
Number Theory
Homework: week 3

(1) Imitating Ex. 3 in Homework 2, prove that both Z[
√
−2] and Z[1+

√
−3

2 ] are principal
ideal domains.

(2) Test you comprehension of the technic you have used for the solution of the previous
exercise answering to the following question: Why the technic cannot be applied to
R = Z[

√
−5], which in fact is a well known non-principal ideal domain?

(3) Let K be a finite extension of Q and let OK be the integral closure of Z in K. For every
ideal A let φK(A) be the cardinality of the multiplicative group of units in OK/A. φK is
the analogue in OK of the totient Euler function.
(a) Prove that φK is a multiplicative map, i.e., that φK(AB) = φK(A)φK(B) when A

and B are coprime.
(b) Let K := Q[i], compute φK(6630 OK).
Hint: Recall that in the previous homework we have stated that in this case OK is a
P.I.D. and that a complete classification of the prime ideals is given there.

(4) Let d ∈ Z, squarefree and negative. Let K = Q[
√

d]. Prove that the group of units in
OK is:
• d = −1 =⇒ {±1,±i}, hence a cyclic group of order 4;
• d = −3 =⇒ {±1,±ω,±ω2}, hence a cyclic group of order 6 (generated by −ω2),

where ω is a solution of x2 + x + 1 = 0;
• d 6= −1,−3 =⇒ {±1}, hence a cyclic group of order 2.

Hint: prove that if u is a unit, then NK/Q(u) = ±1. Use the explicit description of OK
as free Z-module to compute the norm of a generic element in OK, and conclude proving
that the norm is ±1 only in those cases.

(5) Let R := C[x], the ring of polynomials in the variable x and complex coefficients. It is
known that R is a P.I.D. and that every non zero prime ideal p in R is generated by an
element x− ap for a suitable ap ∈ C, and viceversa, that every a ∈ C generates a prime
ideal (x− a)R. Let p be a non zero prime ideal and let Sp be the multiplicative set R\p.
• Describe the subring of C(x) which is isomorphic to local ring RSp and the maximal

ideal of this ring.
• Use the previous isomorphism to consider RSp as a subring of C(x). Prove that

C[x] =
⋂

p RSp .
• Let Vp be the C-vector space generated by the non positive powers of x− ap, thus

Vp := 〈(x− ap)−j〉j∈N;
• prove that for every f ∈ C(x) and every p, there exists an element g ∈ Vp such that

f − g belongs to RSp ; prove that g is uniquely determined up to a constant in C;
let fp be that element in Vp whose coordinate in (x − ap)0 is zero and such that
f − fp ∈ RSp .

• let f ∈ C(x); prove that fp is zero for all but finitely many prime ideals p. In this
way the sum

∑
p fp is well defined.

• let f ∈ C(x); prove that the difference f −
∑

p fp is in C[x].
Note: hence every f ∈ C(x) can be written as h+

∑
p fp, where h is a polynomial. This

decomposition is known as partial fractions representation of f .


