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very important in contemporary large-scale problems arising in
applied math., engineering, computer science, computational
sciences (www.ddm.orq)
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M ain motivations

Parallel and distributed computing
Complex geometries

Different models and/or numerical methods on different parts
of the domain

Adaptive meshes and local refinement
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Q = |_J Q; with or without overlap

1=1
solve the PDE on each 2; with proper boundary conditions
(solve the PDE on a coarse mesh, e.g. the subdomains mesh)

approximate the global solution using the local (and coarse)
solutions

4

iterative method
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-or simplicity, consider simplest elliptic PDE: laplacian, O b.c.:

—Ay = —div(gradu) = f in  Q,
u = 0 su 01

F e 00 regular, e.g. f € L*(Q) and 99 Lipschitz
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-or simplicity, consider simplest elliptic PDE: laplacian, O b.c.:

—Ay = —div(gradu) = f in  Q,
u = 0 su 01

F e 00 regular, e.g. f € L*(Q) and 99 Lipschitz

salerkin method: variational formulation in a finite dimensional
subspace V of H}(Q)

ueV: a(u,v):/Vu-Vvda::/ffud:U YvoeV
Q Q
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Finite Element Method (FEM)

#® Triangulation of 2 with elements (2D: triangles, quadrilaterals;
3D: tetrahedra, hexahedra, prisms)
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Finite Element Method (FEM)

#® Triangulation of 2 with elements (2D: triangles, quadrilaterals;
3D: tetrahedra, hexahedra, prisms)

® V = space of piecewise polynomial functions on each element

® Chosen a basis {gbi}fﬁ(v) for V, the variational problem
becomes a linear system

Au=f

ConAij:/QV@-V@ dx, fj:/Qf-¢j dx
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et us decompose (2 in two subdomains:

vithout overlap /
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\Noonover lapping DD methods (iter ative substructuring)

‘he original problem is equivalent to the coupled problems

( —Au; = f In ();, 1 =1,2
w; = 0 on 0O \T
\
ulr = U9 on I transmission
0 0
an %2 on T conditions
\ 8n1 8n2

"= 001 N O = interface
;, outer normal on 0f2;
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Uy 7 intertor to
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Decomposition of discrete problem

_et us partition the unknowns

1
Uy

2
Uy

ur

o I
fr
AL 0
0 A2

1 2
API AFI

interior to
intertor to (o

on I' (interior)
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Decomposition of discrete problem

_et us partition the unknowns

u} f[1 interior to (2
U = u% , = f[2 interior to 9
ur fr on I' (interior)

1 1

AII y AIF

A= 0 A% A%,

Allv A%I Arr

'he stiffness matrix A and rhs f are obtained by subassembly
Jo = Jo, + Jg,) from their local components

Arr = Atp + Afpy,  fr = fi+ fF
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8u7;

translate in the
@TLZ'

How does the transmission condition on

liscrete problem?
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8u7;
@TLZ'
liscrete problem? To answer, let us approximate the normal
lerivative functional (flux). By Green’s formula

How does the transmission condition on translate in the

@ui
8n-¢jd8 = / (Auip; +Vu; - Vo)de = / (—fp; + Vu; - Vo,;)dx
r 1 Q, Q,

vhere ¢; = basis function associated with a node of I
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8u7;
@TLZ'
liscrete problem? To answer, let us approximate the normal
lerivative functional (flux). By Green’s formula

How does the transmission condition on translate in the

0u7;
r anz

quds = /Q (Auqu] + Vu; - VQb])dZU = /Q (—qu)j + Vu; - VQf)j)daﬁ

vhere ¢; = basis function associated with a node of I

4

3y approximating u; with finite elements, we find the discrete flux
on \!
X' = Afyup + Afrap - Jf
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Decomposition of the discrete problem - cont.

Au=f
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Decomposition of the discrete problem - cont.

A}I 0 A}F U} / 11
Au=f & 0 A7, A up | =| f7
AL, AZ. Apr ur JT

S equivalent to the problem

(AL Abub = fi i=1,2 (1)
{ub =k = ur (D)
| Appup + Appur — fr = —(Afuf 4+ Afrug = ff) = Ar (V)

i) + (D) are Dirichlet local problems with O data on 992; \ I" and ur
n I’

i) + (N) are local problems with 0 Dirichlet data on 02; \ I" and
Neumann data \r on I
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3asic difficulty: ur and A\r are unknown
t IS possible to obtain a system

) for up (Schur complement) or

) for Ar (flux system, FETI)

® Idea: solve one of these systems iteratively, starting from an
nitial guess, and building an iteration that converges to the
Inknown solution by solving local problems

® 4 main possibilities: D-N, N-D, N-N, D-D (other possibilities with
nixed conditions of Robin type)

® Richardson iterative method is used here only for simplicity; in
he practice of scientific computing we must use a Krylov method
usually PCG or GMRES)!
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Schur complement for ur

et us eliminate the interior unknowns u’ in each subdomain ©;
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Schur complement for up - cont.

Reduced system for ur:

Sur = gr where
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Reduced system for ur:

Sur = gr where
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s the Schur complement of A with respect to I' and
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Schur complement for up - cont.

Reduced system for ur:
Sur = gr where
S = Arr — Ap;Ajp Ajp — AR A7 Afp = ST+ 57
s the Schur complement of A with respect to I' and
gr = gr + 9t gb = fi — AbpAT fi

once ur in known, the interior unknowns can be found by solving
he local Dirichlet problems

L
up = Aqr (fr — Arur)
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System for Ar

f instead we suppose to know A\r = A\l = —\Z we can find u!, u* by
0lving the local Neumann problems
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System for Ar

f instead we suppose to know A\r = A\l = —\Z we can find u!, u* by
0lving the local Neumann problems

(A?f A><“>_< .f?.> 10
Ar; Apr Up Jr+ AR

-liminating the interior unknowns v} we find u. = S% " (g& 4 AL)
ind since uj = u?
(S + 52 A =dr

vith dp = =S gl + S% g2
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Dirichlet-Neumann (D-N) method

-~ O.

® (D) solve a Dirichlet problem on €, for ui/2
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Dirichlet-Neumann (D-N) method

Siven u:
® (D) solve a Dirichlet problem on €2, for ui/2
12
® (N) solve a problem on Q, for u4 with Neumann data — 5 1
1

onI’

—n. 16/36



Dirichlet-Neumann (D-N) method

Siven u:
® (D) solve a Dirichlet problem on €2 for ui/2
1/2
® (N) solve a problem on Q, for u} with Neumann data — ;21
onl’
® update

up = Oug + (1 — O)up on T,

with 6 € (07 QMAX)
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_/\

D-N: differential form

(AT = n  Q,
W2 = g on 9 \T

\ ul _ UF

n+1/2 n on T
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N
N——
A

D-N: differential form

( 1/2
—Auqlw /

n+1/2
Uy

n+1/2
\ Uy

( n+1
—Au, =
n—+1

Y2 =

n+1
Ous

\ ong

IN
on
on

IN
on
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D-N: differential form

(AT = n  Q,
(D) < W2 = on O \T
\ uqf+1/2 = uy on I
(AUt = f in - Qy,
oul ! Su /2
2 = on T
\ 87”&2 8n1
Ipdate:
ult ™ = ouit + (1 - 0)ufonT,

vith 6 € (O,@MAx)
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D-N: matrix form
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D-N: matrix form

2,n+1
Uy
~n+1
Up

2
; /
1 1,n+1/2 1 n
r— AF[UI - AFI‘“I‘
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D-N: matrix form

1.n+1/2 .
(D) Ajpu; 24 Appup = f7

2n+1
vy (A A ) (“f | )—( A )
~n+1 10 n
A%I Alz“r Ur+ Jr _All“luf _All“I‘uI‘

ult ™t = 0art + (1 — 0)un
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I o 1,n+1/2
“liminating the interior unknowns u;"" 2 e uy "t

S?(uptt — upt) = 0(gr — Sup)
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“liminating the interior unknowns u;"" 2 e uy "t

S%(uf T — ) = 0(gr — Sup)

#® Richardson method for Sur = gr with preconditioner S~
® the preconditioned operator is then

52_15 — ] 4+ 52_151
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I o 1,n+1/2
“liminating the interior unknowns u;"" 2 e uy "t

S?(uptt — upt) = 0(gr — Sup)

Richardson method for Sur = gr with preconditioner 52~

| I

the preconditioned operator is then
52 S =145 5!

® substitute the "old" Richardson method with a "modern" Krylov
method (e.g. conjugate gradient or GMRES)
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Neumann-Neumann (N-N) method

Siven ul:
® (D;) solve on each Q; a Dirichlet problem with data Y,
obtaining u,}/2

—n. 20/36



Neumann-Neumann (N-N) method

Siven ul:
® (D;) solve on each Q; a Dirichlet problem with data Y,
obtaining u,}/2

® (NV;) solve on each ); a problem with Neumann data on I'" =
sum of normal derivatives of Dirichlet solutions
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Neumann-Neumann (N-N) method

Siven ul:
® (D;) solve on each Q; a Dirichlet problem with data Y,
obtaining u,}/2

® (NV;) solve on each ); a problem with Neumann data on I'" =
sum of normal derivatives of Dirichlet solutions

® update ui using the Neumann solutions on T
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N-N: differential form

(AT = in Qi
WS = on 9Q;\T

1

n+1/2 n
\ U, = U on I
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N-N: differential form

( _Aun—|—l/2 _ f |n QZ \
(D) Wt = 0 on 9u\T » i=1,2
\ u?+1/2 = up on I’ )
~Autt = 0 in €, \
ut = 0 on 0\ T L = 1.9
ou; ntl 0’&1 n+1/2 0’&2 nt1/2 7
: = —  +— on T
ani 8721 8722 )
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N-N: differential form

(AT = in Q )
(D) Wt = 0 on 9u\T » i=1,2
\ u?+1/2 = up on I )
[ —Aupt = 0 in €, \
n+1
s u, = 0 on 0; \T 19
7’)< au_n—H au1n+1/2 0u2n—|-1/2 > ! ’
Z = - — on I
\ 8n7, 8721 +8n2 )

P = ul — O(uPt +uh ™) on T, with § € (0,0p74x)
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N-N: matrix form
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N-N: matrix form

(D;) At "2 LAt yn= fi =12
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N-N: matrix form

(Ds) Azflu?n+l/2 + Al = f1 i=1,2

) 1 1,n+1
(Vi) A-” A-IF ufnﬂ _ (Y i=1,2
Arr App Ut T
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N-N: matrix form

(D) Apyuy" P 4 A = ff = 1,2

1 ) 1,n+1
(Vi) A-” A-IF ufnﬂ _ (Y i=1,2
Arr App Ut T

2n—|—1>

n+1 n 1,n+1
_ (9( + Up

Up = Ur
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N-N: matrix form

i t,n+1/2 i -
(D) Apyuy" P 4 A = ff = 1,2

i i 1,n+1
(Vi) A-” A-IF ufnﬂ _ (Y i=1,2
Arr App Ut T

2n—|—1>

— O(up "+ up

Up = Ur
vhere

1,n+1/2 2n+1/2
rr = (Abpuy™ ™2 1 ALl — )+ (AR AR — f2)
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-liminating the interior unknowns:
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“liminating the interior unknowns:
n the Dirichlet problems (D;) eliminate u’;’"“/Q

= rp = —(gr — Sup)

n the Neumann problems (D;) eliminate ;™!

) 1 .
— ’U,i—:n+ p— SZ rT
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“liminating the interior unknowns:
n the Dirichlet problems (D;) eliminate u’;’"“/Q

= rp = —(gr — Sup)

n the Neumann problems (D;) eliminate ;™!

) 1 .
— ’U,i—:n+ p— SZ rT

{ience
ul ™t —up = 0(S" + 5% ) (gr — Sup)
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® Richardson method with preconditioner S~ + 52
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® Richardson method with preconditioner S~ + 52

® the preconditioner operator is then (S + 52 )5
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°

| I

Richardson method with preconditioner S*~ + §2

the preconditioner operator is then (S' + 5% )S

the right-hand sides of the Neumann problems can be scaled
with positive weights 51, 5; that sum to 1, and also the
corrections

n+l _ n T 1,n+1 T 2n+1
up~ =up — 00 up + dpup )
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® Richardson method with preconditioner S~ + 52

® the preconditioner operator is then (S + 52 )5

® the right-hand sides of the Neumann problems can be scaled

with positive weights 51, 5; that sum to 1, and also the
corrections

uptt = uft = 00 up™ + oup™ )
yielding the preconditioner

D'S'" D'+ D*$* D

—n. 24/36



Dirichlet-Dirichlet (D-D) method

(FETI, dual of N-N)

Siven an initial flux A2 on T

® (N,;) solve on each ©; a problem with Neumann data A on T
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® (D,) solve on each 2; a Dirichlet problem with data = difference
of the traces on I'" of the Neumann solutions

—n. 25/36



Dirichlet-Dirichlet (D-D) method

(FETI, dual of N-N)

Siven an initial flux A2 on T

® (N,;) solve on each ©; a problem with Neumann data A on T

® (D,) solve on each 2; a Dirichlet problem with data = difference
of the traces on I'" of the Neumann solutions

® update \{. using the traces on T" of the Dirichlet solutions
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D-D: differential form

Siven A% (= A" = A"
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D-D: differential form

Siven A% (= A" = A"
(AT =y in Q. ‘
(N;) ¢ u?ﬂ/z — 0 on 0Q; \T L i — 1.9
’ O V12 . ’
: — X" on T
\ anz‘ a J
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D-D: differential form

Siven A% (= A" = A"
(AT = in Qi ‘
n+1/2 .
0 ’in i,m
- = A on I

\ anz‘ J

( —AU?—H = 0 N Qi, )
(D;) ¢ 't =0 on A \T p i=1,2

\ u?“ = u?’“/z — ug’H/Q on T )
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D-D: differential form

Siven A% (= A" = A"
(AT = in Qi ‘
n+1/2 .
0 ’in i,m
- = A on I

\ anz‘ J

( —AU?—H = 0 N Qi, )
(D;) ¢ 't =0 on A \T p i=1,2

\ u?“ = u?’“/z — ug’H/Q on T )

aul n+1 8,“2 n+1

\?H = Ar — 9(6—721 8—712

yon T, with 6 € (0,0nr4x)
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\nalogously to N-N, from thye matrix form of D-D algorithms we
btain

AR = AR +0(S" + S%)(dr — FAR)

® Richardson method with preconditioner S' + S? for the flux
system FAr = dr
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\nalogously to N-N, from thye matrix form of D-D algorithms we

btain
AR = AR +0(S" + S%)(dr — FAR)

® Richardson method with preconditioner S' + S? for the flux
system FAr = dr

® the preconditioned operator is then
SF = (S'+ 8% (51 +527)

® scaling the local problems with positive weights we obtain the
preconditioner

D'S'D!' + D?5%D?
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2. Overlapping Schwar z method

Siven «® = 0 on 90

® (1) solve a Dirichlet problem on ) with boundary data = trace

of uY
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2. Overlapping Schwar z method

Siven «® = 0 on 90

® (1) solve a Dirichlet problem on ) with boundary data = trace
of u?

® (2) solve a Dirichlet problem on Qf with boundary data = trace
of solution of (1)

differential form

1) —Autl2 = f in - Qf,
w12 = ¢ on 0Q, and the rest of
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2. Overlapping Schwar z method

Siven «® = 0 on 90
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w12 = ¢ on 0Q, and the rest of
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Multiplicative Schwar z

Jsing the variational formulation of this algorithm, we find
n—+1 L n
' —u=U—-P)(I - P)(u" —u)
P Hi (Q) — H} (S orthogonal projection defined by

a(Pu,v) = a(u,v) Yo € HJ(Q)
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Multiplicative Schwar z

Jsing the variational formulation of this algorithm, we find
w't —u = (1 - P)(I — P)(u" — )

P Hi (Q) — H} (S orthogonal projection defined by
a(Pu,v) = a(u,v) Yo € HJ(Q)

'he error propagation operator Is

(I—P)I—P)=1-(P,+P,— PP)
ind the multiplicative Schwarz algorithm becomes
Posu=(Pi+P,— P,P)u=g

vith ¢ a proper rhs
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Additive Schwar z

n order to eliminate the two sequential steps of multiplicative
schwarz, we define the additive Schwarz method

P,su = (P1 -+ Pg)u = Jq

vith ¢ a proper rhs
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Additive Schwar z

n order to eliminate the two sequential steps of multiplicative
schwarz, we define the additive Schwarz method

Pasu — (P1 + Pg)u = Jq
vith ¢ a proper rhs

® completely parallel
® as written with Richardson does not converge in general!

® Must use a Krylov method (e.g. conjugate gradient if the
problem is SDP)
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N subdomains

[hese methods can be extended to the case of N > 2 subdomains

# Neumann-Neumann: SynS =N DI's'D;s
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N subdomains

[hese methods can be extended to the case of N > 2 subdomains
# Neumann-Neumann: SynS =N DI's'D;s

® Multiplicative Schwarz: P,s=1— (I — Py)---(I — Py)

® Additive Schwarz: P, =N =3~ RIFA" ' R;A

-or increasing N these 1 level methods are not scalable for elliptic
yroblems: it is proven that their iteration counts to have err < toll IS
yroportional to N

= we need to use more levels (multilevel methods)
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Multilevel methods

n order to have scalability (independence of V), which is crucial in
|liptic problems, we must add at least a second level

= solve a coarse (global) problem with few unknowns per
subdomain (usually a problem associated with the subdomain

nesh)
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Multilevel methods

n order to have scalability (independence of V), which is crucial in
|liptic problems, we must add at least a second level

= solve a coarse (global) problem with few unknowns per
subdomain (usually a problem associated with the subdomain

nesh)

® Balanced Neumann-Neumann:
S = S0+ (I = S08) (35, DIS" Dy) (I — SSp)

® Multiplicative Schwarz:
Pns=1I—-—(I—-Pyn)---(I—P){ — FP)

® Additive Schwarz:
Pus=3 " Pi=RIA;'RoA+ SN RTA" 'R, A
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3. Abstract Schwarz Theory
(P.L. Lions, Bramble, Dryja, Widlund,...)

/ Hilbert space with dim(V') < oo (e.g. fem or spectral elements).
Decompose V in subspaces

V=Voe+Vi+---+Vy
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3. Abstract Schwarz Theory
(P.L. Lions, Bramble, Dryja, Widlund,...)

/ Hilbert space with dim(V') < oo (e.g. fem or spectral elements).
Decompose V in subspaces

V=VW+WV+---+Vn
® a(-,-):V xV — RSPD bilinear form, f € V'
ueV: a(u,v)= f(v) Voe V
® projection-like operators P; : V' — V; defined by
bi(Pu,v) = a(u,v) Vv € V.

with b;(-,-) : V; x V; = R local SPD bilinear forms on each
subspace V;
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Three assumptions

® (Stable Decomposition) 4 Cy such that every u € V admits a
decomposition u = > u;, u; € V;, with

N
Zbi(ui,ui) < C’ga(u, u)
i=0
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Three assumptions

® (Stable Decomposition) 4 Cy such that every u € V admits a
decomposition u = > u;, u; € V;, with

N
sz’(uiaui) < Cga(u, u)
i=0

® (Strengthened Cauchy-Schwarz ineq.) J¢; € [0,1], ¢, =1, N

1/2 1/2

a(ui, u;) < €zalu;, u;) ' “alus,ui) /=, w; € Vi, uj €V

® (Local Stability) 4w > 1suchthatfor:=0,1,..., N

a(u;, u;) < wb;(u;, u;), u; € Range(P;) C 'V,
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Main Theorem

f assumptions 1,2,3 are satisfied, then
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Oy 2a(u,u) < a(Pusu,u) < w(p(E) + 1)a(u,u)

vherep(E') = spectral radius of the matrix £ = (¢;;)
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Main Theorem

f assumptions 1,2,3 are satisfied, then (additive version)

Oy 2a(u,u) < a(Pusu,u) < w(p(E) + 1)a(u,u)

vherep(E') = spectral radius of the matrix £ = (¢;;)

multiplicative version)

2 —w <
C3(202p(E)? +1)

||I_ PmSH?L < 1

vith @ = max(1, w)
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Convergencerate estimates (FEM)

® \With a proper coarse space V (complex in 3D) the best
1onoverlapping DD methods satisfy

7\ 2
cond(Pys) < C (1 + log h)

~indep. of A, N and jumps in the coefficients of the elliptic operator
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Convergencerate estimates (FEM)

® \With a proper coarse space V (complex in 3D) the best
1onoverlapping DD methods satisfy

7\ 2
cond(Pys) < C (1 + log h)

~indep. of A, N and jumps in the coefficients of the elliptic operator

® \With a proper coarse space V; (simple even in 3D), Overlapping
schwarz methods with overlap ¢ satisfy

it < (11 1)

—n. 36/36
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