to the set {(a,b) € R x RT}, with (a,b) - (a/,b) :=
(a+ a’b,bb’). Note that G is not abelian and is locally compact with respect to the usual
topology of R x RT. Then

dxd dxd
pu(B)i= [ 0 ad ()= [
E E

Y Y
are left (respectively right)-Haar measures.
Proof. Let g = (? T;g) Suppose (u,v) varies in E C G and let (z,y) € gF. Then

thus the jacobian of the transform is J = (8 g), with det J = b?. Then

dz dy o dudv dudv
R R Kl I )

On the other hands, suppose (u,v) varies in E C G and let (x,y) € Fg. Then

r=u-+va
y =vb

thus the jacobian of the transform is J = (0 b) with det J = b. Then

dz dy du dv dudv
MR(EQ)Z/ =/ b= =/ = pur(E).
Eg Y E v E U

In this case ur and pp are different. |

Example. 1.5 This is a generalization of the previous example. Let

G :={(g,w): g € GL(n,R), w € R"},
with

(g1, w1) - (g2, w2) = (9192, Grw2 + w1).
This is a group, with (1,0) as identity and (g,w)™! = (g7, —¢g 'w) as inverse. It is
the group of affine transformations in R™ (take the action (g,w): R" — R", (g,w)(a) :=
ga+w). We introduce in G the topology that we obtain identifying GL(n,R) with a subset
of R”Q so that G becomes a subset of R"* x R™. The measures

/ Hz] 1 dZE%J H;;l dyl / HZ] 1 dZEW Hz 1
and pr(E

| det(M)|7+1 | det(M)|? ’
where each dz;; and each dy; is the Lebesgue measure in the corresponding space and
M = [xi,j]?,j:lv are left (respectively right)-Haar measures. Also in this case the measures

pr and pp are different.
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Example. 1.6 Let G be the group of nonzero quaternions, i.e.
G :={a+bi+cj+dk: (a,bec,d)#(0,0,0,0) € R*},

with i% = 1'2 =K% = ijk = —1. GG may be represented via 4 x 4 matrices,
a —b —c —d

atbitci+dk M= i y _ad 51
d —c b a

and the product of elements in G corresponds to the product (in the same order) of the
representing matrices. A (tedious) computation shows that

det(M) = (a® + b* + > + d°)* = |ja + bi + ¢j + dk| .

The identification of G' with the open subset R*\{(0,0,0,0)} allows one to consider G as
a locally compact topological group. The measure

(E) / dzdydzdu / dz dydz du
ME) = g (@ +y2+22+u?)? Jp o+ yi+ 2j 4+ uk|?

is a doubly invariant Haar measure (i.e. it is both left and right invariant). Here each
da dy dz du is the Lebesgue measure in R%.

Let
CS(G) :=={f: G — R",supp(f) is compact, | flls >0}
the set of nonnegative, not identically zero, continuous and compactly supported functions.

Proposition 1.9 Let G be a locally compact group. Then:

o Let up be a left-Haar measure. Let ug be the measure defined by up(E) := pr(E~1)
for every E € M. Then pgr is a right-invariant Haar measure.

o Let i be a Radon measure. It is left-Haar on G if and only if

[ arau= [ o

for every f € CH(G) and every g € G.

o Let i be a left-Haar measure. Then p is positive on open and nonempty sets, and
Jo fdp >0 forall f € CH(G).
o Let p be a left-Haar measure. Then u(G) < 400 if and only if G is compact.

Proof.

e The map ¢: G — G is a homeomorphism, thus pg is a Radon measure. It is right
invariant because ur(Eg) = pr((Eg)™') = pur(¢ ' E~Y) = up(E7Y) = ur(E).

e Let p be left invariant. Then the equality of integrals fG Lyfdp= fG fdu holds true
for all positive simple functions f (i.e., positive linear combinations of characteristic
functions of measurable sets), and it is true also for functions in CJ (G) by density
argumentsﬂ

IThe usual argument runs as follows. Let ¢, : [0, +00) — [0, +00), with
27L
¢n(z) := min (2", L anJ )

Then, for every compact K C [0,400), there is N such that sup,¢x |¢n(z) — 2| < 27" when n > N. Let
f € CH(G), and set f,, := ¢, o f. The range of f is a compact in [0, +00) (because f is continuous and
its support is a compact). Hence ||fn — f|looc < 277 as soon as n is large enough. Each f, is a simple
function (because ¢y, is left-continuous and f is continuous). This proves that each function in C} (G)
is the uniform limit of simple functions. Moreover, the support of f, is the one of f and is a compact,
therefore f is the limit of f, also in L' norm.
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On the contrary, suppose [, Lyfdu = [ fdu for all f € CH(G). Let U be any open
set. The equality u(gU) = p(U) for every g € G follows immediately as soon as we
prove that

n(©) = sup{ [ faus £ €C2E). supp(f) S U. fll = 1}.

Once the the invariance is proved for all open set, then the invariance for all Borel sets
follows by the assumed outer regularity of the measure.

Thus we have to prove the previous formula for (U). Let £ be the value of the sup. For
every such f we have [ fdu < [ Xeupp(s) dp (because 0 < f(g) < 1 by hypothesis)
= p(supp(f)) < w(U). This proves that ¢ < u(U). On the other hand, suppose that
w(U) < 4o00. p is inner regular, hence for every € > 0 there is a compact K C U
such that u(K) > p(U) —e. By Urysohn’s Lemma (see [R|, p. 39: note that local
compactness and T separation are used here) there is function f € Cf(G) such that

xx(9) < f(g9) < xuv(g). Thus ||f|lc =1 and
M(U)SM(K)+6—/GXKdu+e§/Gfdu+6-

This proves that u(U) < £ + €. € being arbitrary, we deduce that p(U) < ¢, which
proves the equality 4(U) = ¢ in this case. For the case pu(U) = +o0 the proof is similar.

i is not trivial (i.e. identically zero), hence by inner regularity there is a compact K
with u(K) > 0. Let U be a nonempty open set. Without loss of generality we can
assume that e € U (otherwise set 2 € U and consider 271U by left invariance, u(U) =
p(z~1U) and hence the first one is positive if and only if the second is positive). The set
Uaex aU is a covering of K, which by compactness we can reduce to a finite covering

Ui]\il a;U. Hence p(K) < M(vazl a;U) (inclusion) < Zf\; p(a;U) (subadditivity)
= u(U)N (because p is left-invariant). By hypothesis p(K) > 0, hence p(U) >
u(K)/N > 0, which sets the first claim.

Let f € CH(G), f not identically zero; fix any ¢ in the range of f, and take U := {g €

G: f(g) > d/2}. Then U is open and nonempty, and

5 5
/fdMZ/ Sdp > Spu(U) > 0.
o 2 2

If G is compact, then u(G) < +oo for all Radon measures. Assume that G is not
compact. Let K be any compact neighborhood of e (it exists, because G is locally
compact), and let V' be a symmetric neighborhood of e such that e € V C VV C K
(we know that it exists). We define a countable family of points (g, )nen in the following
way. We set go := e, and we proceed by induction. Suppose we have already found
9o, - -+, 9gn—1, then we pick any g, in G\ U?;ol giK: g, exists because U?gol giK is
compact and G is not compact by hypothesis.

Note that g;V and g;V do not intersect for ¢« # j. In fact, assume 7 < j, then
giV N g;V # 0 if and only if g; € ¢ VV~1 = ¢, VV C ¢;K, which contradicts the rule
we have used for the selection of g;. Hence

(@)= (| 9aV) =3 nlonV) = D V) = .
neN neN neN

The last step comes from p(V) > 0, which is true because V' is a nonempty open set.

The main result of this section is the following claim. It is due to Haar, with important

simplifications for its proof by von Newman, H. Cartan and Weil.

Theorem 1.1 Let G be a locally compact group. Then G admits a left-Haar measure.
Moreover, the measure is unique up to a moltiplicative factor.
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According to the spirit of Proposition we prove the theorem by proving the exis-
tence of a linear functional on C.(G) which is left-invariant. The construction needs some
preparatory tools which are collected here; the covering number is the great idea allowing
Haar to prove his result. The introduction of the product space and the use of Tychonoff’s
theorem is a simplification due to Weil, while H. Cartan proposed a different (and longer)
approach avoiding the need of the choice axiom which is implicit in Tychonoff theorem.
For this alternative approach see [DS|, Ch. 6.

Let f,p € CS(G). Recall that the definition of C (G) ensures that ¢ is not identically 0,
so that ||¢||so is positive. Let U :={g € G: |¢(g)| > ||¢|loc/2}. U is a nonempty open set.
The support of f is a compact, and J,; sU equals G and hence covers supp(f). Therefore

finitely many s;, j = 1,..., N suffice to have supp(f) C Ujvzl s;U. This inclusion implies

that
< 20 flloo Z

= Tl &

because if s belongs to the support of f, then it is in some s;U, and hence s}ls e U, so
that (Ls;©)(s) > ||¢lloc/2. This suggests the introduction of the following object:

N N
(f 1) = inf{ch: 0<ecp,...,cen, with f < chszgo for some s1,...,s8Ny € G}.
Jj=1 Jj=1
It is called Haar covering number of f with respect to ¢. Note that its value is never zero,
because f is not identically zero (see also Proposition [1.10[5.]).

Proposition 1.10 The Haar covering number satisfies the following properties:
(f @)= (Lsf : ) for every s € G (left-invariant).

(fitfore) <(fiio)+ (f2:9) (subadditive).

(cf i) =c(f:p) for all c > 0 (multiplicative by constants).

f1 < fo implies (f1: @) < (fa: ) (monotone).
(f:p)> ”fH‘X’ (bounded from below).
(f o) < (f s fo)(fo: @) for every fo € CH(G) (multiplically transitive).

Proof.
1. This is easy, since Ly is a linear map and a morphism, so that

~

AT NSNS

[

N N
f S ZC]‘LSJ.QO <~ Lsf S ZCjLss]-%

=1 j=1

showing that the same set of ¢;’s serves for f and for Ly f.
2,3,4. Evident.
5 Let f <N oL ;- Then HLsJ@Hoo = [l¢llo, thus f < [[@]leo 32N, ¢j. Therefore

1 flloo < ll@lloo Zf\il cj, le. Zi:l ¢; > || flloo/|l¢lloc, Which proves the claim since the
lower bound is independent of the ¢;’s.

6. Let f < Zz 16iLs,; fo and fo < Z 16 LS/ ©, then

< Z CiLsi ( Z CjLS; 90) < Z Z Cichsis;.(p
i=1 j=1

i=1 j=1

proving that (f : ¢) < (zi\il cz)(Z;Vzl c;) The claim follows since the right hand

side is as close to (f : fo)(fo : ¢) as we want.
|
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The Haar covering number gives a kind of functional on C(G), but it is not a true
functional since there are cases where the subadditivity proved in Proposition [2] is a
proper inequality. The idea is that we can overcome this difficulty changing ¢ in a suitable
net where the support becomes smaller and smaller: in this way ¢ behaves as a kind of
‘Dirac-delta’ that in the limit produces a real functional. Unfortunately this idea cannot
be applied as it is, because in this way we only produce a functional which is additive
because it equals oo in every function! To control this phenomenon we apply the idea to a
quotient of indexes, which in the limit will stay bounded. Thus, we fix fy and ¢ in C}(G),
not identically zero, and set

_ U9
D= (5 0)
for every f € CH(G). By Proposition [L.10[6.], we deduce that
(1.1) (fo: NS L) < (F: fo):

This formula is (one of) the key features of this object: it shows how to bound I,(f) both
from below and from above, with numbers which do not depend on p: the existence of
this double bound is the key property showing that we are on the good path toward the
construction of the functional.

The following proposition shows a kind of control from below for its values, which
substitutes the additivity and will produce the full additivity when we will run in a suitable
limit process.

Proposition 1.11 Let f1, fo € C(G) and € > 0. Then there is a neighborhood U of e such
that

Io(f1) + Ip(fo) < Ip(f1+ f2) + €
for every ¢ with supp(¢) C U.

Proof. By Urysohn’s Lemma there is a function g € CI(G) that takes value 1 on supp(f1+
f2) = supp(f1) Usupp(f2). Let 6 > 0 and set h := fi; + fo + dg, and let Fy := fi/h,
F5 := fy/h, with the convention that F; = 0 outside supp(f;), for i = 1,2. Each F; is in
CH(G) (because g equals 1 on supp(fi + f2), so that f; and h have no common zeros), and
their sum

1+ fo

fi+ f2+ 09

approaches 1 from below when 6 — 0. By uniform continuity, there is a neighborhood U
of e such that |F(s) — F;(t)] < when t1s € U.

Assume that supp(¢) C U and that

Fy + Fy =

N
h < Z Cjszcp.
j=1
Then

N
fi(s) = h(s)Fy(s) < Y cjLs,0(s)Fils) = ) cjp(s; ' s)Fils).
j=1

Jj=1

By assumption ¢ is supported on U, hence this is
N
< Z cjgo(sj_ls)(Fz-(sj) +9) (i=1,2),
j=1

and it follows that N
(fir@) <) ¢i(Fi(s)+0)  (i=1,2).

J=1
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Since I} + F» < 1, this inequality implies that
N

(frz)+ (farp) < (1+28)) ¢y

Jj=1

But Z;VZI c¢; can be made arbitrarily close to (h : ¢), and therefore by definition of I, we
get

Lo(f1) + 1o(f2) < (1 +20) 1, (h).
Since h = fi + fa + g, By Proposition [I.10]2.] this is bounded by

Iso(fl) + Isa(fQ) < (1+ 25)(I¢(f1 + f2) + 51@(9))
=I,(f1 + f2) + 021, (f1 + f2) + (1 +20)1,(g))-

Equation (|1.1)) shows that all terms appearing to the right may be bounded independently
of ¢, so they may be made smaller than € with a suitable choice of 4. |

Existence of Haar measure. Let X be the compact topological set defined by

Xo= J[ Wo:H"(f: )
fec (@)
By (L.1)) each function I, may be considered as an element in X.
For every compact neighborhood U of e let K7 be the closure in X of the set

{1,: supp(y) C U}
The collection { K}y satisfies the finite intersection property, i.e. every finite intersection
is not empty. This happens because
N

q KUj = Kﬂ;\,=1 Uj
]:

and a nonzero function g in CI(G) supported in ﬂ;vzl U; exists by Urysohn’s Lemma.
Since X is compact, this implies that (;; Ky is not emptyﬂ. Let I be an element in this
intersection. We will prove that I is the functional we are looking for.

Since I is in the intersection of all Kj, it follows that every open neighborhood if [

intersects each of the sets {I,: supp(y) € U} nontrivially. In particular this happens for
open cylindric sets so that:

for every open neighborhood U of e and for every finite set of functions

f; € CHG), j =1,...,N and every € > 0, there exists a function

¢ € CH(G) with supp(p) C U such that [I(f;) — I,(f;)] < e for

j=1,...,N.
So, given f € CF(G) and a fixed s € G, we can have both |I(f) — I,(f)] < € and
[I(Lsf) — Io(Lsf)| < €. Recalling Proposition [L.10]1.] implying that I,(Lsf) = I, (f), we
get

[(Lsf) = I < T (Lsf) = Lo(Ls )] + o (Ls f) = 1(f)]
— I(Lof) ~ (Lo )] + 1o (f) — I(f)] < 2.

The arbitrariness of € yields the equality I(Lsf) = I(f) (i.e. I is left-invariant).

2Recall that the finite intersection property for X is equivalent to the compactness of X. In fact, let X be
a compact set. The (N, Ky = 0 if and only if |J,; Ky = X. Each K{; is open and X is compact, hence a
finite set is sufficient to cover X, i.e., Uj\;l Kf}j = X, and this happens if and only if ﬂj\;l Ky; =0. On
the other hand, suppose that X has the finite intersection property. Let |, Vo = X an open covering of
X. Then (), Vi = 0. The there is some finite subset ﬂjvzl Vo, = ¢ (by the finite intersection property),
. N
fe. Ujoy Vo, = X.
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In similar way, given f € C/(G) and ¢ > 0, we can have both |I(f) — I,(f)| < € and
[I(cf)—Iy(cf)| < e. Multiplying the first relation by ¢ (and recalling Proposition [1.10[3.]),
we get

I(ef) — eI ()] < [1(ef) — To(ef)| + 1 Tplef) — eI ()] < (1 + o)e.
The arbitrariness of € yields the equality I(cf) = cI(f) (i.e. I is multiplicative).
In similar way, given f1, fo and fi+ f2, we can have |[I(f1)—I,(f1)| < € [I(f2)—1s(f2)] <€,
and |I(f1 + f2) — I,(f1 + f2)| < €. Recalling Proposition [1.10]2.], we get

I(fi+ f2) S Lo(fi + fo) + e < Lo(f1) + Lp(f2) + €

< I(f1) +1(f2) + 3e.
The arbitrariness of € proves that I is subadditive.
Actually, it is additive. In fact, let € > 0. by Proposition [1.11], there is an open neighbor-
hood U of e such that

Lp(fl) + Lp(fZ) < I@(fl + f2) +e€

for every ¢ with supp(¢) € U. Moreover, we choose U also such that all ¢ give I,(f1),
I,(f2) and I,(f1 + f2) within € of I(f1), I(f2) and I(fi + f2), respectively. Thus, the
previous inequality gives

I(f1) + I(f2) < I(f1+ f2) +4e.

Since € is arbitrary, this means that

I(f1) + I(f2) < I(f1+ f2)

which with the subadditivity already proved, gives the full additivity of I.
Finally, we extend I to a full linear functional on C.(G) by setting I(f) :=I(f*)—I(f7).

Uniqueness of Haar measure. Suppose we have two left-Haar measures y and v on

G. We prove that the quotient

I(f) _ Jofdu

I Jefdv
which is well defined for f € CF(QG), is actually independent on f. This implies immediately
that u(K)/v(K) is independent on K for every compact set K with nonempty K, and this
implies that the measures (which are Radon measures by definition of Haar measure) differ
only by a constant nonzero factor.
We prove the independence of I(f)/J(f) of f by proving that for every couple f, g € CI(G)
and every € > 0 we can produce a new function h € CS(G) such that I(f)/J(f) and
I(g9)/J(g) are both e-close to I(h)/J(h). Thus, let f,g € C(G) be arbitrarily chosen, but
fixed. Let K be a compact neighborhood of e (which exists, because G is locally compact).
Then K contains an open neighborhood of e which is symmetric (by Proposition [1])
and whose closure Kj is a compact subset of K (K is closed in a compact K, hence it is
compact), and which is also symmetric (because it is the closure of a symmetric set). Let

Ky :=supp f-KoUKo-supp f,  Ky:=suppg-KoU Ko -suppg.

They are compact sets (recall that the product of two compacts sets is compact). For
t € Ky, let v+ f and ;g be the new functions

1S (s) = f(st) = f(ts) = (Ref)(s) = (Le-1 f)(s),

19(s) 1= g(st) — g(ts) = (Reg)(s) — (Li-19)(s).
They are supported in Ky and K, respectively, because Ky is symmetric. Moreover, both
Y¢.f and ;g vanish identically whenever ¢ belongs to the center of G, and in particular for
t =e. Let € > 0. By left and right uniform continuity, Ky contains an open neighborhood

Up of e such that for all s € G and all ¢t € Uy both |y, f(s)| and |yg(s)| are < € (note
that the uniformity here is exploited in the parameter t). In turn, Uy contains an open
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and symmetric neighborhood U of e, whose closure K7 is symmetric, compact, and which
is contained in Ky. Moreover, by continuity |y.f(s)| < e and |yg(s)| < € for s € G and
t € Ki. In other words, for t € K; the left and the right ¢-translation have on f and g
approximatively the same effect.

Now the construction of h. Since e is in the open part of K7, there exists a second compact
neighborhood Ky of e with Ky C f(l

Proof. Let V be an open and symmetric neighborhood of e such that V'V C K (it exists,
by Proposition [1 ]). The set V is compact, because V C VV C K, C K1, so that V
is a closed subset of K. Moreover, take g € V. Then gV is a neighborhood of ¢ and its
intersection gV’ NV is not empty (because g€ V) Thus there exists vy, v eV such that
gv1 = vo. Hence g = ’02’01 ceVv-1l=vv C K1 This proves that V C Kl, so that the
claim holds with Ko := V. [ |

From Urysohn’s lemma ([R], p. 39), there is a continuous function h: G — R which
is 1 in K and 0 outside K. Let h: G — RT, h(s) := h(s)+h(s™1). Note that h € CH(G),
it is supported on K7, and it is an even function (i.e., h(s) = h(s™!)).

Now some computations.

/ / £(5)h(t) dpts g

/ / f(ts)h(t)dpsdyy (s + ts in the inner integral)

(by left-invariance of the p measure). Moreover,

/ / dﬂs duy

/ / h(t™1s)f(t)dusdy; (s t~1s in the inner integral)

/ / (s7't)f(t) dps dvy  (using the parity of h).

Now we consider the double integral as a unique integral in G x G with respect to the
product measure dus ® dvy. The classical theorems of Tonelli-Fubini apply here, since
G x G is locally compact, the measures are Radon measures, and the functions we are
integrating are continuous and compactly supported in G x GG. As a consequence we can
exchange the order of integrals, without affecting its value. This yields

/ / _lt t) dvy dps

/ / f(st)dvydus (t — st in the inner integral)

/ / f(st)dpsdry  (exchange the integrals).

Hence their difference is

10)35) = 1070 = | [ ] mer(st) = £e9)] s
// )vef(s)] dps dvy.

The function h is supported on K7 and ~y; f on K¢, hence we can introduce the characteristic
functions of these sets, without affecting the value of the integral which becomes

= [ hOx O, () ef(s)] dpe e
GJG
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We know that |v.f(s)| < e when t is in K7, thus this is

<e [ [ o, W, () o

:e/G/Gh(t)XKf(s) dps diy
= en(Ky) /G h(t)dvy = ep(Ky)J(h).

Dividing by J(h)J(f) we get:

10 1)) Ky
J(h) IO I
A similar computation with g and h gives
‘I(h) B I(g)‘ )
J(h) I~ J(g)
Thus
I(f) 1g)| o [p#Ey) | pKy)
75 w0 =T )

1(f)

showing that T = I(g)

() because € is arbitrary.

~

1.3. Modular function

Let G be a locally compact group, and let p be (one determination of) its right-
Haar measure with respect to a o-algebra 9. Pick any g € G, and let pug: 9 — R,
pg(E) := pu(gE). Then pg is a Radon measure which is right invariant, so it is a right Haar
measure. Thus, by the theorem characterizing the Haar-measures, there is a number A(g)
such that

pe(E) = n(gE) = Alg)u(E),  VE €M
The function A: G — R associating g — A(g) is the so called modular function. Its
definition immediately shows that

Algg)W(E) = u(gg'E) = g (E) = Alg)u(g'E) = A(g)A(g")u(E).
There always exists a set E with 0 < u(E) < +oo: for example take a nonempty open

with a compact closure, which always exists in Hausdorff locally compact spaces. Thus we
can remove p(F) from the previous computation, getting

A(gg') = A(9)A(g),
which proves that the modular function is a morphism of G into the group R™. In particular
A(g) # 0 for every g, A(e) =1 and A(g~!) = A(g)~L.
Note that A is trivial when G is commutative, because in that case the left and the
right Haar measures coincide.
We want to prove that A is well related also with the topological structure of G: in
fact, it is a continuous map.

Lemma 1.1 Let K be a compact set, let U be an open set, and assume K C U. Then there
exists an open and symmetric neighborhood V' of e such that VK C U.

Proof. For every g € K, let W, := Ug~!. It is an open set which contains e (because
g € K CU). Let V; be an open and symmetric neighborhood of e such that V,V, C W,.
Then | JEK V49 is an open covering of K. By compactness there exists a finite sub covering
K C Ujvzl Vg;95- Let V= ﬂj:1 Vy;» which is an open and symmetric neighborhood of e.
Then VK Uj'vzl VVy,9i & Uj'v=1 Vo Vo, 95 © U;'Vzl W95 =U. L
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Proposition 1.12 The modular function is a continuous map.

Proof. It is a morphism, thus it is sufficient to prove that it is continuous in e, i.e. that
for every e > 0 there is an open neighborhood V' of e such that |[A(g) — 1| <.

Let K be any compact with K # (; it exists because G is locally compact and Hausdorff.
Fix € > 0. The Haar measure is outer regular, hence there is an open set U such that
K CU and

u(K) < p(U) < p(K)(1+e).
Let V be an open and symmetric neighborhood of e such that VK C U (it exists by
Lemma . Let g € V. Then

pgk) _ pU)
A(g) = < <l+e
9 =) = ()
On the other hand, by construction also ¢! is in V, hence
1 1
Ag) = > >1—ce
R
Therefore we have proved that |A(g) — 1| < e for every g € V. [

Proposition 1.13 Let G be compact group. Then A is trivial, so that the right-Haar mea-
sure is also left invariant.

Proof. The modular function is continuous, hence A(G) is a compact subgroup of R. But
{1} is the unique compact subgroup in RT, so the claim follows. |

Note that A is trivial on G’, the subgroup generated by the commutators of G, because
its image is in R which is abelian. Since A is continuous, it is trivial also on G’, the closure
of G'. Thus A can be considered as a morphism from the quotient G/G’ into R, setting
A G/G" — RT with A'(gG7) := A(g).

Pa
b
oA
G/a
The map A’ remains continuous, since the projection G — G/G’ is an open map and the

diagram commutes by construction.
Let u be the right-Haar measure. For every f € C.(G) the function

g F9)Ag™) = f(9)/Alg)
is again in C.(G), because the modular function is nonzero and continuous. Hence the
number

I(f) = /G i((gg)) du(g)

is well defined, and actually defines a functional on C.(G). It is left invariant, i.e. I;(Lsf) =
I;(f) for every s € G and every f € C.(G). In fact,

T 871.'1}
e = [ 50 auto) = [ R au),

The change of variable z — sy modifies the measure du(z) into A(s)du(y). Thus
fy)
Ii(Lsf) = / ——————A(s)d = Ii(f).

Moreover, the functional I, is evidently positive on CI(G), hence it is associated with the
unique (up to positive multiplies) left-Haar measure. From its definition (as integral) we
deduce that dur(g) := A(g~')du(g) is a left-Haar measure. In particular, the formula
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shows that uy, is absolutely continuous with respect to the right-Haar measure. Since we
know that also the map E — p(E~1) is a left invariant measure, we deduce that the inverse
map +: G — G is absolutely continuous with respect to the right-Haar measure. Since ;=1
is = ¢, we conclude that ¢ is absolutely continuous also with respect the left-Haar measure,
and that pu(E~!) = 0 if and only if u(E) = 0.

We can further study the relation between the functional I, and the left-invariant measure
1(e(+)); the conclusion will be a formula showing how the integral changes when the change
of variable ¢ is applied (Formula [1.2| below). The functional on C.(G) generated by p(e(+))

18
1
f+—>/Gf(g

and we prove that actually this functional coincides with Iy. In fact, both are left invariant,
hence there exists a constant ¢ such that

- _. [ {9
Lra e = e [ £8auta). vrece).

Applying this formula to f(g) := (h(g9) + h(g~1))\/A(g), where h € CH(G), we get

o (h(g) +h(g™ "))/ Alg)
/G (h(g™") + h(g))VA(g)dp /G Alg) du(g),

hg) + h(g™") _ . [ M9 +hgh)
LA@)<M@—(LA@)M@,

which proves that ¢ = 1. In other words, we have proved the formula:

_ [ flg™h
(1.2 [ r@anta) = [ HoDanta). vrecio).

ie.,
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Exercise. 1.2 Let G := (GL*(n,R),-), the matrices with positive determinant and the
‘rows times columns’ operation as product.

1.
2.

D.

Prove that G’ = SL(n, R). Note that in this case G’ = G'.

Prove that the determinant gives an isomorphism of G/G’ with (RT,-), so that A’
becomes a continuous morphism (R*,-) — (RT, ).

Let f be a continuous morphism (R*,-) — (RT,:) (ie., f(zy) = f(z)f(y) and it is
continuous). Suppose that f is a C! map. Prove that f(z) = ¢ where ¢ := f/(1).
The C! regularity assumed in previous step allows an interesting proof of the claim,

but actually the conclusion holds true under the weaker hypothesis of the continuity
for f. Prove it. (Hint: consider the map F': R — R, F(w) := log(f(e™))).

Conclude that there exists ¢ € R such that A’(:) = det(-)°.

Exercise. 1.3 Let G := (GL(n,R),-).

1.
2.

Prove that G’ = SL(n, R).

Prove that the determinant gives an isomorphism of G/G’ with (R*,-), so that A’
becomes a continuous morphism (R*,-) — (RT, ).

. Let f be a continuous morphism (R*,-) — (RT,-). Prove that there is « € {0,1} and

¢ € R such that f(z) = sgn(x)®|z|°.

. Conclude that there exists ¢ € R such that A'(-) = |det(-)|°.

Note, that for GL(n,R) and for GL™ (n, R) the left and the right Haar measures coincide

(see Example [1.3), so that for this group A is trivial (¢ = 0) and the conclusions of the
previous exercise are trivially true.

Exercise. 1.4 Let G := GL(n,R) x R"™, the group of affine maps in R”, i.e. the group in
Example

1.

Prove that (GL(n,R),0) is a (not normal) subgroup in G, and that (1,R") is a normal
subgroup of G.

. Prove that G’ contains (SL(n,R),0), but note that it is strictly larger, since (SL(n,R),0)

is not normal.

Prove that G’ contains also (1, R™) (Hint: pick h € GL(n,R™) such that also 1 — h is
invertible. Then compute [(h, (1 — h)~tw), (1,0)]).

Since G’ contains both (SL(n,R),0) and (1,R™), it contains also (SL(n,R),R™) (the
group of affine maps preserving the measure of sets). Conclude that G'=(SL(n,R), R")
and that therefore G/G’ ~ R* with the isomorphism given by the determinant.

. Note that also in this case the modular function must be a power of the (absolute value

of the) determinant: in fact left and right Haar measures in this case differ exactly by
a factor which is equal to the determinant (see Example [1.5]).



CHAPTER 2

Banach algebras

2.1. Preliminary facts and basic properties for the spectrum

A Banach algebra A on the field C is a C algebra which is also a Banach space (hence
it is also complete) with respect to a norm || - ||, where

labl| < [lal[ - [[bll,  Va,b e A.

This axiom shows that the moltiplicative structure of A and the norm are well related.
We will always assume that A is associative. Moreover, without loss of generality we can
further assume that A is unital, i.e. that A contains a multiplicative identity 14, and that

[1a]l = 1 (see Exercises 2.1}-[2.3).

Exercise. 2.1 Let A be a C-algebra. Let A’ := A x C, with the pointwise sum and C
product, and further set

(a,\) - (b, ) := (ab+ Ab+ pa, \u).

1. Prove that A’ is C-algebra with respect to these operations, and that (0,1) is a mul-
tiplicative identity in A’.

2. Note that {(a,0): a € A} is a subalgebra in A’ which can be identified with A.

3. Suppose that A is also a Banach algebra with respect to || - ||a. Set |[(a,a)]|a =
lalla + |A|. Prove that A’ is a Banach algebra with respect to this norm, and that the
inclusion of A into A’ is a continuous map which preserves the norm.

4. Note that [|(0,1)||4 = 1.

Exercise. 2.2 Let A be a complex Banach algebra with a multiplicative identity 14. For
every a € A, let mg: A — A the (left)-multiplicative map: m,(b) := ab, considered as
linear map on the C-vector space A.

1. Shows that

Mg\ T Mg\ T
oo = sup el gy BmalOl g
z€A,x#£0 H.CL‘” T€EA HxH T€A
lzll<1 ll=l|=1

2. Prove that

lal]
g < llallee < lal

Lall —
so that the norms || - ||« and || - || are equivalent and the converging sequences are the
same.
3. Prove that A is a Banach algebra also with respect to || - | co-

4. Note that |[|[14]lcc = 1.

Exercise. 2.3 Let A be a complex Banach algebra with a multiplicative identity 14 and
such that |[14]|| = 1. Prove that the operatorial norm of the multiplication by a coincides

with |[a|| (i.e. [|a]joc = [|al|, Where || - ||o is defined in Exercise 2.2).

22
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Let a € A, and recall the polynomial identity

N N
(1—a)<2a”) =1-aV*tl = (Za")(l—a).

Assume that [|a]| < 1. Then > a” converges by Weierstrass’ test, because [|a"|| < ||a|”

and Y72 |la||” < oo, and the previous identity shows both that 1 — a is invertible, and

that
—+00

(1—a)™t= Za”.
This identity also shows that

+o00 400
_ 1
(1 =a) <D lla™ <) llal” = T al|
n=0 n=0

This easy computation is the key ingredient for the proof of the following facts.

Proposition 2.1 Let A* be the set of invertible elements in A. Then A* is an open set.
The inverse map 1: A — A, 1(a) := a~' is a continuous map (actually it is locally
Lipschitz).

Proof. Let a € A*, and take b € A, with ||b — a|| < 1/||a™!||. Then
11 —a™0) =lla (a = )| < lla™"|| - la — bl < 1.

Thus, a~'b = 1 — (1 — a='b) is invertible, and hence b = a - (a~!b) is invertible as well.
This shows that the open ball By /|,-1)(a) is in A, which is therefore an open set.

The computation also shows that

1

-1 < .
I e =

Now, suppose that b satisfies the more restrictive assumption ||b — a|| < W Then

I~ all = [I(a™"0)7H = [|(1 = (1 = a™"b))

1 1
I~ all < - < =2,
T Tl =8l = 1= a1 - gy
so that |[b™!| = ||b~'a - a~!|| < 2||a™}||. This shows that
la™ =67 = [la™ (@ = b)Y < fla™ | - [la = bl - 67| < 2lla™ - [la —b]
proving that ¢ is a Lipschitz map in a neighborhood of a. [

To each a € A we associate its spectrum in A, i.e. the set
sp(a) :={A€C: \lg —a g A*}.
Its complementary set is called resolvent set of a:
Res(a) :=C\sp(a) ={A € C: A1 —a € A*}.
We also introduce the radius of the spectrum, which is simply
r(a) :=sup{|\|: X € sp(a)}

(it is well defined because sp(a) is never empty, as we will see in a moment).

Let p € Clz], p(z) = 25:0 cpx™, say. Then
N

N
P14 —pla) =D en(N"la—a") =) cn(\"14 —a™)

n=0 n=1
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N n—1

=> cn Yy (Ma" ') (A4 - a)
n=1 7=0
=b(AMlg—a)=(Alg—a)b

with b := Zn 1Cn D 1()\Ja” 1=J). Note that b commutes with A\14 — a.

Suppose that p(\) belongs to the resolvent set for p(a). Then there exists ¢ € A such that
c(p(MN)1a —p(a)) =14 = (p(A\)14a — p(a))c. The previous computation shows that cb is a
left inverse for (A14 — a) and that be is a right inverse for (A14 — a). In associative rings
this is sufficient to conclude that (A14 —a) is invertibleﬂ so that A belongs to the resolvent
for a. In other words, this shows that p(sp(a)) C sp(p(a)). (See also Exercise [2.4| below; in
Theorem we will see that this is true as equality, also for much more general functions).

The following proposition contains some fundamental properties of the spectrum of an
element.

Proposition 2.2 Let A be a complex unital Banach algebra. Let a € A. Then
1. r(a) < |lal|, so that sp(a) C Bjq(0),
2. sp(a) is a compact set,

3. sp(a) # 0,

4. the limit lim,,_ o HanHl/n

exists and equals r(a), i.e.

T n|l/n
(@) = Tim " [1/7,

Proof. Assume that [A| > |la]|. Then A4 —a = A(14 — A"ta) and ||\ "'a| = T” <1,
proving that 14 — A™1a (and hence A14 — a) is invertible. This shows that r(a) < ||a]|.
Applying the same argument to a”, we get r(a™) < ||a"||. Specializing the previous com-
putation to p(x) = z™ we get also that r(a)™ < r(a"), so that r(a)” < |la"| and the
arbitrariness of n produces the bound

(2.1) r(a) < liminf lla™||/™.

Moreover, the resolvent of a is the preimage of the map C — A mapping A to A\14 — a,
of the open set A*. Since this map is continuous, the preimage is open. Therefore the
spectrum (being the complementary set of the resolvent set) is closed. Since we already
know that it is bounded (by ||a||), we conclude that sp(a) is compact.

The proof of the remaining statements is more difficult, and relates different fields of the
analysis. Let ¢ be any topological functional in A*. Thus it is a map A — C which is C
linear and continuous. Let fy: Res(a) € C — C:

fo(A) == ¢((\1a —a)™h).

Note that Res(a) is an open set, which is not empty (for example because it contains every
A with |A| > ||a||). We prove that f, is a holomorphic function. In fact, let A € Res(a) and
take p small enough. Then

foOh =) = (N —)1a —a)™)
— $([(Ma—a)(1 = p(Ma—a) ]
= ¢((1 —pu(Alg — a)_l)_l()\lA - a)_l)

n fact, suppose that in an associative ring R one has a8 =1 =~a. Then y =7 -1 =~(af) = (ya)B8 =
1-8=¢8.
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400
= ¢< Z W (Alg —a)"™(Alg — a)_1> (p is small, ¥ converges)
m=0

+o00 +oo
= qb( Z wm(Aly — a)7m71> = Z "o ((Ala — a)”"™ ). (¢ is continuous)
m=0 m=0

This shows that fy4 is locally represented by a power series, hence it is holomorphic.
Suppose |A| > |la||. Then

1 o 1 /X am 1+ am

In particular, recalling that ¢ is continuous,

"l

lolllla™]l [ollllal™ _ ol
M= [A] 4 Z IAI’” !>\| Z A !>\| Z Al A = lall”

This computations shows that fy(A\) — 0 as A — oo. Suppose that sp(a) = (). Then
Res(a) = C, so that fy is an entire function (i.e. holomorphic on C) which is bounded
(because it goes to 0 for A — o0). By Liouville’s theorem fy is constant, and hence it
is identically 0. This happens for every choice of the functional ¢. However, the Hahn—
Banach theorem states that there is always a continuous functional ¢ whose value at
(14 —a)~tis not 0 (because (14 —a)~! is evidently not 0), and this is a contradiction with
the fact that ¢/((14 —a)™1) = fu(1) = 0. This proves that sp(a) # 0.

The formula has been proved under the hypothesis |A| > ||a||, but we also know that
fs is holomorphic in Res(a), which is an open set containing the set |A| > |lal|. As a
consequence, for every r > r(a), the formula holds also for |A| > r, and actually the series
converges uniformly here (this is a typical application of the expansion of holomorphic
functions as Laurent series, it comes out from the fact that the set |A\| > r is connected,
the function is holomorphic in an open set containing this set, and the power series is
a Laurent series representing f, outside the disk |A| < ||a||). Thus, we can recover the
coefficient of the series integrating the formula along the circle with radius r. In this way
we get:

1 ) Do omit 1 p2m(nt1)i6 T i
/ e m(n+1)i f¢(7”€ e )d@ _/ ‘ Z (b(am)r—me— mimb 10
0 0

7'627”9

m=0

+oo 1
_ Z ¢(am)r—m—1/ 627r(n—m)i0 d6 = qb(an)r—n—l.
m=0 0

Hence,

b (a™)|r—"" 1<}/ 7rn+110f ¢2mid) de‘ /Ol‘f(b(re%w)‘d@

1
- / (s =) D] a0 < [ ol e 1 — ) g
0 0
<il6l- M(r)

where M (r) := supgeo 1] |(re*™1 4 — a)~t||. Hence

[¢(a™)] < [[@llr™ - rM(r).
This bound holds for every choice of ¢, every integer n and for every r > r(a). Note
that M (r) does not depend on n and ¢. Fix the integer n. Consider the linear subspace

{a-a™: a € C}. The map ¢'(aa™) := «fla™]| is a continuous functional on the subspace,
and its norm is evidently 1. By Hahn—Banach theorem this functional admits an extension
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to a continuous functional on A whose norm is still 1. When we apply the previous formula
to this functional we get that

la™|| < 7™ - rM(r), ie., la™ ||V < r- (rM(r)Y™.
Since M (r) is independent of n this formula shows that

lim sup [|a™ ||/ < 7.
n—oo
This is true for every r which is by assumption any number larger than r(a), thus we
conclude that

lim sup ||a™||"/" < r(a).
n—oo

With (2.1)), this shows that lim,_,« [|a”||/" exists and equals 7(a). [

Exercise. 2.4 Let A be a (unital, associative) complex algebra. Let f(z) := >0 ¢,a™ be

a complex power series with a positive convergence radius p. Let a € A, with |la]| < p.

1. Prove that f(a) := >/ c,a™ converges in A.

2. Prove that f(sp(a)) C sp(f(a)).
Hint: for the first part use Weierstrass test, for the second part repeat what we have done
for polynomials.

Corollary 2.1 (Gelfand—Mazur) Let A be a complex Banach algebra (recall that we are also
assuming that it is unital and associative). If it is a division algebra (i.e., every nonzero
element is invertible) then it is isomorphic (as algebra) to C.

Proof. Let a € A, a # 0. Proposition proves that sp(a) # (0. Let A\ € sp(a). Then
Al4 — a is not invertible, therefore it is zero, because we are assuming that A is a division
algebra; in other words @ = A1 4. Evidently A is uniquely determined by this property, and
the map a — A gives the isomorphism with C. |

Mazur proved also a similar result for real algebras: the algebras R, C and H (the
quaternion) are the unique real Banach (unital and associative) algebras which are division
algebras.

Remark. 2.1 Let a € A. Then a is invertible if and only if 0 ¢ sp(a). Moreover, when
a € A% and X\ # 0 on has the identity A\14 —a = —Aa(A~'14 —a™!) proving that A € sp(a)
if and only if A1 € sp(a™1). i.e. that sp(a~!) = (sp(a))~!. O

Let A be a complex Banach algebra, and let J be a two-sided ideal in A (where only
the structure as a ring for A matters here). Then A/J is ring. Actually it is an algebra,
since A-J = (Aly)-J C J for every A € C so that J is automatically also a complex vector
space (where the distributive properties are inherited from A). In A/J we define the map

J := inf .
lla + Jllays := inf fla +wll4

It is easy to check that it is a semi-norm, indeed. It is also submultiplicative, since

lab+ Jla; < in,feJHab—i—(wb—i—aw’—i—ww’)HA = (a+w)(b+w)|a

inf ||
w,w'eJ

< inf [lad+w|a-||b+w'|a=inf |[a+w|a- inf [|b+w'[a
w,w'eJ weJ w'eJ
=lla+Jllasg-IIb+ Jlass

(for the first step, recall that J is a two-sided ideal, so that wb + aw’ + ww' ranges in J
when w,w’ are in J).

However, it is a norm if and only if J is closed. In that case A/J is complete, so that it
becomes a complex Banach algebra in itself.
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Remark. 2.2 Let J be a two-sided ideal in A. Then .J is again a two-sided ideal. In
fact it is a C vector space (because J is a subgroup of the additive group A, and we
apply Proposition [1V]) Moreover, if x, is a sequence in J converging to x, then for
every a € A, ax, is a new sequence in J (because J is an ideal), converging to ax since
lazn — az| = la(zn — )| < [la] - [zn — ]| = 0. O

2.2. Gelfand transform

Let A be a complex (associative, unital) Banach algebra. Then, A is in particular a
topological C vector space, so that we can introduce the set A* which by definition is the
set Homyop (A, C), i.e. the set of its linear functionals which are continuou&ﬂ We introduce
also a second family of maps, better related to the structure of A as algebra. By definition
a character x for A is a nontrivial morphism A — C as complex algebras, so that

x(a+b) = x(a) +x(b), x(Aa)=2Ax(a), x(ab)= x(a)x(b)

for every a,b € A, A € C, and x is not identically 0. Since x(a) # 0 for some a, then
x(a) = x(1aa) = x(1a)x(a) forces x(14) =1, and x(Al4) = A for every C. Therefore any
character is automatically surjective.

The set of characters of A is denoted A. Note that the continuity of x is not assumed. In
fact, we will see in a moment that a character is necessarily continuouaﬂ

Proposition 2.3 Let A be an abelian complex Banach algebra. Then
1. Every maximal ideal M is closed;

i. There is a bijection A — {mazimal ideals)};

11. Fvery character is continuous;

. for every a € A, sp(a) = {x(a): x € A}.

Note that the proposition deals only abelian algebras: this is a strong limitation of the
proposition, but it cannot be removed.

Proof.

i. Let M be a maximal ideal. Then M is again an ideal, which contains M. Maximality
implies that if M # M, then M = A. In this case 14 € M. Let x,, be a sequence in
M converging to 14. We know that A is open, therefore the sequence is eventually in
A*. As a consequence M contains an invertible element, but this is impossible since
M is a maximal ideal.

ii. To each x € A we associate its kernel ker(y). It is a maximal ideal since x is surjective
in C, so that A/ker(x) is isomorphic to C and hence is a field. This shows that the
map x — ker(x) is actually a map A {maximal ideal}.

A—X ¢

Pt
-
™ -7
P
Pie X

A/ ker(x)

On the other hand, let M be a maximal ideal. Then M is closed (by the first part of
this proposition), and A/M is a complex Banach algebra which is also a field, because
we are assuming that A is commutative. By Corollary 2.1 we know that it is isomorphic

2This requirement is necessary because Hom(A, C), the set of all linear functionals, is a much larger set
which is not well related with the topological structure of A.
3This is a big difference with functionals, which are not necessarily continuous.
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to C. Let pps denote this isomorphism. Then xas := pas o 7 is a character of A.

A--XMo,y
I

A/M

It is easy to check that these constructions realize the bijection, i.e. that Xyer(y) = X
and that ker(yas) = M.

iii. Let x be a character, which we describe as pps o w, with M := ker(x). Corollary
shows that A/M is isomorphic to C, and the proof of this result shows that the
isomorphism is produced by the map associating to every element a + M the unique
element of its spectrum. Let U be an open set in C, then p]T/II(U) ={ula+M:ueU}
and 7 ({ula+ M:u e U}) = {ula+m:u e U me M} = ,,ep(Ula +m),
which is open (each Ul 4 +m is open in A). This proves that x =1 (U) = (parom) 1 (U)
is an open set, i.e. that y is continuous.

iv. Let A € C. Then X € sp(a) if and only if A14 — a is not invertible, and this happens if
and only if it belongs to some maximal ideal (by Zorn Lemma), and hence this happens
if and only if it belongs to the kernel of some character x. But 0 = x(Al4 —a) =
Ax(1a) = x(a) = A = x(a), ie. A= x(a).

|

Each element a in A generates a functional ev, on A* via the map evy(¢) := ¢(a).
The weak-x topology in A* is the weakest topology which makes all these maps continuous.
In other words, a sequence of functionals ¢, € A* converges to an element ¢ if and only
if evy(dn) tends to evy () for every a. Given its definition, this means that the sequence
converges if and only if ¢, (a) = ¢(a) for all a € A. The weak* topology, hence, coincides
with the topology of the pointwise convergence. It is known that it is a Hausdorff topology.
According to the previous proposition AcC A*; the topology induced on A by the weak*
topology of A* is called Gelfand’s topology.

Proposition 2.4 Let A be an abelian complex Banach algebra. Then A is a compact set in
Gelfand’s topology.

Proof. Let x be a character. Then x(a) is contained in the spectrum of a (by Prop. 2.3]iv]),
and hence is bounded by ||a| (by Prop. [1]) This proves that A is a subset of the 1 ball
of A*, which is the set {¢ € A*: |¢p(a)| < ||a|[Va € A}. Banach-Alaoglu theorem states
that the closed unit ball is weak™ compact, hence it is sufficient to prove that A is a closed
subset in Gelfand’s topology, i.e. in weak®™ topology, i.e. in pointwise topology. This is
immediate, because if a sequence of characters x,, converges (pointwise) to a functional ¥,

then y itself is a character. |

It is customary to denote a the map ev, when it is restricted to the subspace of
characters A; in other words, a(x) := eva(x) = x(a). By construction, the map a is a
continuous map A — C, when in A Gelfand’s topology is considered.

Let C(A) be the set of all continuous maps A — C. With the sup norm (recall that A is
weak™ compact, the sup norm is well defined) it is a (unital, associative) complex Banach
algebra, and in some sense it is the prototypical Banach algebra, as we will see in a moment.
The map

r': A—C( A )

a—T'(a):=a.
is called Gelfand’s transform.
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Theorem 2.1 Let A be a (unital, associative) commutative complex Banach algebra.
Then:

i. Gelfand’s transform I': A — C(A) s a norm-decreasing homomorphism of unital com-
plex algebras;

ii. The image of I separates the points in A;

iii. for every a € A, a(A) = sp(a) and ||a||cc = r(a), the spectral radius of a;
iv. the kernel of T' is the Jacobson radical of A; i.e., it is the intersection of all mazimal

ideals of A. In other words, the kernel of I" is the set of all elements in A whose spectral
radius is 0;

v. T' is injective if and only if the Jacobson radical is trivial, i.e. if and only if A is
semisimple.

Proof.

i. Identities I'(a + b) = T'(a) + I'(b), T'(Aa) = Al'(a) and T'(ab) = I'(a)['(b) for every
a,b € A, \ € C follow immediately from the definitions. Moreover, for every a € A
and x € A,

IT(a))| = la(x)| = [x(a)] < r(a) < |all
(because x(a) belongs to the spectrum of a). Hence ||I'(a)||co < [lal;

ii. This is immediate, since if x, 9 € A and x # 1, then there is a € A with x(a) # ¥(a),
i.e. with T(a)(x) # T(a)(1);

iii. By Proposition [iv.] we know that sp(a) = {x(a): x € A}, and this is = a(A). The
equality ||a]|sc = r(a) is immediate;

iv. the element a € A belongs to the kernel of I if and only if a(x) = 0 for every x € A, ie.
if and only if x(a) = 0 for every ¥, if and only if a € ﬂx ker(x). By Proposition [ii.]
this happens if and only if a belongs to Jacobson’s radical of A.

v. Trivial (an algebra is semisimple if and only if its radical is trivial, by definition).

Note that the previous proposition does not say anything about the range of I, in
particular we do not know that it is surjective. In fact, for a general algebra this is not the
case. Also about the possible injectivity of I' we have only very poor control: usually it
is very difficult to compute the radical of an algebra. These difficulties force us to further
select as algebra a special family of algebras: actually commutative subalgebras of the
algebra of endomorphisms of a Hilbert space.

2.3. Stone-Weierstrass theorem

Theorem 2.2 (Stone—Weierstrass) Let X be a compact Hausdorff space. If U is a closed
(with respect to the uniform topology) self-adjoint subalgebra of C(X) (i.e. such that f € A
implies f € 2A) which separates the points of X and contains 1, then A = C(X).

Proof. (Following [D], Section 2.40.) Let 2, and C,(X) be the subsets of real functions.
Then, it is sufficient to prove that under those hypotheses 2, = C,.(X). Note that 2, is
closed in C,(X), contains 1, and separates the point

We begin by showing that if f € 2., then also |f| € 2. Without loss of generality we can
assume that ||f]lcc < 1. Let § € (0,1), and take gs(z) := § + (1 — 6) f%(z). Note that it

is in 2, because 1 and f are in 2,, by hypothesis, and 2, is an algebra. Note also that
0 < gs(x) <1, for every z € X.

“n fact, let z,y € X, © # y. Let f € Abe the element separating « and y, i.e. such that f(x) # f(y). Then
at least one of the inequalities (Re f)(z) # (Re f)(z), (Im f)(z) # (Im f)(z) holds. But Re f = 1(f + f)
and Im f = %(f — f), and these formulas show that both Re f and Im f are in 2, and hence in 2.
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Consider the power series >0 (1T/L 2) 2", which in (—1, 1] converges to (1+2)"/? (uniformly
on compact subsets of (—1,1], by Abel Lemma). Then gs(x) — 1 € [-1 + 6, 0], so that

400
6+ =6 = 1+ (g5 =) = 3 () s -1

n=0

and the series converges in C,(X) (by uniform convergence) and is in 2, (because it is a
closed algebra). This equality shows that (6 + (1 —6)f2)'/? € 2,., for every 6. At last, note
that

(RN YOUCH IS L.
(6 + 1 =0) )2 +1f] ~
proving that |f| is the limit (in sup norm) of (§ + (1 — &) £2)/2, and hence belongs to .
This shows that for every f,g € 2, also

fAg=min(f,g)=5(f+g—If -9l

and

fVg=max(f,g)=5(f+g+I|f—gl)

are in 2A,.
Moreover, let © # y € X. By hypothesis there is h € 2, such that h(z) # h(y). Thus, for
every a, 8 € R, the function g defined as

9(2) = + (o — p)E) = W)

belongs to A, and is such that g(z) = a, g(y) = .

Now the construction of a uniform approximation in 2, of any f € C,(X). Let f € C.(X)
and € > 0 be fixed. We further set a point 2’ € X. For every € X there is a function
gz € 2, with g,(2') = f(2') and g,(x) = f(x): for z # 2/ this is what we have proved
in previous step, in case x = 2’ we set g,(z) := f(2') for every z i.e., it is the constant
function.

By continuity, for every e there is an open neighborhood U™ (x) where g,(z) < f(z) + € for
every z € U (z). The family of U™ (x)’s when z ranges in X is an open covering of X.
The compactness of X allows to extract a finite covering, i.e. a finite set of points {:L'j }§V:1
such that functions g, (z) < f(z) + € for every x € U™ (z;), and UjV:1 Ut(z;) = X.
As a consequence, the function f = gz A -+ A ggy = min(gy,,...,gz,) is such that
fw(2) < f(2) + € for every z € X. Note that f,; € 2, and that f.(z') = f(2').

We repeat the construction for every 2’ € X. This produces for every 2’ € X a function
fwr € A, such that f,/(z') = f(2') and still satisfying f./(2) < f(z) + € for every z € X.
By continuity, to every z’ we associate an open set U~ (z') where f./(2) > f(z) — € for

every z € U~ (a'). The collection of U~ (2') for 2’ € X is an open covering of X from
which we can therefore extract a finite covering: Uﬁvzll U~ (ac;) Then the function F' :=
foy VooV f%\;/ = max(fz,,..., fe,,) is such that F'(z) > f(z) — € for every z € X. Note
that F' € ., and that F'(z) < f(z) + € (because each fm; has this property). Hence we

have found a function F' € 2, such that [|[F — f]le <e. [ |

We need to extend a little bit the previous result, to cover the case of a non-compact set
X. So, let X be any locally compact Hausdorff space. Let oo denote any (new) object, and
let X’ := X U{oco}. We extend the topology of X to X’ deciding that the complementary
sets in X’ of compact sets in X are a family of open neighborhood of co. With this choice
the resulting space X’ becomes a compact and Hausdorff topological space: the so called
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Aleksandrov’s one-point compactification of X (see [K], Theorem 21 p. 150). We identify
the set of functions in C(X’) and assuming the value 0 in oo with the subset

Co(X) :={f €C(X): Ve > 0 3 compact K s.t. |f(z)] < e for z € K}

(i.e. the subset of C(X) of functions which ‘tend to 0’ as the variable tends to co). It is a
Banach space with respect the sup norm.

Corollary 2.2 Let X be a locally compact Hausdorff space. If 2 is a closed (with respect to
the uniform topology) self-adjoint subalgebra of Co(X) which separates the points of X and
such that for every xo € X there is a function f € A such that f(xg) # 0, then A = Co(X).

Proof. Let 2 be the algebra generated by 2 and the constants. We identify the elements
in 2 with the elements in 2’ which are null in oco. The algebra 2’ separates the points of
X (because 2 already does) and separate also co (because by hypothesis for every zyp € X
there is an element in 2 which is not zero in xg). It is also evidently self-adjoint and unital,
hence it coincides with C(X’). Let f € Co(X); then f € C(X’) (with f(c0) := 0), and
hence f € 2. Hence there is g € 2 and a constant A\ € C such that f = g + . Evaluating
this identity in oo we see that A = 0, hence f = g, i.e. Co(X) C 2. |

Remark. 2.3 Let X be a compact Hausdorff space, and let X’ = X U{oco} be the one-point
compactification of X. Then oo is an isolated point of X', and Cy(X) coincides with the
set of functions f in C(X) each one extended to oo setting f(oo) := 0. Let 2 be a closed,
separating and self-adjoint subalgebra of C(X). Moreover, assume that for every z( there
exists f € A with f(x¢) # 0. (Notice that we do not assume that 1 € 2). Let A’ be the
subalgebra of C(X') generated by all the elements in 2 (extended as 0 at co) and by 1.
Then 2’ is self-adjoint (evident), Separatingﬂ and closed in C(X' )ﬂ Thus, by Theorem
A" = C(X'). Now, projecting on the subspace of functions which are zero at co, we recover
the equality 2 = C(X). In other words, the equality 2 = C(X) holds also without the
assumption 1 € 2, proviso that for every xg € X we are able to find a function f € 2 with

f(zo) #0. O
2.4. Hilbert spaces
Let H be a complex Hilbert space, with respect to the hermitian scalar product (-, -).
Hence for every z,y,z € H and A € C we have
(x,z) >0Vzx, and (z,z) =0 <= = =0,
Az +y,2) = Mz, 2) + (y, 2),
(z,y) = (y,2),

and H is complete with respect to the norm generated by the scalar product, saying with

respect to the map ||z| = /(z, z).

As usual, End(#) is the set of continuous linear maps H — H. In End(#) we set the usual
norm:

T
T = supM = sup ||[Tz| = sup /(Tz,Tx).
1

a0 [z jz)=1 =
Recall that End(#H) with this norm and the usual operations is a complex (unital, associa-
tive) Banach algebra.

SLet x4 # 29 € X' and o, 8 € C. If 21,22 both are in X then the separating property of 2l shows that
there is an f € A with f(x1) = @ and f(x2) = B: this function f extended to co as 0 becomes a separating
element in 21". Suppose that x1 or x2 are not in X, say x2. Then z2 = oo and z1 € X (because co is the
unique point of X’ which is not in X, and z1 # z2). Let fi be the element in C(X) such that fi(x1) # 0
(it exists, by hypothesis). Set g(x) := (a — 8) fi(z)/f1(z1) + B. Then g(z1) = a and g(o0) = 8.

6Because the convergence in sup norm in X’ means a convergence in sup norm at X plus a pointwise
convergence in co, since oo is isolated in X',
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This algebra has a further property, which is very important for our applications: via the
Riesz theorem, to every T' € End(H) we can associate its adjoint 7%, which is the unique
linear map such that

(T2,y) = (2, T")
holds for every z,y € 7—{ﬂ This construction does not make evident that T™ is continuous.
However, the Cauchy—Schwarz inequality and the continuity of T' give

[(Tz,y)| < [Tl - Iyl < N0 - el - Nlyll,  Va,y € H.
Setting x = T™y, this inequality gives
1T y1* = KTy, T*y)| = KTT y, )| < ITI- 1Tyl - lyll - ¥y € H,
proving that
[Tyl < 1T} - lyll Yy e H.
This shows both that T™* is bounded (and hence is in End(#)), and that ||T*| < ||T].
Since (T%)* = T, this inequality immediately proves that
1T = 1IT]-
Moreover, a similar computation shows that
|IT2|* = (T, Ta)| = (T*Tw,2)| < |T*Te|| - lz| < |T°T| - ]=I* Yz € H,
proving that ||T||? < ||T*T||. The submultiplicity of the norm gives also that ||T*T| <
[T - | Tl = | T||, yielding that
(2.3) IT*T|| = ||T|*.
We recall that an operator T is normal when commutes with 7%, unitary when T% = T~

and self-adjoint when T = T™.
Let T be a normal operator. Then we have:

1T2)1% = (7)1
= [T TT|| = |[(T*T)(T"T)|

(by applied to T?)

(
= |[(T*T)"(T*T)|| (because T™T is self-adjoint)

(

(

because T' is normal)

= |T*T7)? by applied to T*T)
= ||7|* by applied to T).
Thus, for a normal operator one has
(2.4) 172 = 17>

This formula allows to prove the following interesting result for normal operators.
Proposition 2.5 Let T' be a normal operator in End(H). Then r(T) = ||T|.
Proof. In fact, iterating (2.4) one gets

172" = |T1*"  ¥n,
ie.,

1T 12" =T V.

The formula for the spectral radius (Proposition [4]) immediately yields the conclusion.
[

Proposition 2.6 Let T € End(H). If T is unitary then sp(T) C St := {X € C: |\| = 1}.
If T is self-adjoint, then sp(T') € R.

A complex algebra supporting a map * having all formal properties for the adjoint operation (i.e., (T*)* =
T (involution), (AT + S)* = AT* + S* (hermitian linearity), and (7.S)* = S*T™*(reverse ordering)) is called
C™-algebra. Everything we are proving now comes from these formal properties and hence can be extended
to C*-algebras.
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Proof. Suppose T be unitary. Then ||Tz|? = (Tz,Tx) = (T*Tz,z) = (z,2) = ||z|?,
proving that | T|| = 1. Thus r(7') < ||T|| = 1, proving that each A € sp(T) has |A| <
1. On the other hand, an operator S is invertible if and only if S* is invertible, thus
sp(T*) = sp(T). Moreover, for invertible elements S we know that sp(S—1) = (sp(S)) .
It follows that for the unitary operator T (so that T* = T—1), X € sp(T') implies that and
A~ € sp(T). In particular |\~!| < 1, proving that actually sp(T') C S*'.

For every S € End(#), the element

+oo Sn

exp(9S) := Z P

n=0

is well defined (use Weierstrass test to prove the convergence), and it is invertible with
inverse given by exp(—S) (because S and —S commute, so that the formal computation
exp(S) exp(—S) = exp(S — S) = exp(0) = 1 holds true).

Suppose T be self-adjoint. Then exp(iT") is unitary, since

e (RN R ()T R ()T

= exp(—iT) = (exp(iT))_l.

Let A € sp(T'). Then exp(i)) € sp(exp(iT)) (consider Exercise[2.4). Therefore | exp(i\)| =
1, because exp(iT") is unitary. This forces A to be real. [

Finally we can prove the main result in this section.

Proposition 2.7 Let A be a unital, commutative *-c]osed and closed complex subalgebra
of End(#H). Then the Gelfand transform T': A — C(A) is an isometric x-isomorphism of
unital complex algebras. (x-closed means that if T € A then T* € A; x-isomorphism means

that T is an isomorphism such that I'(T*) = T'(T) for all T € A.)

Proof. By definition, I'(T) = T, and ||T||c = r(T). But T is normal, since T* is in A
(because A is *-closed) and all elements in A commutes. Therefore r(T') = ||T'||, proving
that

ID(T)lloo = 1T o0 = ~(T) = T

proving that I' preserves the norm. In particular I' is injective.
Given T € A, let

Ty :=3T+T* , T_:=4(T-T%).

Elements Ty are self-adjoint, hence their spectrum is real. Since the spectrum of T4
coincides with the range of T'4, this proves that

L(T3)(x) = x(T%) = x(T%) = T(T%)(x)-

Thus

proving that I'(A) is a self-adjoint algebra in C(A). It contains 1 since I'(14) = 1, separates
the points of A (by Theorem [11]) and is closed, since A is closed and I' is unitary. Thus,

~

by Stone-Weierstrass we conclude that I'(A) = C(A), i.e. that I is surjective. [
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2.5. The spectral theorem (functional calculus version)

Let T' € End(#) be a normal operator. Let Az be the least (i.e. intersection of all)
closed complex subalgebra of End(#) containing 7' and T*. It is clearly the closure of
the algebra generated by 14, T and T™*. Note that Ap is commutative, since T' and T*
commute. Each element which is invertible in Ay is evidently invertible also in End(#),
thus Resa,.(T') C Res(T), or, which is the same, sp(T") C spy4,.(T'). The opposite inclusion
is also true, but its proof needs a sofisticate argument. It is a part of the following theorem.

Theorem 2.3 Let T' € End(#H) be a normal operator. Let At as above. Then there exists
a map ®: C(sp(T)) — A which is an isometry and a *-isomorphism of unital algebras.
Moreover, ®(igy)) = T, and sp(®(f)) = f(sp(T)) for every f € C(sp(T)). (The map
isp(T) 15 the inclusion of sp(T) — C).

Essentially, this theorem states that to every continuous function f which can be
defined on the spectrum of a normal operator T' corresponds a unique element ®(f) in the
algebra Ap (so that in particular it commutes with T'), and that the correspondence is
via an isomorphism of algebras. The claim that the spectrum of ®(f) is exactly f(sp(7))
settles in the larger setting of continuous functions what we have stated (without proof)
firstly for polynomials and then for power series.

Proof. The map 7': Ay — C is continuous (because in Ar we are considering the weak*
topology). Moreover, it is injective. In fact, let x; and x2 in Ap, such that T(Xl) = T(Xg).
This means that x1(7") = x2(T"). We have proved (Proposition that Gelfand’s map is
a x-isomorphism, hence for every character x(7*) = x(T'). As a consequence we also know
that x1(T%) = x2(T™), i.e. T*(x1) = T*(x2). Since Ay is generated by 1y, T and T*, we
conclude that

T(x1))=Tkx2) = Ski1)=S5kx2) VSE€Ar,

and this means that x1(S) = x2(S) for every S € Ar, i.e. that x; = x2 as elements in Ar.
Since T is a closed map (because Ay is a compact), it is a homeomorphism on its image,

which is sp 4. (T') (by Prop. [iv.]), 0]
T: Ap = spa,(T).
Let W be defined in the following way:
. ¢ T
W: C(spa, () — C(Ar) A —— spa,(T)

fU(f):=foT ﬂz(f)x\ﬂ lf
C

Then ¥ is an isometry and a *-isomorphism of complex algebras. In fact, it is evident that
it is a morphism of complex algebras. Moreover,

()l = sup [T()00)] = sup |f o T(x)| = sup [f(x(T))]

XEAT XEAT XEAT
= sup  |f)[=[fllcospa.(T
ACspa (1) 00,5p 4., (1)

(because x(T') with x € Az ranges exactly on spa,(T)). This proves that ¥ is an isometry
and hence that it is injective. It is also surjective, since T is a homeomorphis

850 that for every g € C(Ar) the map go T is in C(spa,.(T)) and ¥(go T =goT o = g; this
proves that W is surjective.
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Both ¥ and Gelfand’s map I' are isometries and *-isomorphism. Thus the map ®:

B: Clspy, (T)) — A C(spap (T)) —— C(Ar)
ie. e NTF
=T"1oW Ty
At

is well defined, and is itself an isometry and a *-isomorphism.
Now we prove that q)(ispAT(T)) = T. This happens if and only if F(CID(iSpAT(T))) =IN(T),
i.e., if and only if W(ig, A (7)) = I'(T'). This is true, since directly from its definition

\I/(iSPAT(T)) = Z'SPAT (1) ° T=T

since the image of T is in sp A7 (T). A similar computation shows that ®(1) = 1.
Thus everything has been proved, but the equalities

spa,(T)=sp(T) and  sp(®(f)) = f(sp(T)).

We prove both of them with a unique argument.
Let f € C(spy,(T)). Then

f(SpAT (1)) = f(T(AT)) (formula for the spectrum)
= (¥(f))(Ar) (definition of U)
= (T o ®)(f))(Ar) (definition of ®)
= (a(f\))(AT) (definition of T")
(2.5) =spa,.(®(f)) (formula for the spectrum),

which is similar to what we would like to prove, but it involves the spectrum on A7, not
the one in H.
Fix a A € spy.(T). Let € >0, and let 6 > 0 be such that

A—pl <6
— [N —flwl<e
{u € spa,(T)
(6 exists, because f is continuous). Let g € C(sp,,.(T)) be a function such that
lu—Al =0
HgHoo,s 7 =1, — g(u) = 0.
Par () p€spa,(T)
Let P := ®(g). Then, since ® is an isometry and an isomorphism of algebras, from the

choice of g (and the fact that ® is a morphism of algebras, with ®(1) = 1), we get
I(f (M) 13 = ()P = |2~ ((f(A\) 13 — () P)llosspa, (1)
= |7 (fF(M) 1y — (I)(f))(pil(P)”oo,spAT(T)
= H(f()‘) - f)gHoo,spAT(T) <e

(for the last bound recall that |((f(A) — f)g) ()| = |(f(A) — f(i))g(p)| is bounded by € on
the support of g).
Assume now by absurd that f(\)1y — ®(f) is invertible in End(#). Then

1= lglloosp,,. () = 12l = 1P = I(f (M3 = ()" (F (V)1 — ()P
< 1AL = () M- IFN) L = () PIF< I(F )13 — @) e
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But € is arbitrarily small, hence this is impossible. This proves that f(\) € sp(®(f)), i.e.
that

(2.6) f(spa,(T)) € sp(2(f))-
Specializing the identity to f = iSPAT (), We get

spar(T) C sp(T).
Since we already know that sp 4..(T") 2 sp(T'), we conclude that

(2.7) spa, (T) =sp(T),
which is the first of the equalities. Moreover, if an operator is invertible in A7, then it is
also invertible in End(H), so

(2.8) sp(P(f)) € spa, (P(S)).
Thus,
(2.8

sp(®(f)) S span(®(f) = [(spa,(T)) S sp(®(f)),

therefore the inclusions are actually equalities, giving
sp(®(f)) = f(spa,(T)) = f(sp(T)),
where for the last equality we have used ([2.7]). |

Proposition 2.8 Let T' € End(H) be a normal operator. Suppose that sp(T') contains a
unique value, Ag. Then T = \gly.

Proof. The space C(sp(T)) of all continuous functions on sp(7") coincides with C, as an
algebra. Hence the algebra A generated by T' and T* is isomorphic to C, By Theorem 2.3
Thus A\gly — T is 0, because it is not invertible and 0 is the unique element which is not
invertible in Arp. [ |

The following proposition shows how injectivity /surjectivity of 7" and T™ are related.

Proposition 2.9 Let T' € End H. Then the following claims are equivalent:
i. T is invertible in End(H);

ii. T* is invertible in End(H);

iii. T and T* are both injective and T(H) is closed;

w. T and T are both bounded away from 0.

Proof.

i. <= ii. evident, since (T*)~! = (T~1)*;

i.4+ii. = iii. evident.

iii. = 1. The definition of the adjoint operator shows that (T'x,y) = (z, T*y), thus ker T*
coincides with T(#)*. Thus, T(H)* = {0} when T* is injective, and hence T(H) =
T(H) = ((T(H))*)* = H. Thus T is surjective. By hypothesis it is also injective, so
that it is a bijective operator. The open mapping theorem ensures that such operator
is invertible.

i.+ii. => iv. Let T be invertible. Then z = T~ 'Tz shows that |z| < ||T7Y| - || Tz|,
i.e. that | Tz| > (1/|T~Y))|lz|, proving that T is bounded away from 0. The same
happens to 7%, by [ii.].

iv. = iii. Suppose that both T" and T™ are bounded away from 0. Then T and T™* are
injective. Moreover, by assumption there exists a constant ¢ such that [|[Tax — Ty|| =
T (x —y)|| > ||z —y|| for every z,y € H. Thus, every Cauchy sequence in T'(H)

comes from a Cauchy sequence in ‘H, and hence converges. This proves that T'(H) is
closed.
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Let A € sp(T). Then there is a sequence of unitary vectors v, such that one of the

limits ||(T — Alg)vnl| — 0, [[(T* — A3 )vs|| — 0 holds. In fact, if both are false then both
T — Ay and (T — Aly)* are bounded away from 0, but then 7" — A1y would be invertible,
by the part [iv] of the previous proposition.
Suppose now that T is normal. Then T'— Al is normal as well. But then ||(T'—Aly)v,| =
I(T* — A3)vn|| (because if S is normal then ||Sv||? = (Sv, Sv) = (S*Sv,v) = (SS*v,v) =
(S*v, S*v) = ||S*v]|?), thus we deduce the following proposition showing that each number
in the spectrum of 7' is ‘almost’ an eigenvalue.

Proposition 2.10 Let T be a normal operator in End(#H). Let A € sp(T). Then there is
a sequence of unitary vectors such that | Tv, — Avy|| — 0. If X is isolated, then X is an
etgenvalue.

Proof. We have already proved the first claim. Let A be isolated in sp(7"). Then the
function f: sp(T') — C defined as

1 ifz=2AX
f(x):{o itz £ A

is a continuous map on sp(7’). By Theorem let P:= ®(f). Then
[(Aly = T)P|| = |2 (Al — T) Pl o sp(r) = |(A = ispr)) fll oo sp(r) = O-

Hence (Aly — T')P is the trivial operator. The operator P is not trivial, since f is not
trivial, therefore there is a vector v such that (Aly — T")w = 0, where w := Pv # 0. |

By definition, an operator 7' € End(#H) is positive when it is self-adjoint and (T'v,v) > 0
for every v. The following proposition characterizes positive operators.

Proposition 2.11 Let T' be a normal operator in End(H). It is self-adjoint if and only if
sp(T) C R, and it is positive if and only if sp(T)) C R>g. Moreover, T is positive if and
only if there exists a self-adjoint positive operator S such that T = S%. The operator S is
uniquely determined by T and is called the square root of T'. It commutes with all operators
commuting with T

Proof. We already know that sp(7') C R for a self-adjoint operator. Let T" be positive and
let A € sp(T"). By Proposition there is a sequence of unitary vectors v, such that
|Tvy, — Avg|| — 0, so that
0 < (Twp,vp) = (Avp + (T — Aly)vp, vn) = A+ O([{(T — Aly)vn, vn)l)
= A+ O(I(T = Al)vnll - [lonl]) = A + O(I[(T — Aly)val])
=A+o(1)
which proves that A > 0, i.e. that sp(T") C R>o.
On the contrary, suppose that sp(7") C R. Then ig,(7) (the identity map on sp(7)) is a

real map, i.e. it is fixed by the conjugation. This holds true also for ®(ig,(7)) (because
® is a #-isomorphism), and hence T is self-adjoint (because T = ®(igy(7))). At last,

suppose that sp(T) C Rsg. Then the map f(\) := v/X is well defined on sp(T). Then
S := ®(f) is such that ®(f)* = ®(f?) = P(isp(r)) = T, and is self-adjoint (because
sp(S) = sp((f)) = f(sp(T)) = (sp(T))"/* C Rxp). Thus

(Tv,v) = (S*v,v) = (Sv, Sv) >0,
proving that T is positive.

At last, we notice that S = ®(4/*) belongs to Ap, i.e. to the closed algebra generated by
T and T*, but this algebra coincides with the polynomial algebra generated by 7' alone
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because T is self-adjoint (by hypothesis). Therefore, if W is an operator which commutes
with 7', then it commutes also with S. |



CHAPTER 3

Representations

Let G be locally compact group, and V be a vector space on a field k. From a purely
algebraic point of view a representation of G in V' is simply a morphism p: G — Aut(V),
i.e. a map such that

plag) = pl9)p(d) V9.9 €G,
where p(g) and p(g’) are in Aut(V).

Example. 3.1 Let G := {z € C: |z| = 1} (the circle), and let V' = C2, as a complex vector
space. For every n € Z, the map

pn: G — GL(2,C), pn(z) == (Zg . )
is a representation of G (in SL(2,C)). O
Exercise. 3.1 Let G := U(2,C), the set of unitary automorphisms of C2.

1. Prove that
G = { <_°2 Z) L abeC, a2+ b= 1}.

Note that G is a non-abelian compact group.

2. Prove that each element in G is conjugated to some element (669 e_Oie ) fora € [—m, 7],
and that these elements are pairwise conjugated, with the element associated with 6
conjugated with the one associated to —f. Deduce that each conjugation class contains
a unique element of that type with 6 € [0, «].

3. For every n € N, let
Hy = {p € Clz,y]: p(Az,\y) = \"p(z,y)},

the set of complex polynomials in two variables which are homogeneous with degree
n. Prove that H, = Spanc({2/y"77/}]_,). In particular, dim(H,) =n + 1.
4. Let pp: G — Aut(H,,), be defined as

(pn(9)P)(2,9) = p(g ™" (§)).
Prove that p, is a representation of G.

Remark: This exercise continues with Exercises 3.2] and 3.5

When the group is not finite, in order to have a better control on its representation it is
a good idea to select the representations having also good properties with respect to other
(usually non algebraic) structures; typically with respect to the topology of G. Moreover,
for our application we can restrict our definition to the case where V' is actually a complex
Hilbert space H. In this setting, a topological representation of G in H is a map

p: G — Aut(H)

such that the map
W:GxH—H

(g,%) = W(g,z) := p(g)x
is continuous, where in G x H we take the product topology.

39
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Proposition 3.1 Let G be a locally compact group, and let p be a representation of G in
a Hilbert space H. Then p is a topological representation if and only if both the following
conditions hold true:

1. For every compact K C G, the family of automorphisms in p(K) is equicontinuous;
2. For every x € H, the map g — p(g)x is continuous as a map G — H.

In particular, p is a topological representation if and only if W is continuous in each
argument. As a consequence, if we already know that p(g) € Autiop(H) for every g, then
p is a topological representation if and only if 2) holds true, i.e. if and only if g — p(g)x
s continuous, for every x.

Proof. When p is a topological representation, Properties 1) and 2) are evident. for the
opposite implication see [RV], Proposition 2.1 (p. 48-49).

For the second part of the claim, suppose we know that VW is continuous in each argument.
For every x € H, the map g — p(g)x is W(-,x) and by hypothesis it is continuous. Let
K C G be any compact set. Then for every fixed z, the set {p(g)x: g € K} is a compact
set in M, in particular it is bounded. Thus, each p(g) is in Autiep(#), because it is the
map W(g, ) which is continuous by hypothesis, and the family {p(g): g € K} is pointwise
bounded. By Banach—Steinhaus theorem this family is equibounded, i.e.,

M :=sup sup |p(g)z| < oo.
geEK z: ||z||=1

as a consequence [|p(9)z — p(g)yll = llp(g)(@ — )| < M|z — y|| when g ranges in K,
and this proves that the family p(K) is equicontinuous. This claim is also proved in |[RV],
Corollary 2.2 (p. 49). [

Let p: G — Aut(#H) be a representation. A subspace W of H is p-invariant when

p(g)(W) C W for every g € G. The representation is called algebraically irreducible
when {0} and H are the unique invariant subspaces; if the representation is a topological
representation, it is called topologically irreducible when {0} and H are the unique closed
subspaces which are invariant.
Note that for a topological representation both notions of irreducibility are meaningful,
and that the algebraic notion is stronger than the topological one, but they coincides when
‘H is a finite dimensional vector space (however, the notions are strictly different: there are
representations which are topologically irreducible but not algebraically irreducible).

Another definition: two representations p and p’ of a given group G in Hilbert spaces
H and H' (not necessarily the same) are interlaced by a map T € Hom(H,H') when
Tp(g) = p'(g)T for every g € G, i.e. when the following diagram

H Ly

p(g)l lﬂ’(g)

HT>H’

commutes. Moreover, they are called equivalent when they are interlaced via any iso-
morphism of vector spaces. Analogously, two topological representations p and p’ are
topologically interlaced by a map T when T is continuous (as a map H — H’'), and are
topologically equivalent when T is a continuous isomorphism.

At last, a representation is called unitary when p(g) is unitary for all g € G, i.e. when
(p(9)x, p(g)x) 4y = (x, ), for every x € H. The following proposition shows an interesting
fact.

Proposition 3.2 Let (p,H) and (p',H') be topological unitary representations which are
topologically equivalent. Then they are unitarily equivalent (i.e. the map T: H — H'
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realizing the equivalence of p and p' can be modified to another map still realizing the
equivalence of p and p', and which is unitary).

Proof. Let T: H — H' be the topological isomorphism such that Tp(g) = p'(g)T for every
g. Let T*: H' — H be the operator defined via the equation

(Tx,y)ey = (2, T*y)y Ve eH, VyeH.

(This is a generalization of the adjoint, but all properties are still true. In particular 7
is continuous). Then TT* is positive and continuous endomorphism of H’. By Proposi-
tion there is a self-adjoint operator U such that U? = TT*, and which commutes with
all operators commuting with T7T™. Moreover,

wlny- Ty = oty - (U =U - U = 1y,
proving that U7 is a unitary and continuous isomorphism of #’. Finally, we know that

Tp(g)=p'(9)T VgeG.

Passing to the adjoint operators yields p(¢)*T* = T*p'(g)*. But p(g) and p/(g) are unitary,
thus p(g)~'T* = T*p'(g)~!. The representations are morphisms, hence this equality means
that p(¢g~1)T* = T*p'(g~!). Since this is true for every g € G, we conclude that

p()T*=T"p'(g) VgeG.
Therefore,
TT*p'(9) =Tp(9)T" = p'(9)TT"
proving that TT* commutes with p’(g) for every g. Hence U~! commutes as well, produc-
ing:
(U™ T)plg) = U0 (9)T = p'(9)(U'T)
proving that p and p’ are unitarily equivalent. |

Theorem 3.1 (Schur’s lemma)

1. Let (p,H) and (p', H) be irreducible representations of a group G. Let T: H — H' be a
morphism interlacing p and p'. Then either T is identically 0, or it is an isomorphism.

2. Suppose that G is locally compact and let (p,H) be a topologically irreducible unitary
representation of G. Let T' € End(H) such that p(g)T = Tp(g) for every g € G. If T
is normal, then it is a scalar operator (i.e. a multiple of the identity). In particular,
TT* is always a scalar operator.

Proof.

1. By hypothesis Tp(g) = p'(g)T for every g € G. This shows that ker T' is an invariant
space for p and Imm 7 an invariant space for p’. Both p and p’ are irreducible, by
hypothesis. Thus, if T is not trivial then ker T'= {0} and Imm T = H'.

2. Let A be any number in sp(T"). If A is the unique element in sp(7'), then T is Aly, by
Proposition . Suppose therefore that this is not the case, i.e. that sp(7) contains
also a second element ;1 # X. Then there are functions fy, f, in C(sp(T")) which are
not identically 0 but that are zero in suitable open neighborhoods of A and u which do
not overlap (so that the product fyf, is identically zero). Let ®(fy) be the operator
associated to fy via the spectral theorem. It belongs to Ar (the closed complex alge-
bra generated by T and T™*). By hypothesis every element in p(G) commutes with T,
and taking the adjoint we verify that it commutes also with 7™ (because p is unitary).
Hence every element of p(G) commutes with Ay, and hence in particular with ®(f)).
Let W be the closure of ®(f\)H in H. Note that W is not {0}, because in this case
[®(f2) =0, while || f|lo sp(r) # 0 and @ is unitary.

This space is invariant for p, because ®(fy) and p(g) commute for every g. By assump-
tion p is topologically irreducible, hence W is H. The same holds true for ®(f,)H.
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However, this is impossible, since @ is a morphism, so that 0- 14 = ®(0)

= (f/\fu)
®(fr)®(f.), which contradicts the fact that ®(fy)P(fu)H = P(fA)H =H.

Remark. 3.1 For the second point, we could try the following approach. Let G, (p,H)
and T as in Theorem Let A € sp(T). Then T — A1y is a morphism of #, evidently
commuting with p(g) for every g € G. By the first part of the proposition it is either trivial
or an isomorphism, but the second case is impossible (because A belongs to the spectrum
of T), thus it is trivial, i.e. T'= Aly. This argument is tantalizing, but it does not work
in general: the assumed topological irreducibility of p is weaker than the irreducibility,
thus actually we cannot apply the first part of the theorem to conclude. However, the
argument runs well in case H is finite dimensional, because in that case the two notions of
irreducibility collapse. O

For unitary representations the second claim in Schur’s lemma is actually a character-
ization of irreducibility. In fact, the following fact is true.

Proposition 3.3 Let G be a locally compact group, and let (p,H) be a topological unitary
representation of G in H. Then p is topologically irreducible if and only if the constant
multiples of the identity 14 are the unique elements in End(H) which are normal and which
commute with p(g) for all g.

Proof. Theorem shows that this is what happens for unitary and topologically irre-
ducible representations. Thus, we have only to prove that in case p is unitary and not
topologically irreducible, there exists a normal 7' € End(#) commuting with p(g) for ev-
ery g and which is not a multiple of the identity. The representation is not topologically
irreducible, hence it admits a closed and non-trivial invariant subspace W. Let W= be the
orthogonal complement in H of W it is not trivial either, i.e. it is not {0} or H, because W
is closed and is not {0} or H (the fact that W is closed matters here!). By hypothesis p is
unitary, and p(g)W C W for every g € G. We show that this implies that p(g)W+ C W+
for every g € G, too. In fact, pick any w € W and w’ € W. Then

{p(g)w', w) = (W', p(g)*w) (definition of adjoint)
= (', p(g)"'w) (p(g) is unitary)
= (w', p(g~")w) (p is a morphism)
=0 (p(g~Hw is in W for every g).

Let T be the orthogonal projector on W: note that it is not a multiple of the identity
(because its image W and its kernel W+ both are non-trivial). Write any v € H as
Tv + (v —Tv) (where v — Tv € W+). Then

(To(g))v = (Tp(g))(Tv + (v = Tv)) = (Tp(g))Tv + (Tp(9))(v — Tv)
=T(p(g)Tv) + T(p(g)(v = Tv)) = (p(9)T)v
where the last step comes from the fact that Tv € W hence p(g)(Tv) € W hence
gpgg)(r./;)v) = p(9)(Tv), and that v—Tv € W+ hence p(g)(v—Tv) € W+ hence T(p(g)(v —

This proves that 7' commutes with p(g) for every g. |

Proposition 3.4 Let G be an abelian locally compact group, and let (p,H) be a topological
unitary representation of G in H. If p is topologically irreducible, then dim(H) = 1.

Proof. Fix any ¢’ in G, and consider T,y := p(g’). Since G is abelian, we have Ty p(g) =
p(9'9) = p(gg’) = p(9)Ty, proving that Ty commutes with p(G). Ty is also unitary, so
that in particular it is normal. By Theorem [ii.], it is a multiple of the identity, so
that there exists a number, x(¢’) € C, such that T,; = x(¢’)1%. This holds true for every
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g’ € G, hence for every ¢ there is x(¢’) such that p(¢') = x(¢')1%. Let z be any nonzero
vector in H; then Cz is a closed subspace which is invariant by p(G), thus it coincides with
‘H because p is topologically irreducible. [ |

Exercise. 3.2 Let G be a compact group with Haar measure p. (By Proposition it is
both left and right invariant). Let (p, H) be a topological representation of G on a complex
Hilbert space H. For every =,y € H, set

1

(z,y) = M/G@(g)w,p(g)w dp,

where (-, ) is the hermitian scalar product in H.

1. Prove that it is well defined (i.e. it is finite for every z,y);

2. Prove that (-,-) is an hermitian scalar product;

3. Prove that the norm induced by (-,-) is equivalent to the norm coming from (-,-), so

that H is an Hilbert space also with respect to (-,-);

4. Prove that p becomes unitary when in H the new scalar product (-,-) is considered.
This exercise shows that all representations of a compact group can be considered as unitary
representations. This extends to compact groups what is well known for finite groups.

Hint: for [3], recall Proposition and that each p(g) is a continuous automorphism of
‘H, so that also its inverse is bounded.

Exercise. 3.3 This exercise shows how to operate on representations to produce new
representations.
Let G be a locally compact group, and let (p, H) and (p’, H') be topological representations
of G.
1. (direct sum) prove that (p@®p/, H®H'), with (p®p')(g) := p(g) D p'(g) is a topological
representation of G;
2. (tensor product) prove that (p ® p/,H @ H'), with (p @ p')(g9) = p(g9) ® p'(g) is a
topological representation of G;
3. (controgradient) prove that (p,H), with p(g) := (p(¢g~1))* is a topological representa-
tion of G.
4. (restriction) Let H be a closed subgroup of G. Prove that (Res$ p, H), where
(Res% p)(h) := p(h) for every h € H, is a topological representation of H.
5. (induction) Let H be a closed subgroup of G whose index in G is finite. Let (¢, H) be
a topological representation of H. Fix a set S of representatives for G/H, and take

HE = @ aH,
a€esS
i.e. the Hilbert sum of [G : H] copies of H. For every g € G and a € S, there is a
unique o € S and a unique hy o € H satisfying the equality gow = o’hg . For every
g € G, we define
(Indf; )(g) € End(H{)

as the map

(1nd; ) (9) (D ) = D @'lhg)er
a€es aesS
Then (Ind% 1) (g) is actually in Aut(H$) and Ind$ ¢ defines a topological represen-
tation of G.
Remark: there are other possible (and probably better) constructions for the induced
representation; some of them can be extended to cover also the case where the index of H
in G is not finite.
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Exercise. 3.4 Let G be a locally compact group. Let (p, H) be a topological representation
of G on a complex Hilbert space H. Let W be a closed p-invariant subspace of H.

1. Note that W becomes a Hilbert space itself with respect to the scalar product coming
from H. Prove that restricting each p(g) to W produces a new topological represen-
tation (pw, W);

2. Suppose that p is unitary. Prove that W+ := {y € H: (y,z) = 0V € W} is p
invariant as well;

3. Notice that H = W @& W+; conclude that under the hypotheses in [2.], p is topologically
isomorphic to pw @ pyr1.

4. Let p be a unitary representation in a finite dimensional Hilbert space H. Prove that
p can be decomposed as finite direct sum of topological irreducible representations.

Remark: in the case of compact group G, last claim is true for every unitary representation
(in particular also for the case of infinite dimensional Hilbert space), with (possibly infinite
many) irreducible representations, each one being finite dimensional. This is part of the
Peter—Weyl theorem. For abelian locally compact groups the analogous claim is a part of
the Pontryagin duality result.

Exercise. 3.5 Let G = U(2,C) and p, be its representation as in Exercise [3.1 The
following steps will prove that p, is irreducible for every n (the distinction topolog-
ically /algebrically irreducible does not matter here, because the Hilbert space is finite
dimensional).

1. Note that G is compact, so that p, can be made unitary;

2. In the Hilbert space H,, take the base of monomials and notice that

(0 5)

is represented by a diagonal matrix in this base;

3. Notice that the diagonal entries in this matrix can be made all different for suitably
chosen values of 8; conclude that if T commutes with pn(<669 e_ow )) for every 6, then
T is diagonal in that base;

4. Let {aj};-‘iol be the constants such that T'(z7y"~7) = a;a7y" I for j =0,...,n. Com-

(5 )
(5 e

and deduce that if 7" commutes with p,(g) for all g € G then it is a multiple of the
identity. Apply Proposition [3-3] to conclude.

to

Remark: It is possible to prove that this is a full set of inequivalent topologically irre-
ducible representations for U(2,C).

Exercises of Chapter 2 in [RV] are instructive and should be fully studied. For a very
nice introduction to the representations of compact groups and some material on repre-
sentations in locally compact groups see [Ro|. For a classical treatise on representations of
Lie groups see |Kn|.
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Duality

4.1. Pontryagin duality

Let G be an abelian locally compact group. Let G be the set of all continuous homo-
morphisms G — S!, where as usual S' denotes the set of complex numbers of absolute
value 1. The elements in G are called characters for G, and G is also called Pontryagin’s
dual of G. It is an abelian group with respect to the pointwise product, i.e. when the
product of two characters x, 7 is defined as

x-n: G — St
g = Oc-m(g) = x(g)n(g)-
Let K be any compact in G and U any open neighborhood of 1 in S'; we denote W (K, U)
the set of characters for which the image of K is in U, i.e. the set {x € G: x(K) C U}.
The sets W (K, U) are a neighborhood base for the trivial character, and the compact-open
topology of G is (by definition) the topology generated by the translated in each point of
the family of sets W(K,U). In other words, a family of characters {xy }nen converges in

this topology to a character xy when for every compact K in G and every open neighborhood
U of 1 in S! there is an integer N = N(K,U) such that

n>N = VgekK, (xX)(9) €U.

Since the topology in S! is a metric topology, the compact-open topology in G coincides
with the topology of uniform convergence in all compact subsets, i.e. the topology for
which a family of characters {x;,}nen converges to a character xy when for every compact
K and every € > 0 there is N = N(K, €) such that

n>N = |xn(9) = X(9)|loc,x <€

(See K], Theorem 11, p. 230). Moreover, if G is discrete then the compact sets in G are
the finite sets, and the compact-open topology coincides with the topology of pointwise
convergence.

Let ¢: R — S be the covering map ¢(z) := >, and for every w > 0, let

Nw)=6((~ 5.3);

the image of the open interval (—w/3,w/3) via ¢.
Moreover, for every S C G and every integer m, we denote

Sim) .= {s1-s2- - sm:s; € SVj=1,...,m},
the set of all m-long products of elements in S.

Lemma 4.1 Let m be any positive integer. Suppose that U C G contains e, and that
x: G — S' is a group homomorphism (not necessarily continuous) such that X(U(m)) C
N(1). Then x(U) C N(1/m).

Proof. First we prove that if z € S' is such that z, 2%, 23,...,2™ lie in N(1), then z €
N(1/m). The proof is by induction on m. For m = 1 the claim is evident. Suppose m > 1
and that z,22,23,...,2™ lie in N(1). By inductive hypothesis the claim holds for m — 1,

and hence z € N(1/(m — 1)). Moreover, we know that 2 € N (1), so that there exists

45
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y € N(1/m) such that 2™ = y™. In other words, x = y(l, where (,, := exp(2mi/m)
(a primitive mth root of 1), and ¢ is an integer in 0,1,...,m — 1. when ¢ # 0, the sets
N(1/(m — 1)) and N(1/m)¢l, do not intersect (take the ‘worst’ case m = 2, to convince
yourself), thus the equality x = y(, is possible only for ¢ = 0, and the resulting equality
x = y shows that z € N(1/m), i.e. the claim.
The statement of the lemma follows easily. In fact, for every g € S and 1 < j < m, the
power ¢/ is a m-long product in S(™ (because e € S, by assumption), so that x(g)! =
x(¢’) € N(1) for j =1,...,m implies that x(g) € N(1/m), by the first part of the proof.
|

Proposition 4.1 Let G be an abelian and locally compact group. Then:

1. A group homomorphism x: G — S is continuous (and hence a character) if and only
if x (N (1)) is a neighborhood of the identity in G;

2. The family {W (K, N(1))}k, where K ranges in the set of compact subsets of G, is a
netghborhood base of the trivial character for the compact-open topology of G;

3. If G is discrete then G is compact;

If G is compact then G is discrete;

>

5. If G is locally compact, then G is locally compact, as well.
Proof.

1. The claim is evidently necessary for the continuity of y. We prove that it is also
sufficient. Suppose that there exists U C G which is an open neighborhood of e
in G and such that x(U) € N(1). Fix any positive integer k. By Proposition 1.4[1.]
(iterated k times) in G there is an open set V' which is a neighborhood of e and such that
v@) CU. Thus X(V(Qk)) C N(1). By Lemma we deduce that (V) € N(27%),
and this proves that y is continuous.

2. It is sufficient to prove that for every compact K; and every integer m, there is a
compact K such W(K,N(1)) C W(K;,N(1/m)). Without loss of generality we can

suppose that e € K;. Let K := K£m) (a compact, by the continuity of the product).
Let x € W(K,N(1)) and pick any g € K1. Then x(g), x%(9), ..., x™(g) are in N(1),
so that x(g) € N(1/m) (by Lemma [4.1)), proving that y € W (K1, N(1/m)).

3. Let G be discrete. We have already noted that in this case the compact-open topology
is the pointwise topology. With this topology the set of all maps G — S! becomes
compact (by Tychonoff’s theorem), and therefore also ¢ = Hom(G, S') (the full set
of all morphisms G — S') is compact, since it is evidently a closed subset.

4. Let G be compact. Take any x € W(G,N(1)). then x(G) is a compact subgroup
of S* in N(1), and {1} is the unique such subgroup, therefore y = xo, the trivial
character. Thus W (G, N (1)) coincides with {xo}. In the compact-open topology the
set W(G, N (1)) is open, therefore we have proved that the singleton {xo} is an open

'~

set in G.

5. By Part 2, to show that G is locally compact it is sufficient to prove that if K is a
compact neighborhood of the identity in G, then

W :=W(K,N(1/4))
is a compact neighborhood of the identity in G. R
Let Gy denote the same group G but with the discrete topology. Then Go=Hom(Gy,S!)

is compact (by Part 3) and its topology (the compact-open topology) is actually the
pointwise convergence topology. Let

Wo == {x € Go: x(K) € N(1/4)}.
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It is a closed subset of Gy, hence it is compact. Moreover, by Part 1 each homomor-
phism in Wy is G-continuous (i.e. continuous as a map G — S'), hence Wy C W.
On the other hands, W C Wy, because every map is continuous with respect to the
discrete topology. Hence
W = Wj.

Let 79 be the topology of Wy induced by the one in Gy (i.e., the pointwise topology),
and let 7 be the topology of W induced by the one in G (i.e., the compact-open
topology). Since W = W) (as sets), if we are able to prove that 7y is finer than 7 (i.e.
that each T-open set is also 7p-open), then the identity map

(Wo,m0) = (W, 7): o(w) = w

is continuous, and the compactness of W itself cames out, since W equals +(Wp), i.e.
the continuous image of the compact Wy.
Let K1 be a compact in G and let m be a positive integer. For each x € W, consider
the subset

W(x) == (x - W (K1, N(1/m))) nW.
(Recall that W (K1, N(1/m)) is a neighborhood of the trivial character, thus x -
W (K1, N(1/m)) becomes a neighborhood of x). Since the sets W (x) are a base of
T-open neighborhood for y, to conclude it is sufficient to prove that they are also 7p-
open.
Let V be an open neighborhood of the identity in G such that V™ C K. Since K,
is compact, there is a finite set F' such that K1 C F' - V. Consider

Wo(x) == (x - Wo(F,N(1/(2m)))) N W,

where Wy(F, N(1/(2m)) denotes the set of homomorphisms on Gy mapping F' to
N(1/(2m)). We claim that Wy(x) is 7p-open and is contained in W (x): when proved,
this will conclude the proof. The set Wy(F, N(1/(2m)) being clearly mp-open, only the
inclusion needs verification.

Let 1 € Wo(x). Then = xpuo for some g € Go with po(F) € N(1/(2m)). Note that
both p and x are in W, by construction, thus

po(K) = (ux ") (K) = p(K) - x 7 (K) = p(K) - x(K)
¢ N{1/4) - N(1/4) = N(1/2) € N(1).

By Part 1 this shows that pg is continuous. Moreover, since V(*™) C K and since
po(V@™)) C po(K) € N(1), by Lemma [4.1] we get that uo(V) € N(1/(2m)). Thus
we further have

po(K1) € po(F) - po(V)) € N(1/(2m)) - N(1/(2m)) = N(1/m)
proving that g is in W(Ky, N(1/m)), so that u is in W (x).

4.2. Functions of positive type

Let G be a locally compact group. Pick a left invariant Haar measure g in G, and
let LP(G) with p € [1,4+00] be the usual spaces of (class of equivalence of) measurable
functions G — C, such that

[ fllp = (/G |f(9)IP du(g))l/p < 400
for p € [1,400), and
I £lloo == inf {a € R: p({g € G: |f(g)| > a}) = 0} < o0
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(the essential sup is finite) for p = +o0.

We demand to specialized books for standard results (completeness, local convexity, du-
ality, measure product and so on); we simply note that essentially everything which is
known for R holds true also in the present case since locally compact groups are union of
o-compact spaces and Haar measures are Radon measures.

Let ¢ € L*°(G) be a function such that

(4.1) dlg~)=0l9) VgedG
(well, actually for almost all g € G). With such a function we can define a scalar product
in C.(G), setting

(f1, f2)y = o(s™'t) f1(s) fo(t) dpu(s) dp(t),

GxG
where in G x G we have introduced the product measure. It is well defined, with

(15 )l < Mllooll fill rll f2l s
(4.2) < [[8lloo L/ 1lloo [ f2lloopt(supp(f1)) (sUPP(f2))-

It is evidently sesquilinear in its arguments, and it is also a hermitian scalar product, i.e.
it satisfies the identity

(f1:f2)p = (f2, [1)g

as a consequence of the assumption (4.1]) on ¢.
We are interested into those functions ¢ for which the scalar product is positive, i.e. such
that

(F. 1), >0 VfeCa).
These functions are called of positive type. Note that we are not requiring that (-, -) <i> is
definite positive (i.e. that it is zero only on the zero function).
Indeed, our interest for this set of functions comes from two remarks:

e All characters are of positive type. In fact, for a character x the identity x(¢7%) = x(9g)
is evident, and the positivity holds since

Uiy = /G 0 dus) )

2

— [ XOHONOT@ duts) dut) = | [ XTI o)
GxG G

e The set of functions of positive type is a convex set, i.e. if ¢, are of positive type,
then A¢ + (1 — A\)% is of positive type for every A € [0, 1], too.

The following steps will characterize the characters as the extremal point of a suitable
convex subset of all functions of positive type: in this way (via the Krein—-Milman theorem)
we will see that the characters are a sufficiently large family to allow the Fourier transform
to have a unique inverse (in a proper sense). However, the proof is not easy and we will
need a lot of theory to reach our purpose.

The positivity assumption produces a Cauchy-Schwartz-type inequalitym
[(Fh) ol < M1 llg - 1R llg,

Un fact, if ¢ is positive then (Af +h,Af +h), >0 for every f,h € Cc(G) and every A € C. Thus

0 < AP, £)g + 2Re(N(F, h) ) + (hy h) -

Fh),

i
— (i (£,

If (f, f), # 0 we can set A = — yielding

+ (hyh), = —
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where
£l = (F D)2 = [ [ ot 0rT@ an) aut)]
GxG

Note that || || it not a norm, in spite of its notation, since it is possibile to have || f|4 = 0
also with a nonzero function f. However, an immediate consequence of the Cauchy-
Schwarz inequality is that || f + glls < [|f]l¢ + ||g||¢E| so that the set of functions

Dy :={f € Cc(G): || fll = O}
is a closed subspace of CC(G)H The usual arguments show that || - ||, becomes a true norm
on the quotient space C.(G)/Dy, which we convert into a Hilbert space H, by completing
the norm.
The left action Ly: Hy — Hg, defined by (Lyf)(s) := f(g~'s) actually defines a represen-
tation of G into H4:
L:G — Aut(Hy)
g L.
It is unitary: it is sufficient to prove it for elements in C.(G), and a direct computation
shows that
(Lgf, Lgf)y = (s71)(Ly.f)(5)(Lg F)(t) dpals) du(t)

GxXG

= S(s™ ') f (g™ s) fg~1t) dp(s) dpul?)

GxG

= $((g7"s) (g™ ) f (g™ ) flg~1) dpu(s) dp(t)

GxG
= (s10) f () F(t) du(s) du(t) = (f, f)y
GxG

(recall that p is left invariant, by assumption).
It is also a topological representation. In fact, if (sq, fo) is a sequence in G x H4 converging

to (s, f), then
ILsf = Lsa fallg < | Lso f = Lsa fallg + | Lsf — Lsa flle = If = falls + | Ly f = fllg

(because L is unitary). The first term can be made arbitrarily small because f, — f, by
assumption; the second term goes to zero because so — s and L 1 f — f in sup norm
when f € C.(G) (by uniform continuity on compact domains), so that this is true also in
LP(G) with p € [1, +oo)ﬂ In particular it is true in L'(G) and hence also in || - |4 norm,
because ¢ is essentially bounded, by .

which is the claim. Suppose (f, f), = 0. Then if (f, ), # 0 we could take A = —n% with any n € R,

getting a contradiction when 7 > 1. Thus, in case (f, f), = 0 also (f,h), = 0, and the inequality holds
in this case, too.

2Because
If +BIE =(f +h f+R)y = (f, )y + 2Re((f, 1)) + (b, h),,
=[£15 +2Re((f, k) ) + IIRlIG < IF1E + 20 fllsllhlle + NIR1
=(IIflls + 1nll6)*.
3Closed, because || - ||4 is a continuous map.

An fact, let K be the support of f. Then the support of LSS;1 fis ssy K. Let U be a compact neighborhood
of e: it exists because G is locally compact. Hence ss; ' is eventually in U and the support of L -.fis
eventually in UK, which is a compact set. Hence the support of Lssglf — f is eventually in UK U K,
and we have

ILyor f = ey = /G Ly £ = F@)P da(t) < Ly, f = FIEp(UK UK) = 0.
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Let f, g be a pair of complex Borel functions on G. Formally, their convolution is the

new function
(f * g)(t / F(5)g(s™ 1) dpa(s) = /G F(ts)g(s™) dp(s)

(for the second equality recall that p is by assumption a left-invariant Haar measure), but
this applies only when the integral is well defined: This happens for sure when f € C.(G)
and g € L*°(@G), and in this case the resulting function f * g is continuou

Remark. 4.1 Note that (at least for the moment) we are not assuming that G is abelian.
As a consequence f *x g and g * f are not necessarily the same function, because

@0 = [ a6 duts) = [ Fsnats ™ G

(recall Formula (1.2])) which in general is not equal to (f * ¢)(t), unless f(st) = f(ts)A(s).
Note that this happens for every f only when G is abelian. g

Let ¢ be a function of positive type, and let f,h € C.(G). Then (via the usual Fubini—
Tonelli theorems) we have the identity

(fil)g = ¢(s™t) f(s)h(t) du(s) du(t)

GxG

= [ [ retsn auts) | anty
= [ 7+ ) ORT dut).
G

In particular, suppose that || f||4 = 0. Then, by Cauchy-Schwarz inequality we know that
(f,h)y =0 for every h € C¢(G), and the previous formula gives

/G(f * ¢)(H)h(t)du(t) =0  for all h € C(G).

We know that f * ¢ is continuous, therefore we deduce that (f * ¢)(t) = 0 for every ¢t € G.
The following proposition shows a very useful representation formula for functions of
positive type.

Proposition 4.2 Let ¢ be a function of positive type on G. Then there exists an element
xy € Hy such that

P(s) = (wg, Lswg) 4 for a.e. s€@.

Proof. Let f € C.(G). Note that f x ¢ is a well defined continuous function, and define
B(1) = (£ 0)(e) = [ o) dauts)

This proves the convergence of L_ —1f to f in L”(G) norm, when f € Cc(G). For a generic g € L?(G)
(with p € [0, 4+00)) the claim from the density of C.(G) as subset of L?(G), and the inequality

IL,=19 = gllere) S 1Lgoz19 — L =1 fllee) + 1 Lg=1 f = fllzee) + IIf — gllzr(e)
=Lz f = fliere) + 20 = gllr(o)-

5In fact, let to be a family of elements in G converging to ¢t. Then

I(f *9)(ta) = (f x9)(B)] < /G [f(tas) = F(ts)] - 1g(s™ )] du(s) < Hgl\oo/ |f(tas) — f(ts)| dp(s)

= llglloe - I Lyz2 f = Li1 fllriey = lglloo - 1 Lyz1 f = fllLre,

and we can repeat the argument in Footnote E}
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which is a linear functional on C.(G). Let f € Dy, i.e. suppose that | f||4 = 0. Then we
have noticed that f x ¢ is identically zero, in particular, ®(f) = 0. This proves that ® is
well defined on the quotient space C.(G)/Dg. Now we prove that ® can be extended as a
continuous linear functional on H4. In fact, let {a} be an index set for the collection of all
open neighborhood V, of e in G. Since G is Hausdorff, (), Vo = {e}, and if we write o < 3
when V3 C V,,, then the set of indexes becomes a direct set. By Urysohn’s lemma for every
a there is a function g,: G — [0,+00) which is continuous and compactly supported on

V4, and such that
[ a0 dnte) = 1.
G

This family defines a corresponding family of functionals on C.(G):

fwzj@%@mw»

For every fixed f the limit in « of all these values is f(e), thus the family of functionals
converges weakly to the Dirac distribution in e. This is true also for functions f which are
in C(G) (i.e. which not necessarily have a compact support). In fact, let K be a compact

neighborhood of e and let Vj := K (the open part of K is an open neighborhood of ). By
Urysohn lemma, let h: G — R be a continuous function supported in K and which is 1 in

V3. Then
/ f(t)ga(t) dp(t) / f(t) dp(t)

when o > 8 (because g, is supported in V;, and V,, C V3 for a > 3), thus

i [ F(0)90(6) du®) =t | FOh(E)g0(0) dule) = FleIAe) = F(e).
G G

Therefore, we have

¢(f)=:(fﬂ<¢)&ﬂ==1gnj/(13k¢)@)gx@)du(ﬂ

GxG
On the other hand, we have
[(f1 9006l < 1 Fll6llgalle (Cauchy-Schwarz)
< [Iflolgllcllgallr  (comparison of norms, Eq. (@.2))
= llloollfll (9a is nonnegative and ||gal[z, = 5 ga dp =1).
Thus the previous equality shows that

(N < llellooll fllos

i.e. ® is a continuous functional on C.(G)/Dg. This implies that it can be extended in a
unique way to a continuous functional on Hg4, that we denote ®, as well. Let x4 € Hy be
the element such that ®(f) = (f,x¢), (by Riesz isomorphism theorem).

Let £ € C.(G), then

43) (G, = 9O = (<o) = [ o e du(t) = [ Few) dnco

where in the last step we have used . Substituting & with L -1£ in this formula, and
recalling that Ly is unitary in H, we get

A4 (Lo, = (L6, = [ G0t dutt) = [ TETE) dute)



52 CHAPTER 4. DUALITY

Let h be another function in C.(G), then

(& h)g O(s')&(s)(t) dp(s)dp(t)

o(s71)¢ )du(S)]

Il

|
|
(€, Lewg) yh(t) du(t),

where in the last step we have used (4.4). By density, this formula holds also for every
£ € Hy. Setting & = x4 (and recalling (4.3)) yields

| o L) @ a(t) = (w1}, = Tzl = B0

— / G(t)h(t) du(t) = / P(t)h(t) du(t)
G G

Since h € Cc(G) is arbitrary, we conclude that ¢(t) = (x4, Lizg), for almost all t € G. W

(4.5)

Remark. 4.2 Note that the equality shows that the C-span of L;x4 when ¢ ranges in
G is dense in Hy. In fact, the formula shows that if £ is (-, -) p-orthogonal to all Lz, then
(§,h), = 0 for every h € Cc(G). When the formula is extended to { € Hg, this shows that
¢ is the zero element in Hg. O

Exercise. 4.1 Let (p, H) be any unitary representation of a locally compact group G. Take
any v € H, and set

¢: G —=C, o(g) = (v,p(g)v).

Prove that ¢ is of positive type.
Corollary 4.1 Let ¢ € L*°(G) be a function of positive type. Then ¢ is a continuous
functions almost everywhere. Moreover, suppose that ¢ is continuous, then

o oe) = [lzgll3 > 0;

o [0(s)] < lzgllg [ Lszsllo = 2ol = (e).
Proof. By Proposition |4.2) we know that ¢(s) = (g, Lsze), for a.e. s € G. The function
s (g, Lsy) ¢ 1s continuous, hence the first claim follows. The other facts are immediate

consequence of this identity (plus the Cauchy—Schwarz inequality and the fact that L is
a unitary representation in H). [ ]

4.3. Elementary functions

Let
P(G) :={¢p € C(G) N L>®(G): ¢ of positive type, ||¢]lc < 1},
which is a convex set. Note that elements in P are continuous, so that for them the
condition [|¢||o < 1 is equivalent to the assumption ¢(e) < 1 (by Corollary [£.1)). We also
introduce
E(G) := {extreme points of P(G)},
where eztreme is in the sense of convex sets, i.e. ¢ € £(G) cannot be written as A¢; + (1 —

NP2 with ¢1,¢2 € P(G), ¢1 # ¢2 and X € (0,1).
We notice that the null function belongs to &£ (G)ﬁ All other functions in £(G) are called

6Suppose the contrary, i.e. that 0 = A¢1 + (1 — N)¢p2 with ¢1,¢2 € P and ¢1 # ¢2. Then 0 = A¢i(e) +
(1 — XN)¢2(e), but ¢j(e) > 0, hence ¢1(e) = ¢2(e) = 0 implying that both ¢; are the null function (By
Corollary . In particular ¢1 = ¢2, which is a contradiction.
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elementary functions, by definition. Note that ||¢||cc = ¢(e) =1 for elementary functions;
In fact, ¢(e) # 0 (otherwise ¢ is the null function), and assume that ¢(e) < 1. Then
¢/¢(e) is in P(G) and the equality ¢ = ¢(e) - % + (1 — ¢(e)) - 0 shows that ¢ is not an
extreme point.

Let ¢ € P(G), with ¢(e) = 1. Then the following properties are equivalent:

i) ¢ is extremal, so that cannot be written as Ag; + (1 — X)p2 with ¢1 # ¢2 € P(G) and
A€ (0,1),
ii) if ¢ = @1 + ¢2 with ¢1, ¢2 € P(G), then there exists A € [0, 1] such that ¢1 = A¢.
In fact:
i)= ii). Suppose ¢ = ¢1 + @2 with ¢1,¢92 € P(G). Evaluating the equality at e we
deduce that 1 = ¢(e) = ¢1(e) + pa(e), with ¢1(e), pa(e) € [0, 1] (because ¢; are in P). If
¢l(e)>¢2(€) € (Oa 1)7 then
¢1 ¢2

with ¢f(je) € P. Assumption i) implies that W = ¢2(e) = ¢. Therefore ¢; = ¢j(e)p
for j = 1,2, and ii) is proved. The same conclusion holds also in case ¢;(e) € {0,1} or
p2(e) € {0, 1}, trivially.

ii)= 1). Suppose ¢ = Ap1 + (1 — X)p2 with ¢1,¢2 € P(G) and A € (0,1). Then 1 = ¢(e) =
Ap1(e) + (1 — N)ga(e) < 1, with equality if and only if ¢1(e) = ¢2(e) = 1. Suppose that
this is the case. Let ¢n := A¢1, which is in P(G) since ¢1(e) = Api(e) = A < 1. The
same for g := (1 — A)¢2. Assumption ii) implies that there exists o € [0, 1] such that
Ap1 = Y1 = a¢. Evaluating at e this equality gives A = «, so that ¢; = ¢. The same
happens to ¢9 = ¢, so that in particular ¢; = ¢o.

Theorem 4.1 Let ¢ be a continuous function of positive type on G, with ¢(e) = 1. Then
¢ € E(G) if and only if the unitary representation s — Ly in Hg is topologically irreducible.

Proof. =-). The claim is evident if ¢ is the null function (because in this case H, is the
trivial space {0}). Assume that ¢ is an elementary function. Let W be a closed subspace
of Hg which is L, invariant for every s € G, let W+ be its orthogonal complement and
let Py be the orthogonal projector to W. Since the representation is unitary, also W is
invariant, and Py commutes with Lg for every s. Thus, to prove the claim it is sufficient
to prove that the unique orthogonal projectors commuting with L for every s € GG are the
zero or the identity map. Let A be any orthogonal projector. Then A? = A and A = A*,
and also 1y, — A is an orthogonal projector. Suppose that A commutes with Ly for every
s. Thus for every s € G we have

¢(s) =

<:‘C¢a L l’¢>

= (Azg, Lswg) s + ((Ine, — A)zg, Lst)

<A.%'¢,AL $¢> + <(1’H¢ — A).%'¢, (1;!.[45 — A)LS.%'¢>¢ since A*A=A2=A
= (Azg, LsAzg) , + (1, — A)g, Ls (131, — A)g) -

This identity gives ¢ as sum of tho functions of positive type (see Exercise |4.1)). Since ¢ is
extreme, there is A such that

(Azxg, Lszy) Azg, L Azg), = Mag, Lszg) , Vs € G,

o=
ie.

(A= Ay, )wg, Lé,,alcqz,)q5 =0 Vsed.
By Remark [4.2| we know that {Lsx4: s € G} spans a dense subset of H4, hence we deduce
that (A —Aly, )7y =0, ie. Argy = Azg. But A is a projector, hence A = 0 or 1. Changing
A with 13, — A, if necessary, we can assume that A = 1, i.e. that Az, = x4. Since A
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commutes with L,, we deduce that ALsxy = LsAxy = Lgxy, and hence A = 13, (again
because Lz, spans a dense subset of H).
<). Suppose that the representation (L, #H,) is irreducible, and that ¢ = ¢1 + ¢ with
¢1, @2 both in P(G). Then for every f € C.(Q)

<f7f>¢1 +<f7f>¢2 = <f7f>¢

so that

This proves that if f is degenerate with respect to ¢, then it is degenerate also with respect
to ¢1, i.e. that Dy C Dg,. This inclusion produces a surjection j: Hgy — Hge,. The map
(7(-),3(-))4, defines a positive hermitian form on Hy, and hence there exists a continuous
and positive endomorphism A on H, such that

This formula also shows that A is self-adjoint, because it implies that
(AG )y = (3(£), T (W), = (G(W),5(&)) g, = (A, )y, = (& AV) 4.

We verify that A commutes with Lg for every s. In fact, by (4.7)), the fact that L is unitary,
and the fact that j commutes with L, we get, for every s € G and every &,9 € Hy:

(ALsE 1) g = ((Ls8), 5 (¥))g, = (Lsi(£),5(1))g, = (3(&), Ls—15 (1)),
= <j(£)7j(Ls*1¢>>¢1 = <A£> Ls*1¢>¢ = <LSA£7 "7[)>¢
This means that ((ALs — LSA)§,¢>¢ = 0 for every &, € Hg so that AL; — L;A = 0.
Schur’s lemma (Theorem [2]) implies that A = A1y, for some A € C, thus becomes

Setting { = ¢ we deduce that A is real and in [0,1] (it is > 0 because (j(-),j(-)),, is
positive, and < 1 by (4.6))). Let f,g € C.(G), and let &, 1) their images in Hg. Then the
previous equality becomes

$1(s™) f(s)g(t) dp(s) dplt) = A ¢(s~ 1) f(5)g(t) dpu(s) dp(t).

GxG GxG
Since f, g are arbitrary this implies that ¢1(s) = A¢(s) for almost every s € G, and hence
for every s, because they are continuous. |

Theorem 4.2 Let G be an abelian and locally compact group. Then the set of the elementary
functions of G coincides with the set of (continuous) characters.

Proof. We have already verified that the characters are functions of positive type, and
for them the condition x(e) = 1 is evident. Thus, by Theorem the claim will follow
immediately if we are able to prove that the following conditions are equivalent:

i. ¢(e) =1 and the representation of G in H, is irreducible;
ii. ¢ is a character on G.
(ii.) = (i.) Suppose that ¢ is a character. Then

(Pl = | [ 61 (s

proving that Dy coincides with the set of all functions f € C.(G) such that [,¢(s)f(s)du(s)
= 0. Thus, the dimension of C.(G)/Dy(G) is oneﬂ and Hy itself is one-dimensional.

:

"Pick any h € Ce(G), with Jo h(s)du(s) = 1. Set a := [, &(s) f(s)dpu(s). Then

/ B [(5) — ad(s)h(s)] dpu(s) = a — a / h(s) du(s) = 0,
G G
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Therefore the representation is irreducible.

(i.) = (ii.) Assume that the representation L of G in Hy is irreducible. Then H4 is
one-dimensional (by Proposition . We know that x4, € H, is not zero (otherwise
¢(s) = (xg, Lszg), would be identically 0, contradicting the assumption that ¢(e) = 1).
Thus H4 = Cxg, and there exists A: G — C such that Lsxy = A(s)zs. The function A
is a morphism of groups, since L is a morphism. It is also a continuous map, since the
representation L is a topological representation, therefore \ € G. Finally, we have

B(5) = (g, Lsp)y = (24, A(8)Tg) 5 = () (w4, 29) s = Ms)b(e) = A(s),

and therefore ¢ is a character. |

4.4. The Fourier inversion formula

Let G be a locally compact and abelian group. Fix p be any Haar measure on G: it is
both left and right invariant, because G is commutative. Let f € L!(G); by definition the
function

jia e, ﬂm:ﬂg@ﬂmw@

is its Fourier transform. Note that it is well defined, because |x(g)| = 1 for every g, and
that f is bounded, since ||f||o0 < 1)
Let V(G) denote the complex span of the continuous functions of positive type (so that
it is (P(QG))c), and let
VH@G) = V(G)nLYG).

We know that also G is a locally compact abelian group. Thus, also G support a Haar
measure. The following theorem states the main result of this section: it is possible to fix
the Haar measure in G in such a way that it is well related with the Haar measure in G,
on a suitable set of functions.

Theorem 4.3 (Fourier inversion formula) It is possible to fiz the Haar measure dji in G
in such a way that if f € VY(G) then f € VI(Q), and

ﬂw—éﬂmnwwu> vy G.

Moreover, the Fourier transform f — [ is an isometric bijection of V(G) into Vl(é),

The proof of this result will need some work, actually, but this claim in itself is not
completely satisfying since the formulation of the duality in V1(G) space is a bit artificial.
A more conventional choice would be the space L?(G) N L'(G), and then extended by
density to a map in L?(G). We will need some other tools to move from the theorem on
V1(G) to a theorem claiming the same conclusions on these more usual spaces.

Firstly, we need the following statement analyzing the structure of L'(G) with respect
to the convolution.

Proposition 4.3 Let * denote the convolution product. Then L'(G) is a commutative and
associative algebra with respect to the pointwise sum and the x product. Moreover,

I1F*gllzr < I fllee gl ¥F.g € LYG),

so that it is a Banach algebra.

and this proves that f —a¢h is in Dy, or, which is the same, that f is represented by a¢h in the quotient
C.(G)/Dy. This proves that the quotient C.(G)/Dy is generated by the function ¢h, and hence it is
one-dimensional.
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Proof. We have already noted that the convolution is commutative for abelian groups.
The proof that f % ¢ is a measurable function is the unique point needing some care, but
can be performed with the same strategy for the usual case where G = R™. The upper
bound for the norm and the associativity of the product are elementary consequence of the
formal properties of the product (plus Fubini-Tonelli theorems). |

Remark. 4.3 In general L!(G) is not a unital algebra, i.e. it does not contain a function
g such that f* g = f for every f € L'(G). In fact, it can be proved that such a function
g exists if and only if G is discrete (and in that case the Haar measure is the function
counting points and the function which is 1 in e and 0 otherwise becomes the unit in
L'(@)). This fact represents a difficulty, because we need to apply to L'(G) several tools
we have introduced in Chapter [2| (spectrum, Gelfand transform, and so on) for unital
algebras. However, there is a canonic way to inject any algebra into a unital algebra via
an isometry of Banach algebras (see Exercise : This will allow us to recover some
properties for L'(G) from the analogous property of its canonical unital extension. O

To proceed we need a different characterization of the compact-open topology of G. As
a first step we prove that the Fourier transform of L!(G) functions are continuous maps.

Lemma 4.2 Let f € L'(G). Then f is a continuous map on G.

Proof. Haar measure is a Radon measure, by design. As a consequence also |f(s)|du(s)
is a Radon measure. In particular it is inner regular and finite (because f € L'(G), by
assumption), so that for every e > 0 there exists a compact K = K () such that

JCETCES

Let {Xa}a be any direct system of characters in G converging to a given character x. Fix
€ > 0. The compact-open topology coincides with the uniform on compact convergence
topology. Thus, let K be the compact with [, |f(s)]du(s) < e and let o be large enough
so that || xg — X|leo,x < € for every 8 > a. Then

I Y| < / £(3)] - Ixs(s) — x(5)] dua(s)
/ )] Ixa(s) — x()| dus) + / £ xals) — x(s)] du(s).
»

By assumption, |xg(s) — x(s)| is bounded by € in K if § > a, and by 2 in general, thus

<c [ 1r@lans) 2 [ 17e)ldnGs),

Moreover, the integral of |f| is bounded by || f||z1 in K and by € in K¢, hence
< e(llfllz +2),

which proves the claim. |

Let
A= {f: fe LY@},
the set of Fourier transforms of L'(G) functions. In (¢ we can introduce also a (formally)
different topology, namely the transform topology, t-topology in brief, which is the weak-
* topology induced by the set A: in this topology a family of characters x converges to
xo if and only if f(x) — f(xo) for every f € A. By its definition, this topology is the
coarser topology such that all functions in A become continuous. Lemma shows that
this topology is weaker than the compact-open topology, i.e. that every set in G which is
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t-open is also open in the compact-open topologyﬁ. We want to prove that actually these
topologies are the same. To this purpose we need a second lemma.

Lemma 4.3 Let G x G have the product topology of the assumed topology in G and the
t-topology in G. Then the map
GxG —C,

(v, x) = x(v)
18 continuous.

Proof. Let f be any map in L'(G). Firstly we prove the continuity of the map
GxG —C,
(W x) = Ly ()

Choose any (yo, xo0) € G x G. For very € > 0 there is an open neighborhood U of yg such
that ||Lyf — Ly, fllpr < eﬂ Hence

1Ly f ) = Ly OO < 1Ly f = Lyo i <€ Wx € G,

when y belongs to this set. Moreover, by definition of t-topology, there is a t-open neigh-
borhood V' of xq such that

|Lyo f(X) = Lyo f(x0)| <€ VxeV.
Therefore, if (y,x) € U x V then

1Ly (0) = Lo F(x0)| < 1Ly f () — Lo OO + 1Ly F(X) — Lo f (x0)] < 26,

which proves the claim.
Now, we note the following equality:

NI T () = /G (L) () x () x(5) du(s) = /G S )X T9) dpu(s) = F(x)-

Pick again any couple (yo, xo) in G X G, and let fy be any function such that fo(xo) #0
(such a function exists, for example take f = hxg where h is any function in C.(G) with

Johdp # 0). Then m(XO) # 0 (by the previous formula). By the first part of the
proof, the value of L, fo() is non zero in a suitable open neighborhood of (yo, x0), so that
the map

(¥, x) = o) _ X(y)

Lfolx)

is well defined there, and hence continuous in U x V (because quotient of continuous
maps). Repeating this argument in every point we conclude that the map is continuous
everywhere. |

8This is probably my fault, but I have always some hesitation about the truth of this claim. I reproduce
here its simple proof. Consider the following diagram:

(G,c.-open top.) ity (G’7 t-top.)

S

o
where 7 is the identity map. Let O be an open set in the t-topology. Then, directly from its definition
there is a function f € L'(G) and an open set V' C C such that O = ]Aﬁl(V). By Lemma
f: (G, com.-open top.) — C is continuous, hence O = fﬁl(V) is an open set in the comp.-open topology.
This proves that each open set in t-topology is also an open set in comp.-open topology. In particular the
inclusion ¢ map is itself continuous.

9We have already used this property for functions in C.(G), see Footnote [5 in Section The claim
extends to all L'(G) because C.(G) is dense in this space.
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Theorem 4.4 Compact-open topology and t-topology in G are the same.

Proof. It is sufficient to prove that every set W (K, V) (with K compact in G and V' open
neighborhood of 1 in S') is a neighborhood of the trivial character also with respect to
the t-topology. This proves that the compact-open topology is contained in the t-topology,
and the claim follows because we already know the opposite inclusion.

By Proposition it is sufficient to prove the claim when V' = N(1). Let K be a compact
subset in G and let xo be the trivial character; evidently xo € W (K, N(1)). By Lemma[4.3]
for every yg € K there is an open neighborhood U of yy in G and a t-open neighborhood
V of xo in G such that x(y) € N(1) for all (y,x) € U x V. The compact set K is covered
by finitely many Uy, ...,U,. Let Vi,...,V, be the corresponding t-open neighborhoods in
G. Then V := j=1 Vj is a t-open set which is contained in W (1, N(1)). This proves that
W (K, N(1)) is a neighborhood of the trivial character also in the t-topology. [

Proposition 4.4 Let B denote the Banach algebra L'(G), and let B be the set of complex
characters of B (as algebra). For every x € G and f € B, define

P (f) = Fx) /f (s).

Then vy is in B, and the map
v G — B,
X Uy
s a bijection. It is a homeomorphism of topological spaces when in G we consider the
compact-open topology and in B we take the Gelfand topology.

Recall that a character of an algebra is by definition a nonzero map. Note that the
proposition states the validity of the formula

Fx9(x) = in(f % 9) = (N (9) = T(0F(X)

for every y, i.e. that f/*\g = f@ (so that the Fourier transform converts the convolution
into the pointwise product).

Proof. Every 7, is evidently linear on B, and not identically 0 (because for every x there is

a function f € B with f(x) # 0). A routine computation suffices to prove the multiplicative
property of 7, (recall that G is abelian, thus the Haar measure is left-right invariant):

(frg) = /(f*g)( () dia(s)

//f )g(st™Y) dpu(t)x(s) du(s)

Let x,x’ be two characters. Suppose that 0, = 0, i.e. that f(x) = Uy (f) = 0y (f) =
}"( ") for every f € B. Then x(s) = x/(s) for a.e. s € G. Since they are continuous, they
are equal everywhere. This proves that © is injective.

Let ¢ be an element in B, i.e. a character of the algebra L'(G). Then it is automatically
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continuous (by Proposition [2.3} n[lll] H In particular it is a continuous and linear morphism
of the Banach linear space L!(G), and its norm is ﬁmteEl The classical duality result in
LP(G) spaces shows that there exists ¢ € L°°(G) such that

= [ 1@etdnts) Vs e @)

with [|¢|lec = ||#||. Moreover, ¢ is multiplicative, thus (Fubini-Tonelli result applied
several times, here)

(/) /G g(D(t) dut) = B(F)o(g) = ¥(f * 9) = ¥(g * f)

= [ox Dets) dut) = [ / $) dp(t)e(s) du)
:/Gg@)[/G(Ltf)() (5) dus) /¢Ltf aufe).

In this identity g is arbitrary, therefore
Y(f)p(t) = Y(Lef) for a.e. t € G.

The function appearing to the right side of this formula is continuous in ¢t and we can select
f so that ¢(f) # 0, hence changing ¢ in a null set at most, we can assume that ¢ itself
is continuous and that the equality holds everywhere. Then, applying the identity three
times we conclude that

U(f)e(st) = (Lsef) = V(LsLef) = p(s)(Lef) = (s)p(t)y(f)

for every s,t € G, proving that ¢ is multiplicative. The map s — |p(s)] is a multiplicative
map G — [0,400) whose range is in [0, ||¢||1], because ||¢||cc = ||¢|l1. The unique multi-
plicative subgroup in R which is also bounded is {1}, hence |¢(s)| is identically 1. This
completes the proof that ¢ is a character, i.e. that  is a surjection.

Note that the Gelfand topology in Bis only another name for the weak-* topology, which
in this setting is the topology producing the pointwise convergence. Thus, a sequence of
characters in B converges if and only if and only if their values in each element f € B
converges. We have just verified that the characters in B are all of the type U, for some
X, so that they converge if and only if 2, (f) converges for every f; i.e. if and only if f(x)
converges for every f; this is exactly the notion of t-topology we have introduced before
on G. This proves that B (with Gelfand topology) and G, with t-topology, are homeomor-
phic. According to Theorem t-topology and compact-open topology in G are the same
topology, so that also the last claim follows. |

Proposition 4.5 The set P(G) is a compact subset of L°°(G) with respect to the weak-*
topology.

Proof. According to the weak—* topology, a sequence of elements {¢q }o € L°(G) converges
if and only if ¢o(f) == [ f( )du(s) converges, for every f € LY(G) (here we are
using the elements in LOO(G) to produce functionals on L'(G)). The set P(G) is bounded
by 1, as subset of L*°(G). It is also weak-* closed. In fact, if the sequence {¢n}o € P(G)
converges (weak-*) to some ¢ € L*°(G), then by deﬁmtlon

(4.8) lim /G ba(s)h(s) / o(s w(s)  Vhe LY(G).

1OActuadly, Proposition assumes that the Banach algebra is commutative and unital. The Banach
algebra B is for sure abelian, but not always unital. In order to apply that proposition to the present case
we need to pass through the canonical banach algebra containing B, as we have told in the introduction
of this section.

11t is bounded by 1, by Proposition again, but we do not need this point here.
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First we prove that ¢ satisfies (.1). In fact, let h € L'(G), and set h € LY(G), with
h(s) := h(s™!) (for a.e. s € G). Then each ¢, satisfies (4.1, and using (4.8) twice, with
h and with h, we get

/G (5 T)h(s) dpu(s) = / o(s~)(3) dp(s) = / 6(5)(s) du(s)

~ lim / a(@h()du(s) = tim | G{R() d(e)
—hm/ Gl D)h(s) du(s —hm/ bal(5)h(s) du(s)
= [ oo ans).

Since this equality holds for every h € LY(G), we conclude that ¢(s—1) = ¢(s) holds for
a.e. s, i.e. that ¢ itself satisfies
Moreover, Let f € C.(G) and set f as before Then f+f € L'(G), and for every ¢ € L(G)

we get
LoFDe s = [ v [ FftaTdu)] du
= [ ) ) du(s) dutw)

GxG

= W(uv) f(u™h) f(v) du(v) du(u)

GxG

= P(uv) f(u) f(v) du(v) dp(u) = (f, )y

GxG

(in the last two steps we have first set su™! =: v and then changed v +— u~1). Applying

this computation to ¢ and to each ¢4, by (4.8) with h := f * f we conclude that

This proves that ¢ is of positive type, because each (f, f) 6a = 0, and we already know
that ¢ has the property . The function ¢ is almost everywhere equal to a continuous
function, by Proposition .2 and changing its definition in a null set we can consider it as
a continuous function. It is also bounded by 1, because every ¢, is bounded by 1. These
facts prove that P(G) is a weak-* closed subset in the unitary ball of L>°(G), hence it is
weak-* compact by Alaoglu’s theorem. |

Proposition 4.6 The set A = {f f e Ll(G)} s a separating, self-adjoint and dense
subalgebra of Co(G). (For a definition of Co(G ) see Section .

Proof. Let f € L'(G). Let f: G — C, f(s) := f(s~1). Then f € LY(G), and

70 /f /fs1 dju(s)
- /G F(s~1)x(s) / F(s)x ) du(s) = F(x),

which proves that Ais self-adjoint. It is also separating. In fact, suppose we have two
characters y # ¢ € G. Then X — Y is a non—identically zero in a suitable open set, and
we can always find a function f in Cc(G) with [ f(s)(x — (x — ) (s) du(s) # 0, hence with
f(x) =+ f(i/}) (for example, take f := (x — 1)h where h € G — [0, +00) is continuous with
compact support and the open part of the support intersects the open set where x # ).
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Proposition 4. identifies G with B, using the map 7. So that each map f G — C becomes
a map on B, setting f(VX) Flx )

The map generated in this way is continuous, because f is continuous on G (by Lemma
and 7 is a homeomorphism (agaln by Proposition . This shows that A is a separating
and self-adjoint subalgebra of C(B). If G is dlscrete then B (i.e. L'(@)) is unital, and in
this case Gelfand’s theory shows that B is compact so that A is dense in C(B) = CO(B) by
Stone—Weierstrass’ theorem.

Suppose that G is not discrete, so that B is not unital. Then B is no more closed: in
fact it coincides with the set of linear functionals on B (i.e. L'(G)) associated with the
characters of ' Thus the elements in B are still bounded by 1 (because the norm of
the functional equals the sup norm of the character, i.e. 1), but it is no more a weak-*
closed set. However, if ¢ € L*(G) is the weak-* limit of characters, then it is in any
case bounded by 1 and multiplicative. It is also in P(G) (by Proposition because the
characters are in P(G)). In particular it is continuous. Suppose that it is zero in some
point sg, then it zero everywhere, because ¢(s) = d(ssq 's0) = ¢(s55 )¢ (s0) = 0. This fact
proves that either ¢ is a character, or it is identically zero. In other words, we have proved
that B := BU {0} is the weak-* closure of B. The set B’ is also bounded by 1, hence it

is weak-* compact (by Alaoglu theorem). Note that B’ can be identified (as topological
space) with the one-point compactification of B.

If we set f(0) := 0, then f becomes a continuous function in C(B,) which is zero in 0,
i.e. an element of CO(B). Moreover, for every character x & G, there is an f such that
F(0y) = f(x) # 0 (take f = hy with any suitable h € C.(G), and [, h( )du(s) = 1). Thus
all aesumptlons of Corollary |2 . 2| are satisfied, proving that A is dense in Co( ) (and hence
in Co(@)). [ |

4.5. The Fourier transform of character measures

Let 6 be any complex Radon on G which is also a finite measure, i.c. such that
16|(G) < + Then, for every s € G we set

Ts: G —)(C
S '_>T fGX (X)7

which is called the Fourier transform of the measure 6. By assumption it is bounded,
being |T5(x)| < J& 1da(x)| = |6](G). Tt is also a continuous function (see Exercise .

Exercise. 4.2 Let 6 be any complex Radon measure on G. The following argument proves
that T5: G — C is a continuous function.

i. Pick any compact neighborhood K of e in G and any compact neighborhood K of
Xo (the trivial character) in G. Prove that the map K x K — C, (s,x) — x(s) is

12y Propos1t10neach element in B is of the type 7 for some ¥, and its value on f is S F(s)x(s x(s) dp(s).
13The contmulty comes from an application of the dominated convergence theorem: if 7, is a net of
elements in B converging to 0 in the weak-* topology, and hence pointwise, then f(2y,) = f(Xa) =
Jo f( Xa(s) du(s) goes to zero, because the family fxa is dominated by f € L'(G).
Complez Radon measure means that 6(E) € C, not necessarily in [0,4o00]. Recall that every finite
complex Radon measure can be written as Zi:o i*6,x where each &, is a positive and finite Radon
measure.
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uniformly continuous, and deduce that for every € > 0 there are open neighborhoods
U of ein K and U of xg in K such that

stteU, xnlteU — |x(s) —n(t)] < e
Pick t = e (and n = x), and deduce that
sclU, xek = |x(s) — 1] <e

ii. Fix e > 0, and let K be a compact in G such that |6|(K€) < e: such a compact exists
because |G| is a Radon (in particular it is inner regular) and finite measure. Let U be
as in Step [i.], and note that for st~! € U we have

T5(s) |</ Ix(s) = x()|dla|(x) + /K Ix(s) = x(®)]d|&](x)
< e(61(G) +2).

An application of the Fubini-Tonelli theorems shows that for every f € L'(G),

/Lf(ﬂib@)du@)==j;f@ﬂjgx($cw<x)du@)
(4.9) :ALﬂM@w@wm:Aﬂmwx

(the computation is correct since f is bounded and f(s)x(s) is measurable by Lemma [4.3)).
The following proposition shows that the measure is completely determined by its trans-
form.

Proposition 4.7 If T5(s) = 0 for every s, then 6 = 0.
Proof. In fact, if T;(s) = 0 identically, then

/ F(x)dé(x) =
G

for every f € L'(G), by ([£.9). According to Proposition the set of Fourier transforms
of functions in L!(G) is a dense subset of Co(G), therefore

/ g(x)dao(x) =0
G

for every g € Co(@), and hence 6 = (' [
The following surprising connection was discovered by Bochner.

Theorem 4.5 (Bochner) The set P(G) coincides with the set of the Fourier transforms of
all positive Radon measures on G with total mass < 1.

Proof. Let
M := {Tj: 6 positive Radon measure, ( ) 1}.

We already know that T3 is a continuous function, 4(G) < 1. Directly from

it definition we see that

nwwzéﬁrmwmzénfmwm:[ﬁﬁwmzn@,

G

I5Recall that the set of finite Radon measures is the topological dual of the space Co(G) (see [HR1], p. 170),
with the norm of the functional associated to the measure & which is always equal to |5|(G); if you are not
aware of this result, you can try a direct proof: if the Radon measure is not identically zero, then there
is a compact K C G with non zero measure and contained into an open set U with |§(U\K)| < |6(K)).
Select a nonnegative and continuous function g: ¢ — [0, 1] which is 1 in K and 0 outside U (Urysohn
lemma) and show that [ g(x)dé&(x) # 0. This contradicts the assumption.
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which proves that T has the property (4.1).
Moreover, for every f € C.(G) we have (by Fubini-Tonelli in G x G x G with product
measure ji(s)(t)5 (1))

| n 06 O ants) dut) = [ [ [ x(s710a000] ()70 dp(s) dut

xXG

= /G [ /G XGx(s’lt)f(s)mdﬂ(s) du(t)| dé(x)

- / 1) 46 (x).
G

We know that (f, f >x > 0 for every f, thus the computation makes evident that T} is of
positive type. This proves that T; € P(G) for every &, i.e. that M C P(G).
On the other hand, when & is the Dirac measure ¢, supported at a character n, we have

Ty, (s) = /G x(8) 6, (x) = n(s),

which proves that M contains the characters. It is also a convex set, because the set of
positive Radon measures with total mass < 1 is itself a convex set and T is linear in the
measure. This proves that M is a convex subset of P(G) containing the characters (and
the null function, of course). By Theorem these are the extremal points on P(G),
which is a weak-* compact by Proposition thus whether we are able to prove that M
is weak-* closed, then we can conclude that M = P(G) by Krein—Milman’s theorem.
Suppose we have any net {75}, weak-* converging to some ¢ € L°°(G). By definition,
this means that

lim / T, (G dn(s) = [ o(AGIdus)  ¥he L(G)
@ G G
According to , this means that

lim / x) déo(x / b(s pw(s)  Vhe LY(G);

in particular the limit of fG X) dGa(x) exists for every h € L'(G). Since the Fourier
transform of L'(@) functions is dense in Co(G) (by Proposition , we conclude that
actually the limit of [ k(x)doa(x) exists for every k € Co(G). Since complex Radon

measures on G are the topologlcal dual of Co(G) (see [HRl] p. 170) this proves that there
exists a complex Radon measure & such that lim, fG X) dda(x fG , for
every k. The measure ¢ has total mass < 1, because each O does and actually 1t is a
positive measure, because each 6, does. Therefore T is well defined, and when k is the
Fourier transform of any h € L'(G), this equality becomes

im [ T (AEIAGs) = [ TR duts) e 1(G).

by (4.9). This shows that {Tj_}. weak-* converges to T5. This proves that M is weak-*
closed. n

Let f € V(G), so that it is a C-linear combination of functions of positive type.
According to Theorem there is a complex Radon measure ¢ ¢ with finite total mass (i.e.

6 4(G) < +00), such that f is the Fourier transform of &, i.e.

(4.10) f(s):/éx(s)d&f(x) Vs e G.

The following lemma shows that the association f + & satisfies a kind of duality.
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Lemma 4.4 Let f,g € VY(G) .= V(G)NLYG). Then
gdés = fds,
(equality as measures).

Proof. Proposition shows that the measures are uniquely determined by their Fourier
transform, hence it is sufficient to verify that their Fourier transform are equal. We have

Tyas, () = /G X($)3(x) dé 5 (x)

_ /G (s) /G g(t)x () dpu(t)| o4 ()

- /Gg(t) F(st™) du(t) = (g % f)(s)-

In our setting this is equal to (f * g)(s), and the same computation proves that it is

T}d&g(s). [

We introduce two further sets. Let Cp(G) C C(G) be the subset of bounded functions.

Let F be the set of functions ¢ € Cy(G) for which there exists some complex Radon measure
74 on G such that the equality

(4.11) ¢ dop=fdig

holds for all f € V1(G), as measures. Lemma shows that F contains the Fourier
transform of V1(G) functions: in that case the measure 7; associated to g is actually &,.

Lemma 4.5 the set F has the following properties:
i. if ¢ € F, then the associated measure T4 is unique;

ii. if ¢ € F is positive, then the associated measure T4 1s positive;

iii. the set F is a module over the Cy(G), with the map ¢ — T4 as morphism of modules.
In particular,
Toty =To + Ty, Tap = aTy
for every a € Cb(é) and ¢,y € F;
w. let n € G and let L,: Co(G) = Co(G) with (Ly®)(x) = ¢(n~1x) for every x € G.
Then L,(F) C F, with
1,0 = LaTe
where for any measure T on G, the measure L,7 is defined as the one such that
(Ly?)(E) :=%(n"'E) for every measurable set E.

~

v. C.(G) C F.

Proof.

i.-ii. There is a net {f,}a of functions in V!(G) whose Fourier transform converges to
the constant function 1 uniformly on the compact sets (See [RV], Exr. 12 p. 129, or
Exercise here below), and whose Radon measure 6, is a positive measure. Using
this family in the role of f in , we conclude that

hglgi) doy, = d7y.

This equality shows that d74 is completely determined by ¢. This formula also shows
that the measure is positive when ¢ is positive.

iii. This is an easy computation;
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iv. Let n e Gand f € V(G). Then the definition of 7 gives

(nf)(s) = /G (m)(5) d# 4 (x) = /G x(s) A4 (n1x) = / x(5) ALy 1) ()

G
proving that L,T; = 7,y.
Let h € C.(G) and f € V}(G). Then

:/ h(nx)¢(x) d(Ly-177) (x) = | h(mx)o(x) d(Fp-15) (x)

G G

_ /G RO (00 d(76) () = | B F(nx) d(76) (X)
- / B0 F00) d(Lys) (X)

G
which proves the claim.

v. Let v € Cc(é). Let K be a compact in G containing the support of 7. Let f € ViG)
be a function whose Fourier transform stays away from zero in K such a function exists
because we know that there exists a net of such functions whose Fourier transforms
converge (uniformly on compact sets) to the constant 1 function (See [RV], Exr. 12
p. 129, or Exercise here below). Then a := ~/f is a well defined function in
C.(G) C Cy(@); f is in F (because it is the Fourier transform of f € V!(@)), hence
v =af isin F, as well (by property iii.).

[

Exercise. 4.3 Let { K, }o be a net of compact neighborhoods of e in G, with N, K, = {e} (it
exists, by local compactness). Let go: G — [0, 400) be any continuous function supported

in Ko, with [ ga(s) du(s) = 1.
i. Pick any compact neighborhood K of e in G and any compact neighborhood K of
Xo (the trivial character) in G. Prove that the map K x K — C, (s,x) — x(s) is

uniformly continuous, and deduce that for every € > 0 there are open neighborhoods
U of ein K and U of xg in K such that

stleU, xnltelU = |x(s) —n(t)] <e
Pick t = e (and 7 = x), and deduce that
sclU, xek = |x(s) — 1] <e

ii. Use the previous step to conclude:, that {g,}a converges to the constant function 1,
uniformly on compact subsets of G.

iii. Let fo := ga * §,, where g, (8) := ga(s~1). Verify that f, € C.(G), and that it is of
positive type, so that f, € V}(Q).

iv. Verify that f, = [§,|%; deduce that {4} is a net of functions in V1(G) whose Fourier

transform converges to 1 uniformly on compact sets. Note that the Radon measure
0y, is a positive Radon measure.

4.6. Proof of the Fourier inversion formula

According to the property [v.] of the previous lemma the set C.(G) is a subset of F.

~

This allows to associate to each function v in C.(G) the unique (by [i.|) measure 7. This
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shows that the map
c.(G) cc
v o= A>y) = [y 1d7y(x)

is well defined. This map is a linear functional (by [iii.]) on C.(G), which is positive for
positive argument (by [11])@ Take any f € P(G) N LY(G), not identically zero. Then the
measure 7j is 6 ¢, which is nonzero by (4.10)) and positive by Bochner’s theorem. Let K be

a compact set in G whose & ¢ measure is not zero (it exists, since 6 is a nonzero Radon
measure). Take any a € C.(K) C C.(G). Then af € C.(G) and a dé is its measure. Thus

Aaf) = /G 1d#,5(0) = /G a(x) dé £ (x).

The sup value of this integral when a ranges in C.(K)N{a: a(x) € [0,1]Vx € G} is 6 ;(K),
which is strictly positive by our assumption on K. This proves that A is not identically
zero. It is also L,-invariant for every character n, because equality [iv.] yields:

ML) = [ 170,00 = [ 1400 = [ 18,0700
— [ @00ar 00 = [ 187,00 = AG)
a G

This proves that the measure associated with A is actually a Haar measure on G. We
adopt this measure as standard measure 1 on G. Thus we can write

[1am00=00)= [ 40dit0,  wrec@),
G G

Let ¢ € F and a € C.(G). Then a¢ € Co(G) as well (because F C Cyp(G), by design), and
the previous identity shows that

/@ a()6() di(x) = Alag) = /G 1 d# (o) (X) = /G a(x) d4(x)

(using [iii.]). This shows that ¢ dji = d74, which describes the measure associated with ¢
in terms of the Haar measure and ¢ itself. Then, for every f € V(G),

fdp= d#; = day,
and hence, by (4.10)), we get

1) = [ x50 = [ F00x(s) ).

This proves the formula in Theorem [£.3]

The following corollary gives a first nontrivial result toward the proof of the second
part of Theorem [4.3|identifying V1(G) with V1(G).

Corollary 4.2 Let f € LY(G). Then

1. if f 7,'5 contz’nuous and of positive type, then } 1s positive and integrable; in particular
Jo f ) > 0;
1. sz 18 posztwe then }" 1s of positive type.

Thus the Fourier transform defines an injection of VY(G) into VI(G).
Proof.

16Recall that positive does not mean that it strictly positive, in particular it is possible that A is the null
functional. The computation following this footnote shows that this is not the case.
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i. By hypothesis f is continuous and of positive type, then the Radon measure ¢ which
is associated to f is finite and positive (by Bochner’s theorem). The previous compu-
tation shows that in terms of the Haar measure i we have selected in G one has

dos = f dju.

Since 6y and i are both positive and Radon measures, we conclude that [ is positive.
It is also integrable, since doy is a finite measure.

ii. This is an easy computation: firstly we note that

/ F(5)x1(s) du(s / F(5)x(5) dpa(s) = /G F(s)x() du(s) = )

(in the last steps we have used the assumption that f(s ) € R), proving that f satisfies
the identity (4.1)). Moreover, for every function h € C, (@) we have

/ FOYRGOR@) i) d()

= [ [ #6000 (o) ORI i) i)
GxG G
S ECIN Xéwws)h(x)Wdﬂ(x)dmw) dyu(s)

= [ 6] [ Xm0 a0 ants) =0

(the last step holds since f(s) > 0 for every s € G).
Let f € VI(G). It is a C-linear combination of functions in P(G), and each function in
P(G) is a sum of continuous and positive functions in P(G) By [ii.] we conclude that f
(Whlch is a continuous and bounded function) is also a C-linear combination of functions in
P(G), i.e. it is a function in V(G). Tt is also in L'((G), applying to the same decomposition
the conclusions in [i.]. This proves that the Fourier transform maps V1(G) = V1(G). ®

4.7. Pontryagin Duality

Once again, let G be a locally compact abelian group. Then also Gisa locally compact
abelian group, so that G 1tself may be considered as the stem group for a new leap moving
from G towards is dual: (. There is a natural map from G to G given by the evaluation
map:

a:G — é,
y —ay):@—C, aly)(x) = x()

The famous result of Pontryagin states that this procedure generates all elements in é, in
a continuous way.

Theorem 4.6 The map a: G — G is an isomorphism of topological groups, so that G and
G are mutually dual.

Its proof will interact with the remaining part of Theorem we still have to prove.
The following lemma gives a first glimpse in the subject.

Lemma 4.6 The map « is injective.

17This is a consequence of the decomposition z = Zi:o i* max(0, Re(i*%)), which is true for every z €
C, and the fact that max(0, Re(i*f(s))) is a continuous and nonnegative function of s whenever f is

continuous.
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Proof. In other words, we have to prove that G separates the points of G, and since G is a
group, it is sufficient to prove that G separates z from e, when z # e. Suppose that this is
not true, i.e. that z # e but that x(z) = 1 for all y € G. Let f be any function in L'(G);
then . - - R
fOO =x(2)Lf(x) = L:f(x),  Vx€G.

If further we assume that f € V(G), then by inversion formula we deduce that f = L, f,
for every f € Vl(G)El This is impossible: in fact, let U be an open neighborhood of e such
that UzNU = (): such an open set exists, because G is a Hausdorff space. It is possible to
produce a nonzero function f in V1(G) supported in Uﬂ for such a function the equality
f = L.f is impossible. |

Let K be a compact neighborhood of the identity in G, and V be an open neighborhood
of 1in S'. By construction, the sets

W(K,V):={peG:(x)CV forall ye K}
and their trzi,nslates give a base for the topology of G. Lemma allows to consider G as

a subset of G’; with this identification we can consider
Wa(K,V) :=W(K,V)NaG)
as a subset of (a(G), and hence of) G. We use these sets to prove that « is a homeomor-

phism onto its image.

Proposition 4.8 The sets Wg(f(, V') and their translates are a base for the topology of G.
As a consequence, the map « is bicontinuous, so that it defines a homeomorphism on its
1mage.

Proof. Let U be an open neighborhood of e in G, and let g be a function in V! (G) supported
in U and which is of positive type, with g(e) =1 (such a function exists, see the argument
we have used in the footnote of the proof of Lemma {4.6). Then [ g(x)dj(x) = g(e) =1

(by inversion formula), and § is positive (by Corollary 4.2[i]). Let € > 0, and let K be a
compact in G such that [ g(x)dji(x) < e such a compact exists, since § djz is a Radon

(hence inner regular) measure on (. Then
l9(s) — 1] = lg(s) — g(e)] < /K 300Ix(s) — 1] dax) + /K 00 Ix(s) — 1] dix)

< /K G0OIX(s) — 1] djilx) + 2e.
If we choose V = {fu € C: |w — 1| < €}, then also the remaining integral is bounded by e
whenever s € Wg (K, V), so that
lg(s)] > 1 — 3e.
18Note that we cannot easily deduce the claim from the injectivity property of the Fourier map in V' (G)

claimed in Corollary because we have not proved that L, f € V'(G) when f € V(G). However, for
such an f we have the equality

f(s) = /é}”(x)x(S) diu(x).

Setting s — 2z~ 's in this equality we get

Lof(s) = f(z"'s) = /G FOOx(="1s) di(x). = /G FOOX@x(s) diix). = /G L2700x(s) d(x)-

These equalities show that the equality f(x) = L.f(x) implies the equality f = L. f.

19Take V be an open and symmetric neighborhood of e such that V2 C U. Let K be a compact and
symmetric neighborhood of e contained in V. Let g be a nonzero continuous function supported in K,
and take f := g * §. Then f is not zero, it is supported in KK ' = K2 C V2 C U and is of positive
type, so that f € V}(G).
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By construction U contains the support of g, so that we have proved that Wg(f( ,V)CU.
On the other hand, let K be any compact neighborhood of the identity in G. Let K be
a compact neighborhood of e in G. The map K x K — C such that (y,x) — x(y) is
uniformly continuous, hence for every open neighborhood V of 1 in S', there are open
neighborhoods U, and U such that
stlelU, yntelU = x(s)nlt)eV.
Choosing t = e this equality shows that
selU, yek = x(s) € V.

In other words, it proves that U C Wg(f( , V). This completes the proof of the equivalence
of the topologies. The fact that « is a homeomorphism onto its image is immediate. W

Corollary 4.3 The image of « is closed in G.

Proof. Let H := a(G), the closure of a(G) in G. Then H is a closed subgroup in é’, and

a(@Q) is dense in H. The image «(G) is also locally compact in the subspace topology of G

(because G is locally compact and « is a homeomorphism), and hence also in the subspace

topology of H (because H is closed). By a standard argument of general topology@ this

implies that a(Gﬁ open in H. But a(G) is a subgroup of H, hence it is also closed in H
1.4

(see Proposition [1.4]5.]). Since H is closed in G, we conclude that a(@Q) coincides with H,
and hence a(G) is closed in G. [

4.8. Plancherel theorem

Let f € LY(G) and let f(s) := f(s~1). We know that } = } Let g := f * f. Then
g € LY(G) and § = |f|?. If f belongs also to L?(G), then g is also continuou bounde
and of positive typ Hence g is in V1(G), and the inversion formula gives

2 = g(e) = ~ ~ _ 7 2 1~ .
/G () dpu(s) = gle) /G 500 di(x) /G FOOIR i)

20The argument is the following. Let H be a Hausdorff topological space, and let X C H be a dense and
locally compact subspace. Then X is open in H.

Proof. In fact, pick any a € X. Let K be a compact neighborhood of @ in X: compactness here is with
respect to the subspace topology of X as subset of H. Note that K exists, by the locally compactness
assumed for X. K is compact also as subset of H (because the inclusion of X in H is a continuous map
when the subspace topology is used in X). In particular it is closed, since H is Hausdorff.

We have the inclusions a € K C K C X. Let B be the open set in H such that K =XNB. Thena € B.
The intersection B N K¢ is empty; in fact, it is an open set such that X N (BN K°) = (X NB)NK° =
KNK®=0. Thus, in case BN K¢ # () we get a contradiction with the assumed density of X in H. As
a consequence, B = BN K, or, which is the same, B C K. Since K C X, the set B is an open set such
that a € B C X. This proves that X is open in H. |

2y, fact,
)= a0 =| [ ™) = DI duw)] < 1Eesf = s Flzzcoy - IF oo
= ILes—1 f = flleze - 1 fllz2 o)

and the first term goes to zero when ¢ goes to s (along any net) (see Footnote [4)).
22
In fact

= [ 1)@ anw)] < 12 flise Wl = £l VseG.

23This is a direct computation: the definition g = f * f gives g(s fG d,u( ) so that

o(s™)) = /G F(5™ ) FCw) / F(u)F(sw) du(u / (s) dpu(w) = 9(5)
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This proves that the Fourier transform induces a map
LNG)NL*(G) — L*(G),
;o
which is an isometry onto its image. Let
Arg = {f: f € LYG) N L*(G)}
which we consider as a subspace of LQ(G’), via the previous map.
Lemma 4.7 A, 5 is a dense subspace of the Hilbert space L*(G).
Propf. It is sufficient to prove tAhat 0 is the only eleiment in LQ(G) which is orthogonal
to A1o. Assume that g € L?(G) is orthogonal to Ajo. Pick any f € LY(G) N L?(G),

and notice that the equality (a(s)f)(x) = x(s)f(x) = f;f(x) for all x € G shows that
a(s)f € 1211,2, for every s € GG. Therefore, the supposed orthogonality implies that

[ 900T0x@ dit) =0 e

G

This formula shows that the Fourier transform of the measure g? djii is zero. Note that
the product gf is in L' (@) (because f, g € L2(G)), hence the measure is a complex Radon

measure on G, and the previous identity states that its Fourier transform is zero. By

Proposition , we conclude that g} is a.e. zero. This happens for every f with f € 121172.
Suppose that g is not a.e. null. Then it is nonzero on a set having positive measure, which
we can take compact (by inner regularity). It is always possible to produce a function

feLyq) n L2(G) such that f is not zero in a given compact se. This contradicts the

fact that g]A” is 0 almost everywhere. Hence g is zero a.e. and the claim is proved. |

Theorem 4.7 (Plancherel) Let G be an abelian locally compact group. Then the Fourier
transform can be extend to an isometry of Hilbert spaces from L*(G) onto L*(G).

Proof. The claim follows immediately from Lemma and the fact that L'(G) N L%(G)
is dense in L?(G) (for example because C.(G) is dense both in L}(G) and in L?(G)). N

Corollary 4.4 (Parseval’s identity) For all f,g € L*(G), we have
| et auts) = [ F0aha dat).
Proof. An isometry is necessarily unitary. |

Corollary 4.5 Let f,g € L2(G), and set h := fg. Note that h € L*(G). Then h = f .

Proof. Let € G. The Fourier transform of gn is g(nx~1), and by Pereseval’s identity in
Corollary [1.4) we get

) = /G £(5)g(s)n(s) du(s) = /G F(8)g(e)(s) dpu(s)

proving , and
| a7 ORRE dp(e)au(®) = [ 7 ) TR da(s) dut) due

GXxGxG

= / f(tu) f(su)h(s)h(t) dpu(s) dpu(t) dp(w)
GXxGxG

- /G [ /G F () du(t)]” du(w) > 0

(Fubini—Tonelli used here, and the change u +— su in the second line).
24F0or example, the sequence of functions we have proposed in Ex.[4.3|are in C.(G) (hence in L' (G)NL*(G)),
and their Fourier transform converges to the constant 1 uniformly on the compact sets.
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::K;ﬂxm@u;Udﬂu)=(f*§ﬂm-
|

Corollary 4.6 The ring A of Fourier transforms of L'(G) functions coincides with the set
of convolution products of functions in L*(G).

Proof. Let h € L'(G). Then h = r|r|, where

(5) = {h(s)/\/m(s)r if (s) # 0
0

otherwise,

and r € L*(G). Corollary shows that h is the convolution of the Fourier transforms of
r and |r|, and both transforms belong to L2(G) (because r € L2(G)). On the other hand,
the convolution of two functions in L2(G) has the form f % ¢ for suitable f,g € L%(G),
by Plancherel theorem. Hence it is the Fourier transform of fg, which is in L'(G). This
proves that f % g € A. [ |

Proposmon 4.9 Let U be any nonempty open subset of G. Then there exists a nonzero
function f € A with support in U.

Proof. The measure of U is positive. By inner regularity, there is a compact set KCU
with positive measure. There is an open neighborhood V of the identity in G, such that
VK C U (apply Lemma [1.1| to the locally compact group G) We can further assume
that V is finite measured (for example intersecting V with an open subset of a compact
neighborhood of €). Define f as the convolution of the characteristic functions of KandV,
respectively. Then it is in A, by Corollary (the characteristic functions are in L2(G)),
hence there exists a function f in L'(G) such that f’ = f Its support is in f(V, and hence
in U. Moreover,

/ 1100 dlx) = /wk*av)(x) aji(x) = AE)ATV) > 0,
G G

proving that f is nonzero on a set of positive measure. |

4.9. Proof of Pontryagin theorem

Corollary |4.3| states that «(G) is closed in e Suppose that it is not G. Then the open
set U = a(@)¢ is not empty. By Proposition (applied to the group G) there ex1sts
a function ¢ € Ll(G) whose Fourier transform gi) is nonzero and is supported in U. In

particular it is zero in «(G). Let 7) € G. Then

~00)n(x) dir(x)-
G

The assumption that ¢ vanishes on a(G) means that

0= /¢ /@ di(x) Vs eG.

By assumption ¢ € LI(G), thus ¢ djt is a complex Radon measure on Ll(é) and the
previous identity states that its Fourier transform is zero. By Proposition this implies
that ¢ = 0 almost everywhere, so that g?) = (0. This contradicts the assumptions on ¢
showing that the assumptions are impossible. This proves the claim.
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4.10. Proof of the second part of Theorem

We complete the proof of Theorem [4.3] showing that the Fourier transform gives a
bijection of V}(G) with V1(G). We already know that it is injective. Let F' € V1(G), and
set

fs) = [ POOX()di).
The identification of G with G shows that f(s) = F(s™1). Hence f € V}(G), by Corol-

lary (because F is in Vl(é) which is isomorphic to V1(@)). We identify G with G
(via the map «). In particular, the dual measure dji (i.e., the Haar measure in G which is

able to produce the inversion Fourier transform for G- é’), is a constant multiple of the
Haar measure in GG. This happens because both are Haar measures, which are uniquely
determined up to a positive constant. In a formula, we have

dit = cdp

for some positive constant c. Then, by the Fourier inversion formula for F' we get
P = [ Fla()a(s)(0 dia(s)
c/ (

G
[ £ dnts

G

= [ erenGdnts

which shows that F' is the Fourier transform of ¢f. Hence V(@) is contained into the

image of V1(G), and the claim is proved. Finally, we can prove that ¢ = 1 by applying this
computation to functions in V!(G) and comparing the original Fourier transform formula

F(s)x(s) dpu(s)

and the one we get using G. This proves that measures dp and djfi are mutually dual.
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