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Main motivations

Parallel and distributed computing

Complex geometries

Different models and/or numerical methods on different parts
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Ω =

N
⋃

i=1

Ωi with or without overlap

solve the PDE on each Ωi with proper boundary conditions

(solve the PDE on a coarse mesh, e.g. the subdomains mesh)

approximate the global solution using the local (and coarse)
solutions

⇓
iterative method
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For simplicity, consider simplest elliptic PDE: laplacian, 0 b.c.:

{

−∆u = −div(gradu) = f in Ω,

u = 0 su ∂Ω

f e ∂Ω regular, e.g. f ∈ L2(Ω) and ∂Ω Lipschitz
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For simplicity, consider simplest elliptic PDE: laplacian, 0 b.c.:

{

−∆u = −div(gradu) = f in Ω,

u = 0 su ∂Ω

f e ∂Ω regular, e.g. f ∈ L2(Ω) and ∂Ω Lipschitz

Galerkin method: variational formulation in a finite dimensional
subspace V of H1

0 (Ω)

u ∈ V : a(u, v) =

∫

Ω
∇u · ∇vdx =

∫

Ω
fvdx ∀v ∈ V
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Finite Element Method (FEM)

Triangulation of Ω with elements (2D: triangles, quadrilaterals;
3D: tetrahedra, hexahedra, prisms)
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Finite Element Method (FEM)

Triangulation of Ω with elements (2D: triangles, quadrilaterals;
3D: tetrahedra, hexahedra, prisms)

V = space of piecewise polynomial functions on each element

Chosen a basis {φi}
dim(V )
i=1 for V , the variational problem

becomes a linear system

Au = f

con Aij =

∫

Ω
∇φi · ∇φj dx, fj =

∫

Ω
f · φj dx
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Ω′
1 Ω′

2

with overlap
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1. Nonoverlapping DD methods (iterative substructuring)

The original problem is equivalent to the coupled problems



































−∆ui = f in Ωi, i = 1, 2

ui = 0 on ∂Ωi \ Γ

u1 = u2 on Γ, transmission
∂u1

∂n1
= −

∂u2

∂n2
on Γ conditions

Γ = ∂Ω1 ∩ ∂Ω2 = interface
ni outer normal on ∂Ωi
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Decomposition of discrete problem

Let us partition the unknowns

u =







u1I






, f =







f1
I







interior to Ω1
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



The stiffness matrix A and rhs f are obtained by subassembly
(
∫

Ω =
∫

Ω1

+
∫

Ω2

) from their local components

AΓΓ = A1
ΓΓ +A2

ΓΓ, fΓ = f1
Γ + f2

Γ
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discrete problem?

– p. 10/36



How does the transmission condition on
∂ui

∂ni
translate in the

discrete problem? To answer, let us approximate the normal
derivative functional (flux). By Green’s formula
∫

Γ

∂ui

∂ni
φjds =

∫

Ωi

(∆uiφj +∇ui ·∇φj)dx =

∫

Ωi

(−fφj +∇ui ·∇φj)dx

where φj = basis function associated with a node of Γ

– p. 10/36



How does the transmission condition on
∂ui

∂ni
translate in the

discrete problem? To answer, let us approximate the normal
derivative functional (flux). By Green’s formula
∫

Γ

∂ui

∂ni
φjds =

∫

Ωi

(∆uiφj +∇ui ·∇φj)dx =

∫

Ωi

(−fφj +∇ui ·∇φj)dx

where φj = basis function associated with a node of Γ
⇓

By approximating ui with finite elements, we find the discrete flux
con λi

λi = Ai
ΓIu

i
I +Ai

ΓΓu
i
Γ − f i

Γ
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




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I

fΓ







is equivalent to the problem











Ai
IIu

i
I +Ai

IΓu
i
Γ = f i

I i = 1, 2 (i)

u1Γ = u2Γ = uΓ (D)

A1
ΓIu

1
I +A1

ΓΓu
1
Γ − f1

Γ = −(A2
ΓIu

2
I +A2

ΓΓu
2
Γ − f2

Γ) = λΓ (N)
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1
Γ − f1

Γ = −(A2
ΓIu

2
I +A2

ΓΓu
2
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Γ) = λΓ (N)

(i) + (D) are Dirichlet local problems with 0 data on ∂Ωi \ Γ and uΓ
on Γ
(i) + (N) are local problems with 0 Dirichlet data on ∂Ωi \ Γ and
Neumann data λΓ on Γ
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Basic difficulty: uΓ and λΓ are unknown
It is possible to obtain a system

a) for uΓ (Schur complement) or

b) for λΓ (flux system, FETI)

Idea: solve one of these systems iteratively, starting from an
initial guess, and building an iteration that converges to the
unknown solution by solving local problems

4 main possibilities: D-N, N-D, N-N, D-D (other possibilities with
mixed conditions of Robin type)

Richardson iterative method is used here only for simplicity; in
the practice of scientific computing we must use a Krylov method
(usually PCG or GMRES)!
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Schur complement for uΓ

Let us eliminate the interior unknowns uiI in each subdomain Ωi

→

[

AII AIΓ

AΓI AΓΓ

]

=





























→






 = S

S = AΓΓ −AΓIA
−1
II AIΓ
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Schur complement for uΓ - cont.

Reduced system for uΓ:

SuΓ = gΓ where
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Reduced system for uΓ:

SuΓ = gΓ where

S = AΓΓ −A1
ΓIA

1−1

II A1
IΓ −A2

ΓIA
2−1

II A2
IΓ = S1 + S2

is the Schur complement of A with respect to Γ and
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S = AΓΓ −A1
ΓIA

1−1

II A1
IΓ −A2

ΓIA
2−1

II A2
IΓ = S1 + S2

is the Schur complement of A with respect to Γ and

gΓ = g1Γ + g2Γ, giΓ = f i
Γ −Ai

ΓIA
i−1

II f i
I
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Schur complement for uΓ - cont.

Reduced system for uΓ:

SuΓ = gΓ where

S = AΓΓ −A1
ΓIA

1−1

II A1
IΓ −A2

ΓIA
2−1

II A2
IΓ = S1 + S2

is the Schur complement of A with respect to Γ and

gΓ = g1Γ + g2Γ, giΓ = f i
Γ −Ai

ΓIA
i−1

II f i
I

Once uΓ in known, the interior unknowns can be found by solving
the local Dirichlet problems

uiI = Ai−1

II (f i
I −Ai

IΓuΓ)
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System for λΓ

If instead we suppose to know λΓ = λ1
Γ = −λ2

Γ we can find u1, u2 by
solving the local Neumann problems
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Γ = −λ2

Γ we can find u1, u2 by
solving the local Neumann problems

(

Ai
II Ai

IΓ

Ai
ΓI Ai

ΓΓ

)(

uiI

uiΓ

)

=

(

f i
I

f i
Γ + λi

Γ

)

, i = 1, 2
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System for λΓ

If instead we suppose to know λΓ = λ1
Γ = −λ2

Γ we can find u1, u2 by
solving the local Neumann problems

(

Ai
II Ai

IΓ

Ai
ΓI Ai

ΓΓ

)(

uiI

uiΓ

)

=

(

f i
I

f i
Γ + λi

Γ

)

, i = 1, 2

Eliminating the interior unknowns uiI we find uiΓ = Si−1

(giΓ + λi
Γ)

and since u1Γ = u2Γ

(S1−1

+ S2−1

)λΓ = dΓ

with dΓ = −S1−1

g1Γ + S2−1

g2Γ
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Dirichlet-Neumann (D-N) method

Given u0Γ:

(D) solve a Dirichlet problem on Ω1 for u1/21
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Dirichlet-Neumann (D-N) method

Given u0Γ:

(D) solve a Dirichlet problem on Ω1 for u1/21

(N) solve a problem on Ω2 for u12 with Neumann data −
∂u

1/2
1

∂n1
on Γ

update
u1Γ = θu12 + (1− θ)u0Γ on Γ,

with θ ∈ (0, θMAX)
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







−∆u
n+1/2
1 = f in Ω1,

u
n+1/2
1 = 0 on ∂Ω1 \ Γ

u
n+1/2
1 = unΓ on Γ

(N)



















−∆un+1
2 = f in Ω2,

un+1
2 = 0 on ∂Ω2 \ Γ

∂un+1
2

∂n2
= −

∂u
n+1/2
1

∂n1
on Γ
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(N)



















−∆un+1
2 = f in Ω2,

un+1
2 = 0 on ∂Ω2 \ Γ

∂un+1
2

∂n2
= −

∂u
n+1/2
1

∂n1
on Γ

update:
un+1
Γ = θun+1

2 + (1− θ)unΓ on Γ,

with θ ∈ (0, θMAX)
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IIu
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(D) A1
IIu

1,n+1/2
I +A1

IΓu
n
Γ = f1

I

(N)

(

A2
II A2

IΓ

A2
ΓI A2

ΓΓ

)(

u
2,n+1
I

ũn+1
Γ

)

=

(

f2
I

fΓ −A1
ΓIu

1,n+1/2
I −A1

ΓΓu
n
Γ

)
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D-N: matrix form
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IIu
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I +A1
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(
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IΓ
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ΓI A2

ΓΓ

)(

u
2,n+1
I

ũn+1
Γ

)

=

(

f2
I

fΓ −A1
ΓIu

1,n+1/2
I −A1

ΓΓu
n
Γ

)
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Eliminating the interior unknowns u
1,n+1/2
I e u

2,n+1
I :

S2(un+1
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I :
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the preconditioned operator is then

S2−1

S = I + S2−1
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Eliminating the interior unknowns u
1,n+1/2
I e u

2,n+1
I :

S2(un+1
Γ − unΓ) = θ(gΓ − SunΓ)

Richardson method for SuΓ = gΓ with preconditioner S2−1

the preconditioned operator is then

S2−1

S = I + S2−1

S1

substitute the "old" Richardson method with a "modern" Krylov
method (e.g. conjugate gradient or GMRES)

– p. 19/36



Neumann-Neumann (N-N) method

Given u0Γ:

(Di) solve on each Ωi a Dirichlet problem with data u0Γ,

obtaining u
1/2
i
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Neumann-Neumann (N-N) method

Given u0Γ:

(Di) solve on each Ωi a Dirichlet problem with data u0Γ,

obtaining u
1/2
i

(Ni) solve on each Ωi a problem with Neumann data on Γ =
sum of normal derivatives of Dirichlet solutions

update u1Γ using the Neumann solutions on Γ

– p. 20/36
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N-N: differential form

(Di)











−∆u
n+1/2
i = f in Ωi,

u
n+1/2
i = 0 on ∂Ωi \ Γ

u
n+1/2
i = unΓ on Γ











i = 1, 2
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N-N: differential form

(Di)











−∆u
n+1/2
i = f in Ωi,

u
n+1/2
i = 0 on ∂Ωi \ Γ

u
n+1/2
i = unΓ on Γ











i = 1, 2

(Ni)



















−∆un+1
i = 0 in Ωi,

un+1
i = 0 on ∂Ωi \ Γ

∂ui

∂ni

n+1

=
∂u1

∂n1

n+1/2

+
∂u2

∂n2

n+1/2

on Γ



















i = 1, 2
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N-N: differential form

(Di)











−∆u
n+1/2
i = f in Ωi,

u
n+1/2
i = 0 on ∂Ωi \ Γ

u
n+1/2
i = unΓ on Γ











i = 1, 2

(Ni)



















−∆un+1
i = 0 in Ωi,

un+1
i = 0 on ∂Ωi \ Γ

∂ui

∂ni

n+1

=
∂u1

∂n1

n+1/2

+
∂u2

∂n2

n+1/2

on Γ



















i = 1, 2

un+1
Γ = unΓ − θ(un+1

1 + un+1
2 ) on Γ, with θ ∈ (0, θMAX)
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IIu
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I +Ai

IΓu
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Γ = f i

I i = 1, 2
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(Di) Ai
IIu

i,n+1/2
I +Ai

IΓu
n
Γ = f i

I i = 1, 2

(Ni)

(

Ai
II Ai

IΓ

Ai
ΓI Ai

ΓΓ

)(

u
i,n+1
I

u
i,n+1
Γ

)

=

(

0

rΓ

)

i = 1, 2
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I +Ai

IΓu
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Γ = f i

I i = 1, 2

(Ni)

(

Ai
II Ai

IΓ

Ai
ΓI Ai

ΓΓ

)(

u
i,n+1
I

u
i,n+1
Γ

)

=

(

0

rΓ

)

i = 1, 2

un+1
Γ = unΓ − θ(u1,n+1

Γ + u
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N-N: matrix form

(Di) Ai
IIu

i,n+1/2
I +Ai

IΓu
n
Γ = f i

I i = 1, 2

(Ni)

(

Ai
II Ai

IΓ

Ai
ΓI Ai

ΓΓ

)(

u
i,n+1
I

u
i,n+1
Γ

)

=

(

0

rΓ

)

i = 1, 2

un+1
Γ = unΓ − θ(u1,n+1

Γ + u
2,n+1
Γ )

where

rΓ = (A1
ΓIu

1,n+1/2
I +A1

ΓΓu
n
Γ − f1

Γ) + (A2
ΓIu

2,n+1/2
I +A2

ΓΓu
n
Γ − f2

Γ)

– p. 22/36



Eliminating the interior unknowns:
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Eliminating the interior unknowns:

in the Dirichlet problems (Di) eliminate u
i,n+1/2
I

⇒ rΓ = −(gΓ − SunΓ)

in the Neumann problems (Di) eliminate u
i,n+1
I

⇒ u
i,n+1
Γ = Si−1

rΓ

Hence
un+1
Γ − unΓ = θ(S1−1

+ S2−1

)(gΓ − SunΓ)

– p. 23/36



Richardson method with preconditioner S1−1

+ S2−1
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Richardson method with preconditioner S1−1

+ S2−1

the preconditioner operator is then (S1−1

+ S2−1

)S
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Richardson method with preconditioner S1−1

+ S2−1

the preconditioner operator is then (S1−1

+ S2−1

)S

the right-hand sides of the Neumann problems can be scaled
with positive weights δ

†
1, δ

†
2 that sum to 1, and also the

corrections

un+1
Γ = unΓ − θ(δ†1u

1,n+1
Γ + δ

†
2u

2,n+1
Γ )
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Richardson method with preconditioner S1−1

+ S2−1

the preconditioner operator is then (S1−1

+ S2−1

)S

the right-hand sides of the Neumann problems can be scaled
with positive weights δ

†
1, δ

†
2 that sum to 1, and also the

corrections

un+1
Γ = unΓ − θ(δ†1u

1,n+1
Γ + δ

†
2u

2,n+1
Γ )

yielding the preconditioner

D1S1−1

D1 +D2S2−1

D2

– p. 24/36



Dirichlet-Dirichlet (D-D) method

(FETI, dual of N-N)

Given an initial flux λ0
Γ on Γ

(Ni) solve on each Ωi a problem with Neumann data λ0
Γ on Γ
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Dirichlet-Dirichlet (D-D) method

(FETI, dual of N-N)

Given an initial flux λ0
Γ on Γ

(Ni) solve on each Ωi a problem with Neumann data λ0
Γ on Γ

(Di) solve on each Ωi a Dirichlet problem with data = difference
of the traces on Γ of the Neumann solutions

update λ1
Γ using the traces on Γ of the Dirichlet solutions

– p. 25/36



D-D: differential form

Given λn
Γ (= λ

1,n
Γ = −λ

2,n
Γ )
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D-D: differential form

Given λn
Γ (= λ

1,n
Γ = −λ

2,n
Γ )

(Ni)



















−∆u
n+1/2
i = f in Ωi,

u
n+1/2
i = 0 on ∂Ωi \ Γ

∂ui

∂ni

n+1/2

= λ
i,n
Γ on Γ



















i = 1, 2
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D-D: differential form

Given λn
Γ (= λ

1,n
Γ = −λ

2,n
Γ )

(Ni)



















−∆u
n+1/2
i = f in Ωi,

u
n+1/2
i = 0 on ∂Ωi \ Γ

∂ui

∂ni

n+1/2

= λ
i,n
Γ on Γ



















i = 1, 2

(Di)











−∆un+1
i = 0 in Ωi,

un+1
i = 0 on ∂Ωi \ Γ

un+1
i = u

n+1/2
i − u

n+1/2
2 on Γ











i = 1, 2
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D-D: differential form

Given λn
Γ (= λ

1,n
Γ = −λ

2,n
Γ )

(Ni)



















−∆u
n+1/2
i = f in Ωi,

u
n+1/2
i = 0 on ∂Ωi \ Γ

∂ui

∂ni

n+1/2

= λ
i,n
Γ on Γ



















i = 1, 2

(Di)











−∆un+1
i = 0 in Ωi,

un+1
i = 0 on ∂Ωi \ Γ

un+1
i = u

n+1/2
i − u

n+1/2
2 on Γ











i = 1, 2

λn+1
Γ = λn

Γ − θ(
∂u1

∂n1

n+1

+
∂u2

∂n2

n+1

) on Γ, with θ ∈ (0, θMAX)
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Analogously to N-N, from thye matrix form of D-D algorithms we
obtain

λn+1
Γ = λn

Γ + θ(S1 + S2)(dΓ − Fλn
Γ)

Richardson method with preconditioner S1 + S2 for the flux
system FλΓ = dΓ
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Analogously to N-N, from thye matrix form of D-D algorithms we
obtain

λn+1
Γ = λn

Γ + θ(S1 + S2)(dΓ − Fλn
Γ)

Richardson method with preconditioner S1 + S2 for the flux
system FλΓ = dΓ

the preconditioned operator is then

SF = (S1 + S2)(S1−1

+ S2−1

)

scaling the local problems with positive weights we obtain the
preconditioner

D1S1D1 +D2S2D2

– p. 27/36



2. Overlapping Schwarz method

Given u0 = 0 on ∂Ω

(1) solve a Dirichlet problem on Ω′
1 with boundary data = trace

of u0
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2. Overlapping Schwarz method

Given u0 = 0 on ∂Ω

(1) solve a Dirichlet problem on Ω′
1 with boundary data = trace

of u0

(2) solve a Dirichlet problem on Ω′
2 with boundary data = trace

of solution of (1)

differential form

(1)

{

−∆un+1/2 = f in Ω′
1,

un+1/2 = un on ∂Ω′
1 and the rest of Ω
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2. Overlapping Schwarz method

Given u0 = 0 on ∂Ω

(1) solve a Dirichlet problem on Ω′
1 with boundary data = trace

of u0

(2) solve a Dirichlet problem on Ω′
2 with boundary data = trace

of solution of (1)

differential form

(1)

{

−∆un+1/2 = f in Ω′
1,

un+1/2 = un on ∂Ω′
1 and the rest of Ω

(2)

{

−∆un+1 = f in Ω′
2,

un+1 = un+1/2 on ∂Ω′
2 and the rest of Ω
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Multiplicative Schwarz

Using the variational formulation of this algorithm, we find

un+1 − u = (I − P2)(I − P1)(u
n − u)

Pi : H
1
0 (Ω) −→ H1

0 (Ω
′
i) orthogonal projection defined by

a(Piu, v) = a(u, v) ∀v ∈ H1
0 (Ω

′
i)
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Multiplicative Schwarz

Using the variational formulation of this algorithm, we find

un+1 − u = (I − P2)(I − P1)(u
n − u)

Pi : H
1
0 (Ω) −→ H1

0 (Ω
′
i) orthogonal projection defined by

a(Piu, v) = a(u, v) ∀v ∈ H1
0 (Ω

′
i)

The error propagation operator is

(I − P2)(I − P1) = I − (P1 + P2 − P2P1)

and the multiplicative Schwarz algorithm becomes

Pmsu = (P1 + P2 − P2P1)u = g

with g a proper rhs
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Additive Schwarz

In order to eliminate the two sequential steps of multiplicative
Schwarz, we define the additive Schwarz method

Pasu = (P1 + P2)u = g

with g a proper rhs
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completely parallel
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In order to eliminate the two sequential steps of multiplicative
Schwarz, we define the additive Schwarz method

Pasu = (P1 + P2)u = g

with g a proper rhs

completely parallel

as written with Richardson does not converge in general!

– p. 30/36



Additive Schwarz

In order to eliminate the two sequential steps of multiplicative
Schwarz, we define the additive Schwarz method

Pasu = (P1 + P2)u = g

with g a proper rhs

completely parallel

as written with Richardson does not converge in general!

Must use a Krylov method (e.g. conjugate gradient if the
problem is SDP)

– p. 30/36



N subdomains

These methods can be extended to the case of N ≥ 2 subdomains

Neumann-Neumann: S−1
NNS =

∑N
i=1D

T
i S

i†DiS
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N subdomains

These methods can be extended to the case of N ≥ 2 subdomains

Neumann-Neumann: S−1
NNS =

∑N
i=1D

T
i S

i†DiS

Multiplicative Schwarz: Pms = I − (I − PN ) · · · (I − P1)

Additive Schwarz: Pas =
∑N

i=1 Pi =
∑N

i=1R
T
i A

i−1

RiA

For increasing N these 1 level methods are not scalable for elliptic
problems: it is proven that their iteration counts to have err < toll is
proportional to N

⇒ we need to use more levels (multilevel methods)
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Multilevel methods

In order to have scalability (independence of N ), which is crucial in
elliptic problems, we must add at least a second level
⇒ solve a coarse (global) problem with few unknowns per
subdomain (usually a problem associated with the subdomain
mesh)
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Multilevel methods

In order to have scalability (independence of N ), which is crucial in
elliptic problems, we must add at least a second level
⇒ solve a coarse (global) problem with few unknowns per
subdomain (usually a problem associated with the subdomain
mesh)

Balanced Neumann-Neumann:
S−1
NN = S0 + (I − S0S)(

∑N
i=1D

T
i S

i†Di)(I − SS0)

Multiplicative Schwarz:
Pms = I − (I − PN ) · · · (I − P1)(I − P0)

Additive Schwarz:
Pas =

∑N
i=0 Pi = RT

0 A
−1
0 R0A+

∑N
i=1R

T
i A

i−1

RiA
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3. Abstract Schwarz Theory
(P.L. Lions, Bramble, Dryja, Widlund,...)

V Hilbert space with dim(V ) < ∞ (e.g. fem or spectral elements).
Decompose V in subspaces

V = V0 + V1 + · · ·+ VN
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3. Abstract Schwarz Theory
(P.L. Lions, Bramble, Dryja, Widlund,...)

V Hilbert space with dim(V ) < ∞ (e.g. fem or spectral elements).
Decompose V in subspaces

V = V0 + V1 + · · ·+ VN

a(·, ·) : V × V → R SPD bilinear form, f ∈ V ′

u ∈ V : a(u, v) = f(v) ∀ v ∈ V

projection-like operators Pi : V → Vi defined by

bi(Piu, v) = a(u, v) ∀v ∈ Vi.

with bi(·, ·) : Vi × Vi → R local SPD bilinear forms on each
subspace Vi
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Three assumptions

(Stable Decomposition) ∃ C0 such that every u ∈ V admits a
decomposition u =

∑

ui, ui ∈ Vi, with

N
∑

i=0

bi(ui, ui) ≤ C2
0a(u, u)
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(Strengthened Cauchy-Schwarz ineq.) ∃ ǫij ∈ [0, 1], i, j = 1, N

a(ui, uj) ≤ ǫija(ui, ui)
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Three assumptions

(Stable Decomposition) ∃ C0 such that every u ∈ V admits a
decomposition u =

∑

ui, ui ∈ Vi, with

N
∑

i=0

bi(ui, ui) ≤ C2
0a(u, u)

(Strengthened Cauchy-Schwarz ineq.) ∃ ǫij ∈ [0, 1], i, j = 1, N

a(ui, uj) ≤ ǫija(ui, ui)
1/2a(uj , uj)

1/2 , ui ∈ Vi , uj ∈ Vj

(Local Stability) ∃ ω ≥ 1 such that for i = 0, 1, . . . , N

a(ui, ui) ≤ ωbi(ui, ui), ui ∈ Range(Pi) ⊂ Vi
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Main Theorem

If assumptions 1,2,3 are satisfied, then
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Main Theorem

If assumptions 1,2,3 are satisfied, then (additive version)

C−2
0 a(u, u) ≤ a(Pasu, u) ≤ ω(ρ(E) + 1)a(u, u)

whereρ(E) = spectral radius of the matrix E = (ǫij)
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Main Theorem

If assumptions 1,2,3 are satisfied, then (additive version)

C−2
0 a(u, u) ≤ a(Pasu, u) ≤ ω(ρ(E) + 1)a(u, u)

whereρ(E) = spectral radius of the matrix E = (ǫij)

(multiplicative version)

‖I − Pms‖
2
a ≤ 1−

2− ω

C2
0 (2ω̂

2ρ(E)2 + 1)
≤ 1

with ω̂ = max(1, ω)
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Convergence rate estimates (FEM)

With a proper coarse space V0 (complex in 3D) the best
nonoverlapping DD methods satisfy

cond(Pas) ≤ C

(

1 + log
H

h

)2

C indep. of h,N and jumps in the coefficients of the elliptic operator
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Convergence rate estimates (FEM)

With a proper coarse space V0 (complex in 3D) the best
nonoverlapping DD methods satisfy

cond(Pas) ≤ C

(

1 + log
H

h

)2

C indep. of h,N and jumps in the coefficients of the elliptic operator

With a proper coarse space V0 (simple even in 3D), Overlapping
Schwarz methods with overlap δ satisfy

cond(Pas) ≤ C

(

1 +
H

δ

)

– p. 36/36
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