DERIVED EQUIVALENCES OF K3 SURFACES AND ORIENTATION
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ABSTRACT. Every Fourier-Mukai equivalence between the derived categories of two K3 surfaces
induces a Hodge isometry of their cohomologies viewed as Hodge structures of weight two endowed
with the Mukai pairing. We prove that this Hodge isometry preserves the natural orientation of
the four positive directions. This leads to a complete description of the action of the group of
all autoequivalences on cohomology very much like the classical Torelli theorem for K3 surfaces
determining all Hodge isometries that are induced by automorphisms.

1. INTRODUCTION

The second cohomology H?(X,7Z) of a K3 surface X is an even unimodular lattice of signature
(3,19) endowed with a natural weight two Hodge structure. The inequality (o, a) > 0 describes
an open subset of the 20-dimensional real vector space H''(X) N H?(X,R) with two connected
components Cx and —Cx. Here Cx denotes the positive cone, i.e. the connected component that
contains the Kéahler cone Kx of all Kahler classes on X.

Any automorphism f : X ==X of the complex surface X defines an isometry
fo: H3(X,Z) "= H*(X,7Z)

compatible with the weight two Hodge structure. In particular, f. preserves the set Cx LI (—Cx).
As the image of a Kéhler class is again a Kéhler class, one actually has f.(Cx) = Cx. In other
words, f, respects the connected components of the set of (1,1)-classes a with (a,a) > 0. If
one wants to avoid the existence of Kahler structures, the proof of this assertion is a little more
delicate. However, applying his polynomial invariants, Donaldson proved in [11] a much stronger
result not appealing to the complex or Kéhler structure of X at all.

Before recalling his result, let us rephrase the above discussion in terms of orientations of positive
three-spaces. Consider any three-dimensional subspace F' C H?(X,R) on which the intersection
pairing is positive definite. Then F' is called a positive three-space. Using orthogonal projections,
given orientations on two positive three-spaces can be compared to each other. So, if p is an
arbitrary isometry of H?(X,R) and F is a positive three-space, one can ask whether a given
orientation of F' coincides with the image of this orientation on p(F'). If this is the case, then
one says that p is orientation preserving. Note that this does neither depend on F' nor on the
chosen orientation of F'. The fact that any automorphism f of the complex surface X induces a
Hodge isometry with f.(Cx) = Cx is equivalent to saying that f. is orientation preserving. More
generally one has:

Theorem 1. (Donaldson) Let f : X —=X be any diffeomorphism. Then the induced isometry
fv : HX(X,Z)-">H?(X,7) is orientation preserving.

This leads to a complete description of the image of the natural representation
Diff(X) — O(H?*(X,Z))
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as the set of all orientation preserving isometries of the lattice H?(X,Z). That every orientation
preserving isometry can be lifted to a diffeomorphism relies on the Global Torelli theorem (see [2]).
The other inclusion is the above result of Donaldson.

There are several reasons to pass from automorphisms or, more generally, diffeomorphisms of
a K3 surface X to derived autoequivalences. First of all, exact autoequivalences of the bounded
derived category

DP(X) := D”(Coh(X)) ~ D°, (Ox-Mod)
of coherent sheaves can be considered as natural generalizations of automorphisms of the complex
surface X, for any automorphism clearly induces an autoequivalence of DP (X). The second moti-
vation comes from mirror symmetry, which suggests a link between the group of autoequivalences
of DP(X) and the group of diffeomorphisms or rather symplectomorphisms of the mirror dual K3
surface.

In order to study the derived category DP(X) and its autoequivalences, one needs to introduce
the Mukai lattice H (X,Z) which comes with a natural weight two Hodge structure. The lattice
H(X,Z) is by definition the full cohomology H*(X,Z) endowed with a modification of the inter-
section pairing (the Mukai pairing) obtained by introducing a sign in the pairing of H® with H*.
The weight two Hodge structure on H (X,Z) is by definition orthogonal with respect to the Mukai
pairing and therefore determined by setting H20(X) := H20(X).

In his seminal article [29], Mukai showed that to any exact autoequivalence (of Fourier—Mukai
type) ® : DP(X)-">DP(X) of the bounded derived category of a projective K3 surface there is
naturally associated an isomorphism

oH" . H(X,7) —"> H(X,Z)

which respects the Mukai pairing and the Hodge structure, i.e. ®7" is a Hodge isometry of the
Mukai lattice. Thus, the natural representation Aut(X)—=O(H?(X,Z)) is generalized to a rep-
resentation

Aut(DP(X)) —= O(H (X, Z)).

The lattice H (X,Z) has signature (4,20) and, in analogy to the discussion above, one says
that an isometry p of H (X,Z) is orientation preserving if under orthogonal projection a given
orientation of a positive four-space in H (X,Z) coincides with the induced one on its image under
p. Whether p is orientation preserving does neither depend on the positive four-space nor on the
chosen orientation of it. The main result of this paper is the proof of a conjecture that has been
formulated by Szendréi in [33] as the mirror dual of Donaldson’s Theorem 1.

Theorem 2. Let ® : DP(X)-">DP(X) be an exact autoequivalence of the bounded derived category
of a projective K3 surface X. Then the induced Hodge isometry ®7" : H(X,Z)-">H(X,Z) is
orientation preserving.

For most of the known equivalences this can be checked directly, e.g. for spherical twists and
tensor products with line bundles. The case of equivalences given by the universal family of stable
sheaves is more complicated and was treated in [21]. The proof of the general case, as presented
in this article, is rather involved.

Theorem 2 can also be formulated for derived equivalences between two different projective K3
surfaces by using the natural orientation of the four positive directions (see Section .

Based on results of Orlov [30], it was proved in [I5], 31] that any orientation preserving Hodge
isometry actually occurs in the image of the representation Aut(DP(X))—=O(H(X,Z)). This can

be considered as the analogue of the fact alluded to above that any orientation preserving isometry
of H?(X,Z) lifts to a diffeomorphism or to the part of the Global Torelli theorem that describes the
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automorphisms of a K3 surfaces in terms of Hodge isometries of the second cohomology. Together
with Theorem 1, it now allows one to describe the image of the representation P+ DT as the
group of all orientation preserving Hodge isometries of the Mukai lattice H(X,Z):

Corollary 3. For any algebraic K3 surface X one has
Im (Aut(Db(X)) - O(H(X, Z))> = O (H(X,Z)).

The kernel of Diff(M)—=O(H?(X,Z)) is largely unknown, e.g. we do not know whether it is
connected. In the derived setting we have at least a beautiful conjecture due to Bridgeland which
describes the kernel of the analogous representation in the derived setting as the fundamental
group of an explicit period domain (see [3]).

The key idea of our approach is actually quite simple: Deforming the Fourier—Mukai kernel of a
given derived equivalence yields a derived equivalence between generic K3 surfaces and those have
been dealt with in [I8]. In particular, it is known that in the generic case the action on cohomology
is orientation preserving. As the action on the lattice H (X,Z) stays constant under deformation,
this proves the assertion.

What makes this program complicated and interesting, is the deformation theory that is involved.
First of all, one has to make sure that the Fourier—Mukai kernel does deform sideways to any
order. This can be shown if one of the two Fourier—Mukai partners is deformed along a twistor
space, which itself depends on a chosen Ricci-flat metric on the K3 surface, and the other is
deformed appropriately. The second problem, as usual in deformation theory, is convergence of
the deformation. This point is quite delicate for at least two reasons: The Fourier—-Mukai kernel is
not just a coherent sheaf but a complex of coherent sheaves and the deformation we consider is not
algebraic. We circumvent both problems by deforming only to the very general fibre of a formal
deformation, which is a rigid analytic variety. (In fact, only the abelian and derived category of
coherent sheaves on the rigid analytic variety are used and never the variety itself.) The price
one pays for passing to the general fibre of the formal deformation only and not to an actual
non-algebraic K3 surface is that the usual C-linear categories are replaced by categories defined
over the non-algebraically closed field C((¢)) of Laurent series.

The original paper [19] combined the results of this article and the more formal aspects now
written up in [20]. We hope that splitting [19] in two shorter articles will make the structure of
the discussion clearer and not lead to confusion.

The plan of this paper is as follows: In Section [2] after defining the formal setting we will work
with, we show that, for a formal twistor deformation associated to a very general Kéhler class, the
bounded derived category of its general fibre has only one spherical object up to shift (Proposition
2.14). Hence the results of [18] can be applied. This part is based on results in [I9] not covered
here, which can now also be found in the separate [20]. In order to study autoequivalences of the
bounded derived category of the general fibre, we construct a special stability condition for which
the sections of the formal deformations yield the only stable semi-rigid objects (Proposition .
As a consequence, we prove that up to shift and spherical twist any autoequivalence of the general
fibre sends points to points (Proposition and its Fourier—Mukai kernel is a sheaf (Proposition
2.19)).

Section [3| deals with the deformation theory of kernels of Fourier-Mukai equivalences. In order
to control the obstructions, one has to compare the Kodaira—Spencer classes of the two sides of the
Fourier-Mukai equivalence, which will be done using the language of Hochschild (co)homology. In
particular we show that, under suitable hypotheses on the deformation and on the Fourier—-Mukai
kernel, the kernel itself deforms.

In Section [4] we come back to derived equivalences of K3 surfaces and their deformations. We
will prove in two steps that the first order obstruction and all the higher order obstructions are
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trivial. For one of the K3 surfaces the deformation will be given by the twistor space and for the
other it will be constructed recursively. The conclusion of the proof of Theorem 2 is in Section

2. THE VERY GENERAL TWISTOR FIBRE OF A K3 SURFACE

In this section we study very special formal deformations of smooth projective K3 surfaces. The
aim is to prove that the derived category of what will be called the general fibre of the formal
deformation behaves similarly to the derived category of a generic non-projective K3 surface.

2.1. Formal deformations. Let R := C[[t]] be the ring of power series in ¢ with field of fractions
K := C((t)), the field of all Laurent series. For any n, the surjection R—s= R,, := C[t]/(t"*!) yields
a closed embedding Spec(R,) C Spec(R), the n-th infinitesimal neighbourhood of 0 € Spec(R).
The increasing sequence of closed subschemes 0 = Spec(Ry) C Spec(R;) C ... C Spec(R,) C ...
defines the formal scheme Spf(R).

A formal deformation of a smooth projective variety X is a smooth and proper formal R-scheme
m: X —Spf(R), where X is given by an inductive system of schemes m, : X;, —Spec(R,,), smooth
and proper over R,, and isomorphisms

Xpt1 XR,y, Spec(Ry,) ~ &,

over R, such that Xy = X. While the topological space underlying the scheme X is X, the
structure sheaf of X is Oy = lijm Oy, . For the rest of this paper the natural inclusions will be
denoted as follows (m < n):

by @ Xp— X and Li=1: X— X;
i A= X,y in = lppy1 : A= Xpq1, and jp, =g : X — A,

Example 2.1. Examples of formal deformations of a smooth projective variety X are obtained
by looking at smooth and proper families X— D of (usually non-algebraic) complex manifolds
over a one-dimensional disk D with local parameter ¢ and special fibre X = Xy. The infinitesimal
neighbourhoods X,, := X xp Spec(R,,), considered as R,-schemes, form an inductive system and
thus give rise to a formal R-scheme 7 : X —Spf(R). Thus, although the nearby fibres X; of
X = Xj could be non-algebraic, the construction leads to the algebraic object X.

If X is a K3 surface, examples of such families are provided by the twistor space 7 : X(w) —P(w)
associated to a Kéhler class w on X. The total space X(w) is a compact complex threefold, which is
never algebraic nor Kéhler (see [I3] Rem. 25.2]), and the projection 7 is smooth and holomorphic
onto the base P(w), which is non-canonically isomorphic to P!. The fibres are the complex manifolds
obtained by hyperkahler rotating the original complex structure defining X in the direction of the
hyperkéhler metric determined by w. In particular, there is a distinguished point 0 € P(w) such
that the fibre X(w)g := m~1(0) is our original K3 surface X. By construction, the image of the
composition

ToP(w) — H'(X, Tx) —= H'(X, Q)

of the Kodaira—Spencer map and the contraction v+—=v.io = o (v, —), where o € H°(X, Q%) is any
non-trivial holomorphic two-form, is spanned by the Kéhler class w (for further details, see [1]).

Choosing a local parameter ¢ around 0, one gets a formal deformation 7 : X — Spf(R) which
we call the formal twistor space of X. Notice that the construction depends on the choice of the
Kahler class w and of the local parameter ¢.

The R-linear category Coh(X') of coherent sheaves on X' contains the full abelian subcategory
Coh(X)y C Coh(X) consisting of all sheaves E € Coh(X') such that t"E = 0 for n > 0. (For the
definition of coherent sheaves on noetherian formal schemes see [I14, Ch. I1.9] or [23].) By definition
Coh(X)( is a Serre subcategory and the quotient category

Coh(Xk) := Coh(X)/Coh(X),
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is called the category of coherent sheaves on the general fibre. By abuse of notation, we sometimes
denote Coh(Xx) by Xx. When X is a formal twistor space, we call the general fibre Xx the
general twistor fibre.

For E € Coh(X), denote by Ek its projection in Coh(Xg). The category Coh(Xk) is a
K-linear abelian category and

(2.1) HOmXK(EK7FK) EHOmx(E,F) ®pr K,

for any E, F' € Coh(X) (see [19, Prop. 2.4] or [20, Prop. 2.3]).

A coherent sheaf E € Coh(X) is R-flat if the multiplication with ¢ yields an injective ho-
momorphism ¢t : E—E. We denote by Coh(X); C Coh(X) the full additive subcategory of
all R-flat sheaves. Observe that Coh(X'); — Coh(Xk) is essentially surjective, i.e. every object
F € Coh(Xk) can be lifted to an R-flat sheaf on X. Indeed, if F' = Fk, then (Ef)x ~ Ex = F,
where Ef = E/T and T := UKer(t" : E—E) (notice that since locally a coherent sheaf F is
the completion of a finitely generated module over a noetherian ring, the union stabilizes). By
definition Ef is an R-flat lift of F'.

Passing to derived categories, consider the full thick triangulated subcategory

D(X) C DP(X) := D, (Ox-Mod)

coh

consisting of complexes of Oy-modules with cohomologies in Coh(X)y. The Verdier quotient
category DP (X)) := DP(X)/DE(X) is called the derived category of the general fibre. As before,
we denote by Ex the projection to DP(Xx) of any E € DP(X). The category DP(Xf) is a K-linear
triangulated category and

HOmXK (EK, FK) ~ HomX(E, F) ®pr K,

for any E,F € DP(X) (see [19, Prop. 3.9] or [20, Prop. 2.9]). In particular D’(Xx) has finite
dimensional Hom-spaces over K. Moreover Coh(Xk) is the heart of a bounded ¢-structure in
DP(Xg).

When X is a K3 surface, the main properties of Db(/l’ %) are summarized by the following result
which is proved in [19, Sect. 3] or [20, Thm. 1.1].

Theorem 2.2. Let m : X —Spf(R) be a formal deformation of a K3 surface X = Xy. Then the
derived category DP(Xk) of its general fibre is equivalent to DP(Coh (X)) which is a K -linear K3
category.

Recall that a K3 category is a triangulated category with finite dimensional Hom-spaces and
such that the double shift defines a Serre functor (see [1§]).

The main derived functors (tensor product, pull-back push-forward, Hom’s) are well-defined at
the level of derived categories of formal schemes over Spf(R). Moreover, all the basic properties
of them (e.g. commutativity, flat base change, projection formula) hold in the formal context. All
those functors are R-linear and hence they factorize through the derived category of the general
fibre, verifying the same compatibilities (see [19, App. A.1] or [20, Sect. 2.3]). To simplify the
notation, sometimes we will denote a functor and its derived version in the same manner. In
the case of an immersion of (formal) schemes j : Y= Z and a sheaf F' € Coh(Z), we set
Fly = HO(Lj*F).

Remark 2.3. Let X and Y be smooth and projective varieties. Let X,,, Y, —Spec(R,,) be an
inductive system of smooth and proper schemes such that X, xg, Spec(Ry) ~ X and Y, Xg,
Spec(Ry) ~ Y, with n € N. These collections yield formal deformations X', Y —Spf(R) of X and
Y respectively.
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i) Any bounded complex with coherent cohomology on a smooth formal scheme is perfect, i.e.
locally quasi-isomorphic to a finite complex of locally free sheaves of finite type. This is however
not true for X}, n > 0, in which case we will have sometimes to work with

Dpert(Xn) C D(Xn),

the full triangulated subcategory of perfect complexes on &,. For E € DP(X), we set E, :=
Lit E € Dpere(Xy).
ii) Given £ € DP(X x g Y), we can define the Fourier-Mukai transform

Pe : DP(X) ——=DP()), Er— Rp.(¢*E @),

where p: X x )Y —)Y and ¢ : X x Y—= X are the projections. All the basic properties of Fourier—
Mukai transforms valid for smooth projective varieties extend to the formal setting (see [19, App.
A.2] or [20], Sect. 2.3]). Everything said also works for &,, and ), with the only difference that we
have to assume now that the Fourier-Mukai kernel &, € DP(X,, x g, V) is perfect. Analogously,
one can define the Fourier—Mukai transform

dr : DP(Xg) —= D" (k)

associated to an object F € DP((X xg V)k). Indeed, given £ € D*(X xg V) with £ ~ F,
by R-linearity, the Fourier-Mukai transform ®g¢ : DP(X)—=DP()) descends to a Fourier-Mukai
transform ® : DP(Xg) —=DP(Vk), i.e. one has a commutative diagram

De

D (X) D"(Y)

| |

D"(Xk) —— D" (V).

F

iii) Let &, € Dper(Xy X R, V), With n € N, be such that its restriction & := Lj:E, € DP(X xY)

is the kernel of a Fourier-Mukai equivalence ®g, : D?(X)-">DP(Y). Then the Fourier-Mukai
transforms ®g, : Dpert (X)) —=Dpert (V) and @, : DP(X,) —DP(Y),) are equivalences. The same
holds true for £ € DP(X xg Y) (see [19, Prop. 3.19] or [20, Prop. 2.12]).

iv) As a consequence of iii), for & € DP(X xg )) such that &g, : D?(X)->DP(Y) is an

equivalence, the Fourier-Mukai transform ®g, : DP(Xx)—>DP(YVk) is an equivalence, where
Ex € DP((X xg V)k) (see [19, Cor. 3.20] or [20, Cor. 2.13]).

Sheaves and complexes of sheaves are usually denoted by FE, F, etc. The use of £, F wants to
indicate that they are Fourier—-Mukai kernels, which we wish to distinguish from the objects on the
source and target variety of the associated Fourier—Mukai transform.

Given a formal deformation 7 : X —Spf(R) of a smooth projective variety X, the category
DP(Xf) contains the special object Oy, := (Ox)g. Other objects of interest for this paper are
obtained as follows. A multisection is an integral formal subscheme Z C X which is flat of relative
dimension zero over Spf(R). The structure sheaf Oz of such a multisection induces an object
in Coh(Xk). Objects of this form will usually be denoted by K(x) € Coh(Xk) and should be
thought of as (structure sheaves of) closed points x € X of the general fibre Xx. By specialization,
any point K (x) € Coh(Xk) determines a closed point € X of the special fibre. The point x
is called K-rational if Z C X is a section, i.e. |z : Z—Spf(R) is an isomorphism. Clearly, a
closed point x € X is K-rational if and only if the natural homomorphism K —Endy, (K(x))
is an isomorphism.
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Remark 2.4. Let X be a formal deformation of a K3 surface X and take ' € DP(X).

i) We call F' rigid if Ext}K (F,F) =0. We call F spherical if it is rigid and ExtQKK (F,F)~ K
if i = 0,2. An example of spherical object is provided by Oy, . For this use and .

ii) The object F is semi-rigid if ExtkK(F  F) = K%2. Applying again and Serre duality
one shows that a K-rational point x is semi-rigid.

2.2. Torsion (free) sheaves on the general fibre. For a formal deformation X of a smooth
projective variety X, we say that F' € Coh(Xk) is torsion (resp. torsion free) if there exists a lift
E € Coh(X) of F' which is a torsion (resp. torsion free) sheaf on X.

Note that F' € Coh(Xf) is torsion if and only if any lift of F' is torsion. A torsion free F' always
admits also lifts which are not torsion free (just add R-torsion sheaves). However, the lift £ of a
torsion free F' is R-flat if and only if it is torsion free. We leave it to the reader to show that any
subobject of a torsion free F' € Coh(Xk) is again torsion free and that any F' € Coh(Xf) admits
a maximal torsion subobject Fio,; C F whose cokernel F'/Fi,,; is torsion free (use )

Well-known arguments of Langton and Maruyama can be adapted to prove the following:

Lemma 2.5. Any torsion free F' € Coh(Xk) admits an R-flat lift E € Coh(X) such that the
restriction Fy of E to the special fibre is a torsion free sheaf on X.

Proof. We shall prove the following more precise claim (cf. the proof of [16, Thm. 2.B.1]): Let
E be a torsion free (as Ox-module) coherent sheaf on X'. Then there exists a coherent subsheaf
E' C E with E, := L/*E" a torsion free sheaf and such that the inclusion induces an isomorphism
E}( ~F K-

Suppose there is no such E’ C E. Then we construct a strictly decreasing sequence ... E"T! C
E™ C ... C E° = E inductively as follows:

E" .= Ker (E"—Ey —Ey/(Ef )tor)

where (E{)ior means the torsion part on the special fibre. Clearly, E}. = Ef. For later use, we
introduce B" := (E{)tor and G" := Ef/B", which will be considered simultaneously as sheaves
on the special fibre X and as sheaves on X'. Then there are two exact sequences of sheaves on X,
respectively X

0 —— Entl E" G" 0
and

OHG"HEE}HHB”HO.

The first exact sequence is just the definition of E"*!. For the second one we first construct the
surjection ESLH —= B" by restricting E"t! — E™ to the closed fibre. The image of the resulting
homomorphism ESH — I is the kernel of Ef —G™, i.e. B". Let K be the kernel of Eg“ — B".
We will show K ~ G™. For this we use the two short exact sequences

0——=tE"tt —— prtl — gl 0

and

0 tE" Ertl B .,

where the latter one is obtained from snake lemma applied to the natural surjection E"/tE" =
Ep —=E"/E™"! = G". Another diagram chase shows that K sits inside the short exact sequence

0——>tEntt 2

tE" K 0,

where ¢ is the morphism induced by the inclusion E"*!— E" via the isomorphisms FE,, ~ tE,
and E, 11 ~ tE, 11, given by the multiplication by ¢. Thus K ~ G".

As G" is a torsion free sheaf on X, one has B"t' N G™ = 0 in Eg“. Therefore, there is a
descending filtration of torsion sheaves ... ¢ B"*! ¢ B™ C ... and an ascending sequence of
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torsion free sheaves ... C G® C G"t! C .... The support of the torsion sheaves B" on X might
have components of codimension one, but for n > 0 the filtration stabilizes in codimension one.
Indeed, clearly, the support of the B™ stabilizes for n > 0 and on there the generic rank will have
to stabilize, which then means that the B"™ themselves stabilize in codimension one.

Hence, ... C G™ C G™*! C ... stabilizes for n > 0 in codimension one as well. In particular, the
reflexive hulls do not change, i.e. (G™)"" = (G"*1)” for n > 0. Therefore, for n > 0 the sequence
G™ C G"*! C ... is an ascending sequence of coherent subsheaves of a fixed coherent sheaf and
hence stabilizes for n > 0. This in turn implies that ... ¢ B"t! ¢ B™ C ... stabilizes for n > 0.

Replacing E by E" with n > 0, we may assume that G := G = G!' = ... = G" = ... and
0+#B:=B%=DB'=...=B"=.... Note that this actually implies Fy = G @ B.

We continue with the new E obtained in this way and consider the filtration E™ for it. Now set
Q" := E/E™. Then by definition of E™ one has Qf ~ G. Moreover, there exists an exact sequence

0 G Q"t! Q" 0,

for E"/E"" ~ G" = G. Next, the quotient E—s=Q" factorizes over E—s E/t"E —Q".
Indeed, by construction tE™ C E™*! and thus t"E = t"E° C E™. Thus, we have a sequence of
surjections E/t" E—s= Q"™ of coherent sheaves on X,,_; whose restriction to the special fibre yields
the surjection Fy—=G with non-trivial torsion kernel B.

One easily verifies that the system (E/t"E—=Q") yields a surjection E—=(@ of coherent
sheaves on the formal scheme X. Indeed, the system (Q™) defines a coherent sheaf on the formal
scheme X, for G = Ker(Q"t!'—Q") = t"Q"*!. The inclusion t"Q"*! C G is obvious and
G C t"Q"*! can be proved inductively as follows: Suppose one has proved already that G C
th@Qn*! for k < n, is the kernel of the projection tFQ"+1 —=t*Q". Then use t*Qn*!/tF+1Qn+! ~
thQn /tFH1Q™ ~ G to deduce that G = Ker(tFT1Q"1 —t*+1Q"). The compatibility with the
quotient maps E/t"E —=Q" is obvious.

Outside the support of B the morphism E—s=(@ is an isomorphism and hence Ker(F—=(Q)
must be torsion and non-trivial. This contradicts the assumption on F. O

2.3. The K-group of the general fibre. With the usual notation, for E, E’ € DP(X) one sets:
Xo(E, E') :=Y (~1)" dimc Ext’ (E, E')
and analogously for F, F' € DP(Xk):
Xk (F,F') :=> " (~1)' dimg Exth, (F, F").
Recall that (see [19, Cor. 3.15 and 3.16] or [20, Cor. 3.2 and 3.3]) for E, E’ € DP(X), one has

(2:2) xo(Eo, Ey) = x(Ex, E)
and the following semi-continuity result
(2.3) dim@ HOmX(Eo,E(I)) > dimK HOmXK(EK,E}(),

where Ej and E are the restrictions of E and E’ to the special fibre.

Let us now consider the K-groups of the various derived categories: K(X) := K(DP(X)),
K(X) := K(D*(X)), and K(Xk) := K(DP(X)). We say that a class [E] € K(X) is numerically
trivial, [E] ~ 0, if xo(E, E") = 0 for all E’ € DP(X). Numerical equivalence for the general fibre is
defined similarly in terms of xg. Set

N(X):=K(X)/ ~ and  N(Xk):= K(Xk)/ ~.

Lemma 2.6. Sending [F] = [Ex] € N(Xk) (where E € DP(X) is any lift of F) to [Eg] € N(X)
determines an injective linear map

res : N (Xx) —= N(X) /" K (X)*.
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(The orthogonal complement is taken with respect to xo.)

Proof. The linearity of the map is evident, but in order to show that it is well-defined one needs
that xx(Ex,—) = 0 implies xo(Ep, E{)) = 0 for all E' € DP(X). This follows from (2.2).

In order to prove injectivity of res, suppose Ey € *K(X)*. Then xx(Ek, E%) = xo(Eo, E)) =0
for all [E'] € K(X). Since K(X)— K (Xf) is surjective, this proves the claim. O

Remark 2.7. In fact, res can be lifted to a map
K(Xg) — K(X),

which will be used only once (see the proof of Corollary . To show that the natural map
[Ex|+—[Ep] is well-defined, it suffices to show that any R-torsion sheaf £ € Coh(X) leads to a
trivial class [Lt*E] = [Ep] in K(X).

As any R-torsion sheaf admits a filtration with quotients living on Xy = X, it is enough to prove
that 0 = [Li*1,G] € K(X) for any G € Coh(X). For this, we complete the adjunction morphism
Li*1,G—G to the distinguished triangle

(2.4) G[l] — L/"1,G —= G,

which shows [Li*t.G] = [G] + [G[1]] = 0. For the existence of (2.4)) see e.g. [I7, Cor. 11.4]. The
proof there can be adapted to the formal setting.

2.4. The general fibre of a very general twistor space. Let 7 : X —Spf(R) be a formal
twistor space of a K3 surface X associated to a Kahler class w. In the following, w has to be chosen
very general in order to ensure that only the trivial line bundle Ox deforms sideways. Here is the
precise definition we shall work with.

Definition 2.8. A Kihler class w € H!(X,R) is called very general if there is no non-trivial
integral class 0 # a € H' (X, Z) orthogonal to w, i.e. wt N H (X, Z) = 0.

The twistor space associated to a very general Kahler class will be called a very general twistor
space and its general fibre a very general twistor fibre.

Remark 2.9. Thus the set of very general Kéhler classes is the complement (inside the Kéhler
cone Kx) of the countable union of all hyperplanes a* ¢ H%!(X,R) with 0 # o € H"(X,Z) and
is, therefore, not empty. Moreover, very general Kéhler classes always exist also in Pic(X) ® R.

In the next proposition we collect the consequences of this choice that will be used in the
following discussion.

Proposition 2.10. Let w be a very general Kdhler class on a K3 surface X and let w : X —Spf(R)
be the induced formal twistor space. Then the following conditions hold:

i) Any line bundle on X is trivial.

il) Let Z C X be an R-flat formal subscheme. Then either the projection w : Z—=Spf(R) is of
relative dimension zero or Z2 = X.

iii) The Mukai vector v := ch - \/td(X) and the restriction map res (see Lemma @) define

isomorphisms
vores: N(Xg) —=N(X)/o*K(X)+r —= (H°® H")(X,Z) ~ 792,

Proof. 1) As w is very general, even to first order no integral (1, 1)-class on X stays pure. Thus, in
fact any line bundle on A& is trivial (see e.g. [13, Lemma 26.4]).

ii) The second assertion holds without any genericity assumption on the Kéhler class w and goes
back to Fujiki [12]. The case of relative dimension one can also be excluded using 1).

iii) For the second isomorphism we need to show that t* K (X)+/~= H“'(X,7Z). As has been
used already in the proof of i), no class in H%!(X,Z) deforms even to first order. In other words,
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the image of t* K (X) in N'(X) is contained in H°(X,Z)® H*(X,Z) and thus orthogonal to H?(X)
and in particular to H%'(X,Z), proving H'}(X,Z) C 1*K(X)*.

To prove that the inclusion H"'(X,Z) C *K(X)* is an equality, consider O and the struc-
ture sheaf Op_  of any section through a given closed point x € X. Then t*Oyx ~ Ox and
*Op, ~ k(x) with Mukai vectors (1,0,1) and (0,0, 1), respectively. These two vectors form a
basis of (H® @ H*)(X,Z) and their images in N (X)/t*K(X)* are linearly independent, because
xo(k(z),*Or,) = xo(k(x),k(x)) = 0 but xo(Ox,t*Or,) # 0. This proves that the inclusion
HYY(X,Z) C 1*K(X)* cannot be strict. Hence we get the second isomorphism.

The injectivity of the map res has been shown in general in Lemma and [Ox] and [k(x)],
spanning N (X)/t* K (X)*, are clearly in the image of it. O

Example 2.11. Under the assumptions of Proposition , we often write (r, s) instead of (r,0, )
for the Mukai vector in the image of v o res.

i) If F' is a non-trivial torsion free sheaf on Xg, then v(res(F')) = (r,s) with r > 0.

ii) For any closed point y € Xk one has v(res(K(y))) = (0,d), where d is the degree (over
Spf(R)) of the multisection Z C X’ corresponding to y.

iii) If F' € Coh(Xk) with v(res(F')) = (0,0), then F' = 0. Indeed, if E is an R-flat lift of F,
then Ejy would be a sheaf concentrated in dimension zero without global sections. Hence Ey = 0
and then also E' = 0.

The restriction Ey of an R-flat lift £ of a torsion F' € Coh(Xk) is a torsion sheaf on the special
fibre Xy ~ X with zero-dimensional support (use Proposition [2.10). The structure of torsion
sheaves on the general twistor fibre is described by the following result.

Corollary 2.12. Let w: X —Spf(R) be as in Proposition .

i) Any torsion sheaf F' € Coh(Xk) can be written as a direct sum @ F; such that each F; admits
a filtration with all quotients of the form K(y;) for some point'y; € Xk.

ii) If F € Coh(Xk) is a non-trivial torsion free object and 0 # F' € Coh(Xk) is torsion, then
Homy,, (F, F") # 0.

Proof. i) Indeed, if one lifts F' to an R-flat sheaf E, then E is supported on a finite union of
irreducible multisections Z; C X. If only one Z; occurs, E can be filtered such that all quotients
are isomorphic to Oz, which induces the claimed filtration of F' = Ex. Thus, it suffices to show
that for two distinct multisections 21, Z5 C X inducing points y1 # y2 € Xk in the general fibre
there are no non-trivial extensions, i.e. ExtkK(K(yl),K(yg)) = 0. If Z; and Z3 specialize to
distinct points y; # y2 € X (with multiplicities), then this obvious by semi-continuity . For
y1 = yo one still has xx (K (y1), K(y2)) = xo(k(y1), k(y2)) = 0 due to (2.2). Using Serre duality,
it therefore suffices to show that Homy, (K(y1), K(y2)) = 0. If f: Oz, — Oz, is a non-trivial
homomorphism, then its image would be the structure sheaf of a subscheme of X contained in Z;
and in Zj. Clearly, the irreducible multisections Z; do not contain any proper subschemes.

ii) By i) it suffices to show that Homy, (F, K (y)) # 0 for any closed point y € Xk and any torsion
free F' € Coh(Xk). Using Serre duality, one knows Ext?\;K (F,K(y)) ~ Homy, (K(y), F)* = 0.
Thus, xx (F,K(y)) = r-d > 0, where r is given by v(res(F)) = (r,s) and d is the degree of the
multisection corresponding to y € Xk, implies the assertion. O

Clearly, in the decomposition F' ~ € F; we may assume that the points y; are pairwise distinct,
which we will usually do.

Remark 2.13. Later we shall use Proposition [2.10] and Corollary under slightly weaker
assumptions. One easily checks that it suffices to assume that the first order neighbourhood of
X —Spf(R) is induced by a generic twistor space. In fact, the only assumption that is really
needed is that Oy is the only line bundle on X.
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2.5. Spherical objects on the very general twistor fibre. The proof of the following propo-
sition is almost a word by word copy of the proof of [I8, Lemma 4.1] and is included only to show
that indeed the techniques well-known for classical K3 surfaces work as well for the general twistor
fibre.

Proposition 2.14. Suppose m : X —=Spf(R) is the formal twistor space of a K3 surface X
associated to a very general Kdhler class. Then

i) The structure sheaf Oy, is the only indecomposable rigid object in Coh(Xf).

ii) Up to shift, Ox, is the only quasi-spherical object in D*(X) (see [I8, Def. 2.5]).

iii) The K3 category DP(Xk) satisfies condition (x) in [I8, Rem. 2.8].

Proof. Proposition 2.14 in [18] shows that i) implies ii) and iii). Thus, only i) needs a proof.

First, let us show that any rigid F € Coh(Xk) is torsion free. If not, the standard exact
sequence 0—= Fyo — F—= F'—0 (see Section together with Homy (Fior, F') = 0 and [I8|
Lemma 2.7] would show that also Fi, is rigid. However, due to Corollary i) [Fior] € K(XK)
equals a direct sum of sheaves of the form K(y). As xx(K(y1), K (y2)) = 0 for arbitrary points
v1,Y2 € Xk, one also has x i (Fior, Fior) = 0, which obviously contradicts rigidity of a non-trivial
Ftor € COh(XK)

As an illustration of the techniques, let us next prove that Oy, is the only spherical object in
DP(Xk) that is contained in Coh(Xk). Suppose F' € Coh(X) is spherical and let E € Coh(X)
be an R-flat torsion free lift of F. Then, by (2.2), one has 2 = xx(F,F) = xo(Eo, Eo), ie.
v(Ep) = v(res(F)) = £(1,0,1). As F (and hence Ejy) is a sheaf, we must have v(Ey) = (1,0, 1).
In other words, F' and Oy, are numerically equivalent and, in particular, xx(Ox,, F) = 2. The
latter implies the existence of a non-trivial f : FF—=QOx, or a non-trivial f : Oy, —F. Now
we conclude by observing that any non-trivial f : G; — G2 in Coh(Xk) between torsion free Gy
and Go with v(res(G1)) = v(res(G2)) = (1,0, 1) is necessarily an isomorphism. Indeed, kernel and
image of such an f are either trivial or torsion free of rank one. Since the rank is additive and
f # 0, in fact f is injective. The cokernel of the injective f : G~ G5 would be an H € Coh(Xk)
with trivial Mukai vector v(res(H)) = 0 and hence H = 0 (see Example iii)), i.e. f is an
isomorphism.

Consider now an arbitrary rigid indecomposable F' € Coh(Xk) and let (rg,so) = v(res(F)).
Then xx(F,F) = 2rpsp > 0 and hence sg > 0. Therefore, xx(Ox,,F) = 10 + so > 0. Suppose
Homy, (Ox,, F) # 0 and consider a short exact sequence of the form

(2.5) 00— 0% —~F—~F ——0.

We claim that then F’ must be torsion free. If not, the extension

0 0%, & (For) For 0

would necessarily be non-trivial, for ¢~!(F},.) C F is torsion free. On the other hand, by Serre
duality and Corollary i), one has Ext}YK (F{ors Ox, ) = 0. Indeed, Ext}(K (K(y),Oxy) =~
Ext}K(OXK,K(y))* ~ (R'7.0z ® K)* = 0, where Z C X is the multisection corresponding to
y € Xk.

Now choose r maximal in ([2.5). As any 0 # s € Homu, (Ox,, F’) defines an injection (use F”’
torsion free), the lift of s to § € Homy, (Ox,, F), which exists as Oy, is spherical, together with
the given inclusion (’)g’?; C F would yield an inclusion (’)%:H C F contradicting the maximality of
r. Thus, for maximal r the cokernel F” satisfies Homy, (Ox,, F') = 0 and by [18, Lemma 2.7] F’
would be rigid as well. Then by induction on the rank, we may assume F’ ~ O?@i and, since Oy,
is spherical, this contradicts the assumption that F' is indecomposable.

Eventually, one has to deal with the case that Homy, (Ox,, F) = 0, but Homy, (F, Ox, ) # 0.
To this end, consider the reflexive hull F7". By definition F~~ = (E™ ") g, where F is an R-flat lift
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of F. As we have seen above, ' and hence E is torsion free. Thus, FF—=F "~ is injective. The
quotient map F~~ —= (F~/F) deforms non trivially if (F~~/F) # 0, e.g. by deforming the support
of the quotient (use Corollary ii)). This would contradict the rigidity of F. Hence F ~ F~.
Then Homy, (F, Oy, ) = Homy, (Ox,, F") and we can apply the previous discussion to the rigid
sheaf F. O

Let us now consider the spherical twist
Tk = Toy, = ®zp).n : D' (XK)—>D"(Xk)

associated to the spherical object Oy, € DP(Xk), i.e. the Fourier-Mukai equivalence with kernel
(Za) k[1], where A is the diagonal in X xp X. We have the following consequence of the previous
result, which will be used in the proof of Proposition [2.18]

Corollary 2.15. ([I8], Proposition 2.18.) Suppose o is a stability condition on DP(Xk). If
F € D"(X) is semi-rigid with 3" dimg Extly, (Oxy, F) = 1, then there exists an integer n such
that T (F') is o-stable.

For the notion of stability conditions in the sense of Bridgeland and Douglas see [3].

2.6. Stability conditions on the very general twistor fibre. The next task consists of ac-
tually constructing one explicit stability condition. Following the arguments in [18], it should be
possible to classify all stability conditions on DP(Xg) for Xx the very general twistor fibre as
before. However, for our purpose this is not needed.

We shall next mimic the definition of a particular stability condition for general non-projective
K3 surfaces introduced in [I8, Sect. 4]. Fix a real number v < —1 and let F,7 C Coh(Xk) be
the full additive subcategories of all torsion free respectively torsion sheaves F' € Coh(Xk).

Lemma 2.16. The full subcategories F,T C Coh(Xg) form a torsion theory for the abelian
category Coh(Xrk).

Proof. For the definition of torsion theories see e.g. [3]. Let F' € Coh(Xk) and E € Coh(&X') with
Ex ~ F. Consider the short exact sequence 0— Eio, —= E —= E/Eio; —=0 of coherent sheaves
on X. Its restriction to Xk, i.e. its image in Coh(Xk), is still a short exact sequence, which
decomposes F' into the torsion part (Fior)x and its torsion free part (E/Eior) k. As there are no
non-trivial homomorphisms from a torsion sheaf on X to a torsion free one, the same holds true
in Coh(Xk). O

The heart of the t-structure associated to this torsion theory is the abelian category
A C DP(Coh(Xk)) ~ DP(Xk)

consisting of all complexes F' € D(Coh(Xk)) concentrated in degree 0 and —1 with HO(F) €
Coh(Xk) torsion and H~1(F) € Coh(Xk) torsion free. On this heart, one defines the additive
function

Z: A——C, Fr——u-1r—3s,
where (7, s) = v(res(F')). Note that by definition Z takes values only in R.

Proposition 2.17. The above construction defines a locally finite stability condition o on DP(Xk).
Moreover, if F € DP(Xk) is o-stable and semi-rigid with Endx, (F) ~ K, then, up to shift, F is
a K-rational point K (x).

Proof. Let us first show that Z(F) € R.o for any non-trivial F' € A. The Mukai vector of a
torsion F' € Coh(Xf) is of the form v(res(F')) = (0, s) with s = —ca(Ep), where E is an R-flat lift
of F'. Thus, Ey is a non-trivial torsion sheaf on X with zero-dimensional support and therefore
0 < h%(Ep) = x(Ep) = —ca(Ep). Hence, Z(F) € Ry.
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Let now F € Coh(Xk) be torsion free. Then due to Lemma there exists an R-flat lift
E € Coh(X) with Ep a torsion free sheaf. We have to show that u - rk(Ep) + s(Ep) < 0 or,
equivalently, ca(Eg) > rk(Ep) - (u + 1). The inequality is linear in short exact sequences and
holds for all ideal sheaves Zy C Ox of (possibly empty) zero-dimensional subschemes Z C X. By
induction on the rank, we can therefore reduce to the case that H%(X, Ey) = 0 and H?(X, Ep) =~
Homx (Ep,Ox)* = 0. (Indeed, e.g. any non trivial global section of Ej induces an injection
Ox C FEy whose cokernel has fewer global sections. Since Ox clearly satisfies the inequality, which
is linear in short exact sequences, it then suffices to verify the inequality for the quotient which
is of smaller rank than the original Ejy. Since torsion sheaves also satisfy the inequality, one can
divide out by the torsion part of the quotient to get again a torsion free sheaf.) But then x(Ep) < 0
and hence the Riemann-Roch formula yields co(Ep) > 2rk(Ep) > 0.

In order to verify the Harder—Narasimhan property of o, one shows that the abelian category
A is noetherian and artinian. At the same time, this then proves that o is locally finite. If F' € A,
then H~1(F)[1], H*(F) € A and the distinguished triangle 0—=H~}(F)[1] —F —H"(F)—=0is
thus an exact sequence in A. So, if F D F} D Fy O ... is a descending sequence in A, then the H~!
of it form a descending sequence of torsion free sheaves. Due to rank considerations this eventually
stabilizes (the quotients H~!(F;)/H 1 (F;;1) are also torsion free!) and from then on one has a
decreasing sequence of torsion sheaves H(F;) D HY(Fi11) D .... After choosing R-flat lifts and
restricting to the special fibre, this yields a decreasing filtration of sheaves on X concentrated in
dimension zero, which stabilizes as well. Thus, A is artinian. The proof that A is noetherian is
similar.

Similar arguments also prove that Ox,[1] is a minimal object (i.e. an object without proper
subobjects) in A and therefore o-stable of phase one. Indeed, if 0—F — Oy, [1] —G—0 is
a decomposition in A, then the long cohomology sequence shows H°(G) = 0 and rk(H~(F)) +
tk(H1(G)) = 1. Hence rk(H~1(G)) = 0, which would yield G = 0, or tk(H~!(F)) = 0. The
latter would result in a short exact sequence 0—= Oy, —=H 1(G)—=H"(F)—=0 in Coh(Xk)
with H~1(G) torsion free of rank one and H°(F) torsion. As shown before, a torsion sheaf H°(F)
has Mukai vector (0, s) with s > 0 and the Mukai vector of the torsion free rank one sheaf H~1(G)
is of the form (1,s’) with ' < 1. The additivity of the Mukai vector leaves only the possibility
s = 0, which implies F' = 0 (see Example iii)). Contradiction.

Suppose F' € A is a semi-rigid stable object with Endy, (F) ~ K. If we choose a lift E € DP(X)
of F' and denote the Mukai vector of Ey by (r,s), then 0 = xx(F,F) = x(Eo, Ey) = 2rs (2.2).
Hence r = 0 or s = 0. On the other hand, xx(Ox,, F) =+ s and since Oy, [1], F' € A are both
non-isomorphic stable objects of the same phase, Extf,\gK (Oxy, F) # 0 at most for i = 0 (use Serre
duality for ¢ > 1). This shows r +s > 0. Thus, if s = 0, then » > 0 and hence r = 0, because
objects in A have non-positive rank. Therefore, any semi-rigid stable F' € A with Endy, (F') ~ K
satisfies r = 0, i.e. I € Coh(Xk), and, moreover, F' is torsion. Pick an R-flat lift £ of F', which
is necessarily torsion as well. Proposition shows that the support Z C X of E is of relative
dimension zero over Spf(R). Clearly, the support of E is irreducible, as otherwise F' would have
a proper subsheaf contradicting the stability of F'. The same argument shows that E is a rank
one sheaf on Z. Hence, F' ~ (Oz)g, which is K-rational if and only if Z C X is a section of
7 : X —=Spf(R). Hence F ~ K(x) with Endy, (K(x)) = K. O

2.7. Derived equivalences of the very general twistor fibre. Let us now consider two K3
surfaces X and X', and formal deformations of them

m: X ——=Spf(R) and 7’ : X' —— Spf(R).

Moreover, we shall assume that 7 : X —Spf(R) is the formal twistor space of X associated to a
very general Kahler class w.
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The aim of this section is to show that under the genericity assumption on the Kéhler class any
Fourier-Mukai equivalence between the general fibres Xx and X} of the two formal deformations
has, up to shift and spherical twist, a sheaf kernel.

Proposition 2.18. Suppose ® : D*(Xy ) ">DP(X}) is a K-linear ezact equivalence. Then, up
to shift and spherical twist in (’)X}/(, the equivalence ® identifies K-rational points of Xx with
K -rational points of Xj.. More precisely, there exist integers n and m such that

"o®m]: {K(x)|x € Xg; Endy, (K(x)) ~ K}—{K(y) | y € X; Endx, (K(y)) ~ K}.

Proof. First note that although X} is not necessarily a very general twistor fibre, Proposition
still applies. Indeed, the object O X 18 spherical and by Proposition 2.14 we know that up to
shift Oy, is the only quasi-spherical object in DP(Xg) ~ DP(X%). Since the property of being
(quasi-)spherical is invariant under equivalence, one concludes that Oy, is mapped to a shift of
Oy and that Oy, is the only quasi-spherical object on DP(&%).

The argument follows literally the proof of [I8, Lemma 4.9], so we will be brief. Let & be the
stability condition on DP(X 7c) which is the image of o under ®. Then there exists an integer n, such
that all sections K(y) of X' —Spf(R) are T} (5)-stable (cf. Corollary and [I8, Prop. 2.18,
Cor. 2.19]). In other words, for any K-rational point y € X} the object 1T (K (y)) is o-stable.
As @ is an equivalence, 1T (K (y)) is semi-rigid as well with Endx, (27 'T"(K(y))) = K.
Hence, by Proposition the set {K(y)} is contained in {T7®(K (x))[m]} for some m.

Applying the same argument to ®~! yields equality {T"®(K (x)[m])} = {K(y)}. O

Proposition 2.19. Suppose ® : DP(Xx)-">DP(X}) is a Fourier-Mukai equivalence with kernel

Ex € DP((X xr XN k). If ® induces a bijection of the K -rational points {K (x)} —>{K(x')}, then
Ex is a sheaf, i.e. Eg € Coh((X xp X')k).

Proof. The full triangulated subcategory D C DP(Xg) ~ DP(Coh(Xk)) of all complexes F €
DP(Xf) for which Extch(F,K(X)) = 0 for all 7 and all K-rational points x € Xk will play a
central role in the proof.

i) We shall use the following general fact: Let F' € Coh(Xx) such that Homy, (F, K(x)) =0
for any K-rational point x € X, then Homy, (K (x),F') = 0 for any K-rational point x € X.
Moreover, in this case F' € D.

In order to prove this, choose an R-flat lift & of F'. Then the support of E is either X or a finite
union J Z; of irreducible multisections (see Proposition 2.10). In the first case we would have
Homy, (F, K (x)) # 0 for any point x € Xx (see Corollary [2.12] ii)), contradicting the assumption.
Thus, F' ~ @ F, with each (F;)x admitting a filtration with quotients isomorphic to K(y;),
where the y; are points of the general fibre corresponding to different irreducible multisections (see
Corollary i)). By our assumption, none of the points y; can be K-rational. But then in fact
Homy, (K(x), K (y;)) = 0 for all K-rational points x € X.

Since the R-flat lift E of F' is supported in a finite union of multisections, the restriction FEjy
of E to the special fibre X has rank zero. Hence 0 = rk(Ey) = xo(k(x), Eo) = xx(K(x),F) =
—dimg Ext}\gK (K(x), F), where x € X is the specialization of K (x). This is the second assertion.

ii) Next we claim that if ' € D, then all cohomology sheaves HY(F) € Coh(Xk) are as well
contained in D. Indeed, using the spectral sequence

EP? = Exth, (H™I(F), K (x)) = Extl (F, K(x))

one sees that for ¢ minimal with non-vanishing H~9(F) # 0 any non-trivial element in Eg’q =
Homy, (H 9(F), K(x)) would survive and thus contradict F' € D. Hence, the maximal non-
trivial cohomology sheaf of F' does not admit non-trivial homomorphisms to any K-rational point
and is, therefore, due to i) contained in D. Replacing F' by the cone of the natural morphism
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F—H"9(F)[q], which is again in D and with a smaller number of non-trivial cohomology sheaves,
one can continue and eventually proves that all cohomology of F' is contained in D.

iii) Consider a sheaf 0 # F' € DN Coh(Xk). We claim that ExtévK((’)XK, F) =0 fori# 0 and
HOmXK (OXK7 F) 75 0.

By the definition of D, one has xx (F, K(x)) = 0 for all K-rational points x € Xx. Writing this
as the Mukai pairing, one finds that the restriction Ey of any R-flat lift F of F' to the special fibre
X will be a sheaf with Mukai vector (0,0, s), i.e. Ey is a non-trivial sheaf concentrated in dimension
zero. If ExthK(OXK, F)#0 fori=1 or i =2, then, by , one would have Ext’ (Ox, Ey) # 0,
which is absurd. On the other hand, since s # 0 for F' # 0 (see Example iii)), the Mukai
pairing also shows 0 # s = x0(Ox, Eo) = Xk (Oxy, F) and thus Homy, (Ox,, F) # 0.

iv) If F € D, then Homy, (Ox,, H4(F)) ~ EXt?YK (Oxy, F). Using ii) and iii), this follows from
the spectral sequence

EY? = Ext?, (O, HU(F)) = Exth (O, F).

v) Let us show that under ® the image of any sheaf F' € Coh(Xk) orthogonal to all K-rational
points is again a sheaf ®(F') € Coh(Xk) (and moreover orthogonal to all K-rational points).

As all K-rational points are again of the form ®(K(x)) for some K-rational point x € Xk, the
assumption F' € D implies ®(F) € D', where D’ C DP(X}) is defined analogously to D C DP(Xk).
Hence, using iii) and iv)

Homy, (O, HI(B(F))) = Extly, Oy, ®(F)) = Extly, (O, F) = 0

for ¢ # 0. Here we use ®(Oy, ) ~ O X1 which follows from Proposition saying that Oy, €
DP (X ) respectively O X € DP (X} ) are the only spherical objects up to shift. (The shift is indeed
trivial which follows easily from the assumption ®(K(x)) ~ K(x’).) On the other hand, by ii),
H(®(F)) € D' and thus by iii) Homy, (O, , HY(®(F))) # 0 whenever H?(®(F)) # 0. This yields
O(F) ~ HO(®(F)).

vi) We will now show that ® not only sends K-rational points to K-rational points, but that in
fact any point K (y), K-rational or not, is mapped to a point. Applying the same argument to the
inverse functor, one finds that ® induces a bijection of the set of all (K-rational or not) points.

If K(y) is not K-rational, then K(y) € D. Hence Gk := ®(K(y)) € D' N Coh(X}) due to
v). Suppose G € Coh(X’) is an R-flat lift of Gx. We shall argue as in i). Note that we can in
fact apply Proposition and Corollary for Oy is the only line bundle on X’ (otherwise
there would be an extra spherical object) and Remark therefore applies. The support of G
can either be X’ or a finite union of multisections. In the first case Homg (G g, K (x')) # 0 for any
K-rational point x" € XJ.. As this would contradict Gx € D’, we conclude that G is supported on
a finite union |J Z; of multisections Z; each inducing a point y; € Xj.. Thus, Gx ~ @, G; with
G; admitting a filtration with quotients isomorphic to K (y;) (cf. Corollary i)). Since @ is an
equivalence, G is simple, i.e. Endy, (Gk) is a field. Thus, n =1 and Gx = G1 ~ K(y1).

vii) The last step is a standard argument. We have to show that the kernel of a Fourier—Mukai
transform that sends points to points is a sheaf (cf. e.g. [I7, Lemma 3.31]). If £ € DP(X x g X”)
is a lift of £k, we have to show that the cohomology H4(E) for ¢ # 0 is R-torsion or equivalently
that H4(E)x = 0 for g # 0.

Suppose H?(E) is not R-torsion for some ¢ > 0. Let gy be maximal with this property and
let y € Xx be a point corresponding to a multisection Z C X in the image of the support of
H® (&) under the first projection. Then the sheaf pull-back HO(i*H%(£)) is non-trivial, where
i1 Z xp X' —=X xp X' is the natural morphism. In fact, H°(i*H%(£))x # 0. Consider the
spectral sequence (in DP(X x g &7)):

(2.6) BP9 = HP("HI(E)) = HIHI(*E),

which is concentrated in the region p < 0.
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Due to the maximality of qo, the non-vanishing H°(i*H% (£))x # 0 implies H% (i*E)x # 0. But
then also H(®(K(y))) = pay«(H®(i*€) k) # 0, which contradicts vi) if go > 0.

Suppose there exists a gy < 0 with H%(E)x # 0. Choose gp < 0 maximal with this property and
a multisection y € Xk in the support of (the direct image under the first projection of) H¥(&).
Then HO(i*H%?(£)) # 0 and, by using the spectral sequence again, H®(i*E)x # 0. As
above, this contradicts the assumption that ®(K(y)) is a sheaf. O

3. DEFORMATION OF THE FOURIER—MUKAI KERNEL

In this section we deal with the obstruction to deforming the kernel of a Fourier—Mukai equiva-
lence sideways. To this end, we need to compare the Kodaira—Spencer classes of the two sides of
the Fourier—-Mukai equivalence. Before actually showing the triviality of the obstruction, in Section
3.2 we adapt various (known) facts about Hochschild (co)homology to our setting.

3.1. The obstructions. Let X be a smooth projective variety and let 7, : X,, — Spec(R,,) be a
scheme smooth and proper over R, such that X ~ X, xp, Spec(Ry). Assume that there exists
a deformation mp41 @ Xpt1—>Spec(Rp+1) of X, to Ry41, i.e. a scheme smooth and proper over
R, 41 such that &), ~ X, 11 Xg,,, Spec(R,). The extension class of the short exact sequence

. t"dt
0 — JnsOx — Qux, ., |, Qu, 0

n

is the (absolute) Kodaira—Spencer class k, € Ext}n (Qx,,O0x).

The (absolute) Atiyah class of a complex E, € DP(X,) is by definition the class A(E,) €
Ext}\,n (En, En, ® Qy,) induced by the boundary map « of the short exact sequence

(3.1) 00— Jn/J?> 25 On sx /2 Oa

0,

n

where J,, C Ox, xx, is the ideal sheaf of the diagonal 7, : &, —>A, C &, x &,,. (Note that the
fibre products are not relative over Spf(R,,), but over Spec(C).) More precisely,

A(Ey,) : En—=E, @ Qu, [1]

is obtained by viewing the boundary map a, : Oa, —= Jn/J2[1] =~ 7.Qx, [1] of as a morphism
between two Fourier—Mukai kernels and applying the induced functor transformation to F,.

The Kodaira—Spencer class ky, gives rise to a morphism idg, ®ky, : E,®Qx, [1] — E,®jn+ Ox[2],
which then can be composed with the Atiyah class K(En) to give a class

O(Ep) = A(Ey) - Fn € Ext3 (En, Bn ® (jn)«Ox) ~ Ext% (Eo, Eo),

where the isomorphism is given by adjunction j* = (4, ).
As it turns out, this class is the obstruction to deform FE,, sideways. This is

Theorem 3.1. Suppose E,, is a perfect complex on X, and the derived pull-back Ey := j:E,
satisfies Extg((Eo,Eo) ~ C and Extio(Eo,Eo) = 0. Then there exists Epi1 € Dpert(Xny1) such
that i} Eyt1 ~ E, if and only if o(E,) = 0. O

The proof of the theorem, which makes use of Lieblich’s obstruction in [25], can be found in [19]
App. C]. When the deformation X, is integrable, e.g. obtained as in Example the theorem
can also be deduced from the more general results in [22]. (The assumptions on the non-positive
Ext’s are not needed in [22].) Our main application of this theorem concerns the case where E,, is
a Fourier—-Mukai kernel. In this situation the conditions on Fy are easily verified.

Let us turn to the relative versions of A and ®kn. The extension class

Kn € EXt}Yn (Qﬁn, OXn)
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of the natural short exact sequence

O OXn QXn+1 |Xn Qﬂ'n 07

is the relative Kodaira—Spencer class of order n. Here €2 denotes the locally free sheaf of differ-
entials over R,,.
The relative Atiyah class of a perfect complex E,, € Dpere(Xy,) (cf. Remark is the class

A(E,) € Exty, (En, En ® Qn,)
that, as a morphism E, — E, ® Qx, [1], is induced by the morphism of Fourier-Mukai kernels
an : O, — (In/I?z)m 2 M, [1].

Here 1, : X, —>A, C X, X R, Xn is the relative diagonal, I,, its ideal sheaf, and «, is the boundary
morphism of the short exact sequence

The composition of A(E,,) with id ® k,[1] yields the relative obstruction class
o(Ey) == A(Ey) - kn € Ext} (En, Ey).

Moreover, the relative Atiyah class can be used to define the relative Chern character of a perfect
complex in the usual way. (Clearly, for vector bundles or in fact arbitrary coherent sheaves on X
this coincides by Chern-Weil theory with the usual Chern character.) Composition in Dper(X,)
and exterior product Q€ — Q% allow one to form

exp(A(En)) € D Extly, (En, E, © Q)
and taking the trace yields (use E,, perfect)
ch(E,) = tr(exp(A(E,))) € @D H' (X, QL).

We compare now the absolute obstruction class o(E),) with the relative one o(E},,), in the situa-
tions of Theorem [3.1]

Lemma 3.2. Let E,, be a perfect complex on X,, as in Theorem[3.1] and assume furthermore that
Ey is rigid, i.e. Exty (Ey, Eo) = 0. Then E, € Dpert(Xn) deforms to Eni1 € Dpers(Xnt1) if and
only if the relative obstruction class o(Ey,) € Exty, (En, Ey) is trivial.

Proof. The image of the Atiyah class E(En) under the natural projection Qx, —  is the rel-
ative Atiyah class A(E,). Similarly, one can compare the two Kodaira—Spencer classes k,, €
Extkn(QXn, Ox) and £y € Exty (Qr,, Ox) by the following commutative diagram

Kn

Ox —— QXn+1 |Xn QXn OX[l]
OXn - QXn+1 |Xn Qﬂ'n o O-Xn [1] .

Here, Ox — Ox, —Qx, ., |x, is given by 1+—t"+—1t"dt and Qy, — ), is the natural projec-
tion. Thus one obtains the following commutative diagram

A(E, id®rn
En—2U" B o [1] —F B e 0x]2)
E, ® Q. [1] E, ® Ox,[2].

d®kn
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Let us consider the natural short exact sequence

0 Oy —5 Oy

n

Oy, , —0.

Tensoring it with E,, and applying Homy, (E,, —) to it, one obtains the long exact sequence
oo Bxt} (Bn, Eyo1) — Ext%, (B, Eo) —— Ext%, (Ey, E,) —

and, by the previous discussion, ¢(o(E,)) = o(Ey).
By ([2:3), Extk (Eo, Eo) = 0 implies Ext}, (En, En—1) ~ Ext}  (En—1,Ey—1) = 0. The claim
follows. O

3.2. Hochschild (co)homology and Fourier—-Mukai transforms. Let 7, : X, —Spec(R,,)
be a smooth proper morphism with special fibre X = Ay of dimension d. We denote by 7, :

X,—A, C X, x R,, n the relative diagonal and define the relative Hochschild cohomology as the
graded R,-algebra

where the second isomorphism is obtained by adjunction. Multiplication in HH*(&X,,/R,,) is given
by composition in DP(X,, x R, Xn) and the R,-algebra structure is induced by the natural map
Rn %End}(n X Ry, Xn (OAn)

Similarly, one defines the relative Hochschild homology as

HH, (X /Rp) := Exty"  y ((Mn)s(wr,)[=d], Oa,,),

which becomes a left HH*(X,,/R,,)-module again via composition in D(X,, x g, X;,), where w, is
the relative canonical bundle (see [35], 8, [5]). There is a natural isomorphism

HHG (% Re) = Bxtf, , y, (002):(5,)[=d], On,) ~ Bxt3H(Ox, . ;0a,) = Tor(O, .10, ).
This follows from the adjunction (n,); 4 n¥, where (n,): : DP(&,) —=DP(&X, xg, &,) sends E, to
(1)« (En ® wr,,)[—d].

There is a natural isomorphism in DP(X},)
(3.2) I:n;0n, > EP QL il
i

called the (relative) Hochschild—Kostant-Rosenberg (HKR) isomorphism. The algebraic case was
studied in [36], for the absolute case see also [28, [7]. The very general situation of an arbitrary
analytic morphism has been discussed in [4, [5]. A characterization of I is given in Remark

The HKR-isomorphism I is used in two different ways to define isomorphisms between Hochschild
(co)homology and Dolbeault cohomology. Firstly, compose with the inverse of I in the first variable
to obtain an isomorphism

, i
Exty (1:0a,,Ox,) —>=Ext} @Q ],0x,) ~ B H (X, \ Tr.).
i
where 7T, is the relative tangent bundle. ThlS leads to the HKR-isomorphism for Hochschild
cohomology
"R Bt o x,(0a,, Oa,) = HHY(X,/R,) “=HT*(X, /R,) == €D H( /\ ).
pt+q=k

For Hochschild homology we compose with I in the second variable to obtain:

Exty" (Ox,, n50a,) —>Exty" (Ox,, @ QL [i]) ~ P H (X, QL ).
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This leads to the HKR~isomorphism

Itk - Ext}fXRan((nn)*(w;n)[—d], On,) = HH(X,/R,) —=HQ (X, /Ry) := @ HP(X,, Q1 ).
q—p=k
Remark 3.3. i) If X is a smooth projective variety or a compact Kéahler manifold, then the
deformation invariance of the Hodge numbers together with the HKR-isomorphism HH, (&X,,/R;,) ~
HQ.(X,/R,) show that the R,-module HH,(X,,/R,,) is free.
ii) Contraction defines on HQ, (X, /R;,) the structure of a left HT*(&,,/ R, )-module. The above
isomorphism of R,-modules

(HH* (X / R ), BH (X0 / Rp)) =~ (HT* (X / Ry ), HOW (X / Ry))

is expected to be a multiplicative isomorphism only after correcting I"™® by td(Tr,) and Iyxr
by td(7,)"/2. See [24, [7, [10] for a discussion of the absolute case and [6, [9] for the ring structure
of Hochschild cohomology.

—-1/2

Take 7/, : X, —Spec(R,,) another smooth proper scheme over R,, of relative dimension d’ and
set X' := X. Let &, € Dpert(Xn X R, X)) be a perfect complex defining a Fourier-Mukai transform

an : Db(Xn) $ Db(/’)c'é)
Following [§], ®¢, induces a graded homomorphism
®H ; HH, (X,,/R,) — HH.(X/Ry).

For later use, we recall the construction in the relative setting.

Let d = dim(X) and d’ = dim(X’). For two Fourier-Mukai kernels £ and F, we denote by
& * F the Fourier-Mukai kernel of the composition ®¢ o ®x (see, e.g. [I7, Prop. 5.10]). Define the
functors

Uy : DP(X, xg, &) —DP(X, xg, ) Uy : DP(X, xg, &) —=DP(X! xp, &)

by ¥1(G) := &, x G and Va(G') := G’ x (E,)r, where (E,)Rr := En ® piwn, [d] denotes the Fourier—
Mukai kernel of the right adjoint of ®¢, and p; is the projection (see e.g. [I7, Prop. 5.9]). If, as
above, A, C X, Xp, X, and Al C X/ xp, X, are the relative diagonals, then the composition
Py o Uy induces a natural homomorphism

Exty s 2, ()« (Wr,)[=d], On, ) —— Extyr 3 (W2(P1((00)«(wr,))) [=d], W2(¥1(On,,)))-

An easy computation shows that Uo(¥1(Op,)) = E,*(En)r and Vo (U1 ((7)«(wr,))) = En*(En)L®
pswar [d — d'], where (£,)1, := &, @ pywn [d'] is the Fourier-Mukai kernel of the left adjoint to ®¢,
and po is the projection.

The adjunction morphisms &, * (£,)r —=Oar and Oar —=&, * (E,)L (see [§]) lead to natural
morphisms

€r 1 V2(V1(04,)) — Oy, and & ()« (wry ) [=d] —— Vo (W1 (1) (wr,)))[—d]
(which are isomorphisms if ®¢_ is an equivalence). Composition with both morphisms eventually
leads to
O HHL (X, R) — Exty,, v, ((7)2(03,) [, Ony) = HHL(X)/Ry).

It is easy to show, using the construction, that the action on Hochschild homology is functorial.

If ®¢, is an equivalence, then it induces an isomorphism at the level of Hochschild cohomology
as well. Hence we have a pair of isomorphisms

(I @) & (HI (X, /R, HL (X, /R,) — (HE () R,), HEL () R,).
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with <I>HH an isomorphism of Rj,-algebras and <I> * compatible with the HH*-module structure
on both sides (this is a simple generalization to the relative setting of e.g. [I'7, Rmk. 6.3]).
Conjugating with the HKR~isomorphisms yields also isomorphisms

QUT" .= [HR o oI o (JHRY =1 gT*(X,/R,) = HT*(X,/Ry)
and
OEY = Iy 0 PE 0 Ik + HOL(Xn/ Ry) "= HQL (X, /Ry,

which, however, are in general not compatible with the natural multiplicative structure of the pair
(HT*, H,). Also note that q)g?* and @?y* are graded, but often not bigraded.

Finally we recall the definition of the Hochschild versions of the Atiyah class and the Chern char-
acter (see [5},[7] and the original [28]). Consider the adjunction morphism adj : Oa, —= (7)1, OA,,
as a morphism between Fourier—Mukai kernels. The associated morphism between the Fourier—
Mukai transforms applied to F, € DP(X,,) yields the Hochschild Atiyah class

AH(E,) : En —= En @ 1504,
Next one defines the Hochschild Chern character of a perfect complex E,, € Dpere(Xy) as
ch™(E,) := tr(AH(E,)) € Hom(Ox,,n O, ) ~ HHy(X, /R,).

Remark 3.4. i) The HKR-isomorphism I in (3.2]) can also be described in terms of the universal
relative Atiyah class (see [0}, [7]). Indeed, let a, : Oa, —= (7)«82x, [1] be the universal relative
Atiyah class and denote by
exp(ay) : Oa,, —= @(Wn)*ﬂirn [1]
i

its exponential. The push-forward of I composed with the adjunction map equals exp(ay,), i.e.

(1) (€D i, [i]) -

adj (n)+1

(3.3) exp(an) : Oa, (7)1, On,,

In other words, under the isomorphism
Homy, () OA,,, @ QL [i]) ~ Homy, x5 x,(OA,, (@ Qi [i] >
i

given by adjunction the HKR-isomorphism I is mapped to exp(ay,).
Using this description of I, one sees that AH(F,) and A(FE),) are related by

(3.4) (s, © 1) 0 AH(E,) = exp(A(Ey).

(There is a small difference between exp(A(E,)) and the Atiyah—Chern character AC(E,) =
exp(—A(Ey)) in [5], which is due to a different sign convention in the definition of the Atiyah
class. It is of no importance for our discussion.)

ii) Taking traces of one obtains

(3.5) Inkr (ch™+(E,,)) = ch(E,)
for all perfect complexes E,, € Dpers(Xy,). For the absolute case see e.g. [7].

Consider a perfect complex F,, € Dpere(&y,) as a Fourier-Mukai kernel on &;, ~ Spec(R,) X g,, X».
The induced Fourier-Mukai transform ®g, : D(Spec(R,)) —DP(&;,) yields

@Eﬂj* : HHy(Spec(Ry,)/Ry,) — HHo(X,,/ Ry),

where, by definition, HHy(Spec(R,,)/R,) = Endg, (R,).
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Lemma 3.5. Let ¢, : D’(X,,) —DP (X)) be a Fourier—Mukai functor with £, € Dyext(Xn X R, X))
and let E,, € Dpert(Xy). Then

i) ch™(E,) = @)~ (1);

ii) @ (ch™=(E,)) = ch™- (D¢, (E,)).

Proof. To prove part i), one first observes that Wy o Uy : Endg, (R,)—Endg, (V2(E,)) sends
1 € Endpg, (Ry) toidy,(s,). Thus we have to show that ERo&r, : (1) (wr,,)[—d] — Ey KE, —=Ox,,
equals tr(AH (E,)) under the adjunction

To see this, observe that &1, under the adjunction
Homy, x p, 4, (1)« (wr, ) [=d], En X Ey) ~ Homp, (Ox,,,m, (B K Er))

corresponds to the identity section of End(E,) and that n}ér € Homy, (End(E,),n:0A,,) is ob-
tained by composing the pull-back of the natural adjunction morphism

(3.6) My (En & En—> ()0, (En X Ey))

with 7 (9n)«(tr) 75 (M) End(Ey) —n O, . Both assertions follow from the construction of the
left and right adjoint of a Fourier—-Mukai functor. In particular, £g is indeed the composition
of the restriction E,, X E,—= (n,)«End(E,) with (n,)«(tr). To conclude, recall that AH(E,) is
obtained by applying adj : Oa, —= (7n)+7;,OA,,, viewed as a morphism of Fourier-Mukai kernels,
to E,. Hence ch™*(E,) = tr(AH(E,)) can be described as the composition of the identity
Oy, —End(E,) with adj applied to End(Ey,):

(3.7) End(E,) — End(E,) @ 0O,

followed by the trace on End(E,). Then note that (3.7) clearly equals (3.6)), which yields the
equality in i).
Part ii) is the relative version of [8, Thm. 10] and follows directly from i) and functoriality. [

Notice that the right hand side in part i) of the previous lemma is taken as the definition of the
Hochschild Chern character in the absolute case in [§].

3.3. Controlling the obstructions. Let X, and X be as in the previous section. Take &, €
Dpert(X xR, X)) be the kernel of a Fourier-Mukai equivalence ®g, : D(&,)—=DP(X)). Let
vn € H' (X, Tr,) C HT*(X,,/R,,) and suppose v}, == ®F (v,) € H'(X), Tr) C HT?(X,/Ry).
The inverse images of both classes to the product X, xp, X can be considered as classes in
HY (X, x g, X, Tanxn ) C HT?(X, x g, X /Ry). We write pjv, + p3v), as v, Bv), € HY(X, xg,
‘X;u 7;rn XW%)'

For any w € HT*(X,, xr, X, /R;) contraction with the exponential of the relative Atiyah class
of &, defines a class exp(A(€n)) - w € Ext} . 1/ (En, En). Applied to vy, B vy, the component in
EXtQanRn a7 (En, En) is simply the contraction with the relative Atiyah class.

The following is a straightforward generalization of a result of Toda [34] which itself relies on
Caldararu’s paper [7]. For the reader’s convenience we will sketch the main arguments of the proof.

Lemma 3.6. With the above assumptions, one has
0=A() - (v, Bu),) € EthYnXR"XTQ (En,En).

Proof. This results relies on the commutativity of the following diagram (see [34, Lemma 5.7,5.8])
which in turn is based upon the description of the HKR-isomorphisms in terms of the universal
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Atiyah class (see (3.3))):

HT*(X, x g, X /Ry).

vyt i
* exp(A(En))-
EXtXn X R Xyll (gn, 871)

(Here, 1) is induced by the equivalence W5 in Section Similarly, ¥ further below is induced
by Wi.) A similar diagram holds true with X replaced by X, and pullling back via the first
projection. Then one has to add the pull-back 7* of the automorphism 7 of X, x g, &}, interchanging
the two factors. As we will see, the appearance of 7* is crucial. One obtains the commutative
diagram

*o —1 «
HT*(Xo/Rp) — = Ext}, . . (0a,.04,)

p{l

\Ld}l
exp(A(En))-
HT*((Yn X R, Xn,) %p( (En)

Exthy, « . 21 (Ens En)-

The proof given in [34] generalizes in a straightforward way.

The action of 7* can be best understood via the isomorphism HT*(X,,/R,) ~ HH*(X,,/R,) =
Exth, «p, x,(0a,,On,). It turns out that 7* respects the bigrading of HT*(X,/Ry) and acts by
(—1)7 on HP (X, N Tx,,)-

The degree two component of the product of a class in H' (X, x g, X, T, xx: ) With exp(A(&,))
is simply the contraction with the Atiyah class. Thus one finds

A(En) - (v Buy) = A(En) - pivn + A(En) - p3vy,
= 917 (1 (wa)) + iy (1 (01)
= 1 (I (0a)) + 4 (I (0))
=y T (= (W21 (I (0n)) + 0))
= 1/)2_11/—1 (—Cbg}ﬂ (vn) + U;L) =0
which is precisely what we claimed. O
Combining this result and Lemma [3.2] we have the following:

Proposition 3.7. With the above assumptions, suppose furthermore that
i) & € Dpert(Xn X R, &) is rigid;
ii) vy By, € HY(X, xg, X, Tr.xn) is the relative Kodaira—Spencer class kr, corresponding
to some deformation YV, 1 —=Spec(Rp+1) of Xy, X g, X, —=Spec(Ry;,).
Then there exists a perfect complex Ey41 € Dpert(Vn1) such that £, ~ LiyEp 1.

In the next example we will see an explicit case in which assumption ii) of the previous result
can be controlled.

Example 3.8. Let 7 : X— D be a smooth proper analytic family over a 1-dimensional disk D with
distinguished fibre X := 7~1(0). We assume that the Kodaira-Spencer map, i.e. the boundary map

of the tangent bundle sequence 0 Tr Tx ™Tp 0, yields an isomorphism

Kk Tp—>R'm. Ty ~ Ext:(Qr, Ox) and that h' (X, Tx,) is constant. These assumptions are satisfied
when X is either a K3 surface or a product of K3 surfaces.

Fix n > 0 and fix an embedding Spec(R,,) C D choosing a local parameter ¢ around 0 € D and
define 7, = 7|x, : A, := X X p Spec(R,,) —Spec(Ry,). Let k,_1 € Ext}ynil(Q,,n_l, Oy, ,) be the
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relative Kodaira—Spencer class and suppose that g € Ext}Yn(Qﬂn, Oy,) is a lift of k,—1 under the
natural restriction map,

Ext}\,n(ﬂﬂn, Ox,) — Ext}\gn_l(Qﬂn_l, Ox, ,), BrH—Fkp_1.

Then Spec(R,,) C D can be extended to Spec(R,+1) C D such that 8 = k,, i.e. § is the relative
Kodaira—Spencer class on &, determined by X,+1 := X Xp Spec(R,+1). Indeed, 8 considered
as a section of Exty, (Qr,,O0x,) ~ Extl(Qr, Ox)lspec(ry) = TDlspec(r,) can be locally extended
to a vector field on D. Integrating this vector field yields a smooth curve S C D containing
Spec(Ry). The image of the restriction 7s|gpec( Rn)%Ext}rn(Qﬂn,(’)Xn) of the Kodaira—Spencer
map 7:9'%-51'2571@ (Qrg, Oxg) is thus spanned by 5. Choosing the embedding Spec(R,+1) (i.e. the
local parameter) appropriately, one can assume that § = k.

Later we will consider two situations. We shall start with a deformation over a smooth one-
dimensional base and study the induced finite order and formal neighbourhoods. This information
will be used to construct an a priori different formal deformation by describing recursively the
relative Kodaira—Spencer classes of arbitrary order.

4. DEFORMATION OF DERIVED EQUIVALENCES OF K3 SURFACES
Let X and X’ be two projective K3 surfaces and let
Be, : DP(X) "= D(X')
be a Fourier-Mukai equivalence with kernel & € DP(X x X'). For most of Section |4 we will only
consider the case X = X'. In order to distinguish both sides of the Fourier—-Mukai equivalence
however, we will nevertheless use X’ for the right hand side.

In this section we complete (see end of Section [4.4)) the proof of our main result, which we restate
here in a different form.

Theorem 4.1. Suppose X = X'. Then the induced Hodge isometry @g)* : H(X,7) >~ H(X,Z)
satisfies

(I)g)* 75 (*ide) ) idHOEBH4'

As all orientation preserving Hodge isometries do lift to autoequivalences (see [15], 21], 3] or [17]
Ch. 10]), this seemingly weaker form is equivalent to the original Theorem 2.

The proof splits in several steps and we argue by contradiction. First, we need to translate the
hypothesis, which is in terms of singular cohomology, into the language of Hochschild homology.
This will allow us to deform the given Fourier—Mukai kernel sideways to first order (see Section
. Extending the kernel to arbitrary order is more involved, it will take up Section Using
results of Lieblich, we conclude in Section that the Fourier—Mukai kernel can be extended to
a perfect complex on the formal scheme and thus leads to a derived equivalence of the general
fibres. The kernel of any Fourier—Mukai equivalence of the general fibre however has been shown
in Section [2.7]to be a sheaf. In Section [4.4] we explain how this leads to a contradiction when going
back to the special fibre.

4.1. From singular cohomology to first order obstruction. Suppose

(4.1) o H(X,2)>H(X',Z)

preserves the Kahler cone up to sign, i.e. <I>g)* (Kx) = £Kx. In the situation of our main theorem

we will have X = X’ and @g)* acts on H%(X,Z) by —id and thus indeed @gf (Kx) = —-Kx.
Consider a real ample class w on X, i.e. w € Kx N (Pic(X) ® R) and let vy € H(X, Tx) be the

Kodaira—Spencer class of the first order deformation of X given by the twistor space X(w) —P(w)
associated to the Kahler class w. More precisely, up to scaling, vg maps to w under the isomorphism

HY (X, Tx)=HY(X, Q) induced by a fixed trivializing section o € H(X,wx).
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Lemma 4.2. Under the above assumptions, vj, := (ID?OT* (vo) € HY(X', Txr) C HT?(X").

Proof. Since w can be written as a real linear combination of integral ample classes and all iso-
morphisms are linear, it suffices to prove the assertion for w = ¢1(L) with L an ample line bundle.
Then there exists a line bundle L' € Pic(X'’) such that ®f"(c1(L)) = c1(L’). We claim that then
HS. _ / s HH.. HH. __ .3, HH.
also @¢ " (c1(L)) = c1(L'). Indeed, by Lemma i), one knows that ®¢ ™ och™* = ch™* 0 &g,
which combined with (3.5) yields @7 och = cho®g,. On the other hand, for K3 surfaces one has
td(X")/2 - (cho®g,) = vodg, = @g)* ov, where v := td"/?.ch is the Mukai vector on X respectively
X', Thus, td(X")/2 - (259 o ch) = td(X")1/2 - (ch o ®g,) = ®H" o v. Since multiplication with
td"/? does not affect the component of degree two, this shows that @g) “(c1(L)) = c1(L') implies
Qs
DU (c1(L)) = e (L),
In the next step we shall use the following;:

Claim. Suppose a € HHy with I(a) € H'(Q) € HQy. Let w € HH? such that w - 0 = a and
wo := I(w) € HT?. Then

(4.2) wouo = I(a).

Indeed, woo = I(w)aI(o) = (td™2I(w))o(td"?I(0)) = td'/?I(w - o) = I(). Here we used
I(a) € HY Q) for the second and the last equality (write down the bidegree decomposition for
I(w) which a priori might have components not contained in H'(7)), o € H°(Q?) for the second
one, and [26, Thm. 1.2] for the penultimate one.

As c1(L) € HY(R), by the previous claim, there exists wy € HT? such that ci(L) = wo_o.
Hence, if 0/ := CIDgOQ* (o), we get the following sequence of equalities:

O (¢ (1)) = M (wpoo) = 1M 171 (wg o)
D 1ot (- o) L 1@ (w) - o)
W (16 (1)) o,

where (i) follows from the claim for I(w) = wo, (i) is due to the multiplicativity of (@M, @),
and (iii) is obtained by applying again the claim to the (1,1)-class ¢;(L') = @?OQ*(cl (L)). Thus,
(1M (w)) 10" € HM'(X"), which suffices to conclude vy € H' (X', Tx/). O

Remark 4.3. The result in Lemma [£.2] can be derived from the compatibility between the action
of a Fourier—Mukai transform on Hochschild homology and the one on singular cohomology proved
in [27, Thm. 1.2] which, in turn, relies on [28, 32]. The main result in [32] can also be used to

deduce directly (4.2).

Using for example [34], we can then construct X]—Spec(R;) with Kodaira—Spencer class
vy € HY(X',Tx/). Note that by construction X] —=Spec(R;) depends on the actual Fourier—
Mukai kernel &.

Corollary 4.4. The Fourier-Mukai kernel &y extends to a perfect complex €1 € Dpers (X1 X g, &7)
inducing an equivalence ®g, : DP(X)) —>DP(&Y).

Proof. As &y is the Fourier—-Mukai kernel of an equivalence, Oa X & defines an equivalence
DP(X x X) ~ DP(X x X’) that sends Oa to &. In particular, this yields an isomorphism
Extl, v (Oa, On) ~ Extk (€, &). But since Extl, v (Oa,0n) ~ HO(X, Tx)®HY(X,0x) =0
for the K3 surface X, this immediately shows that & is rigid. Hence the existence of &; follows
from Proposition The assertion that ®¢, is again an equivalence is part iii) of Remark 0
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4.2. Deforming to higher order. The idea to proceed is to extend recursively X, to &, such
that the Fourier-Mukai kernel &, on &, x g, A}, deforms to a perfect complex on Xy, 11 Xg, & ;.
We will choose a formal twistor space m : X —Spf(R) of X associated to a very general real
ample class w with n-th order neighbourhoods 7, : X,, —Spec(R,,). The relative Kodaira—Spencer
classes of X,, C X, 41 will be denoted v, € H' (X, Tr,, ).
Suppose we have constructed 7}, : X, —Spec(R,,) and a perfect complex &, € Dperr(Xn X r,, X))

such that ® := &g : DP(&,) ">=DP(X)) is an equivalence. Then let
(4.3) vl =" (v,) € HT2(X! /R,).

We would like to view v}, as a relative Kodaira—Spencer class of order n on X}, of some extension
X C X, —=Spec(Ry41). For this we need the following lemma, which is the higher order
version of Lemma However, the reader will observe that the arguments in the two situations
are different and neither of the proofs can be adapted to cover the other case as well.

Lemma 4.5. The class v}, is contained in H' (X}, T ) C HT*(X}/R,,).

Proof. Let o, € HHy(X,,/Ry) = HY (X, wy, ) = HQo(X,,/R,,) be a trivializing section of w,, and let
ol = +0"%(5,) € HHy(X!/R,,). Furthermore, let w, = v,10, € HY(X,, Q) C HQo(X,/R,)
and W/, := v/, 10!, € HQo(X! /R,,). Then also !, = £01% (1), as (@M &) is compatible with
the multiplicative structure.

Clearly, v}, is contained in H'(X),Tn ) C HT?(X,/R,) if and only if w], is contained in
HY (X!, Q) C HO(XL/Ry).

In a first step, we shall show that ®1% : HQo (X, /R,)">HQ (X’ /R,) preserves H*O @ H??,
i.e. that it maps (H*Y® H*?)(X,,/R,,) := H*(X,,Ox,) ® H*(X,, wy, ) to (HY @ H??)(X!/R,,) :=
HO(X),Ox) ® H*(X),,wy ).

To this end, consider the Chern character ch(E,) € HQo(&X,/Ry,) for arbitrary E;,, € Dpere(Xy).
In particular, ch(Ox,) = 1 € H(X,,0x,) C HQy(X,/R,), since A(Oy,) is by definition trivial.
Furthermore, if k(z,,) € DP(X,,) denotes the structure sheaf of a section of 7, : &, —=Spec(R,,),
then ch(k(xy,)) is contained in H?(X,,,wy, ) C HQy(X,/Ry), as rank and determinant of k(x,) are
trivial. Actually, ch(k(z,)) trivializes the R,-module H2(X,,,w,, ). Indeed, since the Atiyah class
is compatible with pull-back, one has j*ch(k(x,)) = ch(k(x¢)) and the latter is clearly non-trivial
in H*?(X) = C.

So, (HY® @ H??)(X,/R,) is contained in the R,-submodule of HQy(X,/R,) spanned by the
Chern character of perfect complexes. The analogous assertion holds true for X.

As we will show now, in fact equality holds. This will later be needed only for X,. So we write
it down in this case. If E], € Dpe(X}), then chy(E}) € H'(X,, Q) equals tr(A(E})), which
by standard arguments is simply A(det(E),)). The determinant det(E},) is a line bundle on X.
Therefore, it suffices to prove that any line bundle on X is trivial, but this has been discussed
already in Section In fact, it suffices to prove this for n = 1 and then X] —Spec(R;) is the
first infinitesimal neighbourhood of X’ inside its twistor space associated to the Kéhler class w’
(see Remark [2.13)).

As explained in the proof of Lemma and part ii) of Lemmaimply P och = cho®.
Hence &% (ch(E,)) is contained in (HY"? & H??)(X!/R,) for any E,, € Dper(X;,) and therefore

M0 (0 @ H??)(X,/Ry)) C (H™® ® H*?)(X,/R,).

Let now w, := I~ !(v,) € HH%(X,/R,) and w!, := I"'(v/)) € HH?>(X!/R,). Then by definition
of ®HT" we have GHI” (w,) = w!,. The multiplicativity of (" &) and Lemma ii) imply
O (1, - M (E,)) = wl, - ™+ (D(E,,)). So, wy, - ch™M(E,) = 0 for all E, € Dpe(&y) if and
only if w!, - kM (E!) = 0 for all E!, € Dpere(X)).
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Suppose we know already that in general
(4.4) wy, - ch™(E,) = 0 if and only if v,,ch(E,) =0

and the analogous statement on X),. (For this assertion our assumptions that X,, — Spec(R,,) is of
dimension two and that v, = I(wy,) € HT?(X,,/Ry,), w, € HI?(X,,/R,) are important. See below.)
Then one concludes as follows. Since obviously v, J(H*® ® H??)(X,,/R,) = 0 and as shown above
Im(ch) C (H*Y@H?*?)(X,,/R,), the ‘if’ direction in would yield w,-ch™* (E,) = 0 for all E,, €
Dpert(&y) and hence w!,-ch™(E!) = 0 for all E!, € Dpers(X)). As (H*°@H?2)(X!/R,,) is actually
spanned by Im(ch), the ‘only if’ direction in then shows that v/, ,(H%® & H*?)(X!/R,) = 0.
The latter clearly means v}, € H' (X}, Tx: ).

The assertion follows almost directly from . More precisely, in our situation, [5, Cor.
5.2.3] says that for any v, € HT?(X,/R,) and any B, € Dpert(Xy) the part of v, s(exp(A(F,)))
contained in Ext3 (En, E,) coincides with the projection of 171 (v, )-AH (E,) under Ext3, (E,, E,®

0:0a,) —>Ext% (Ey,, E,). Taking traces on both sides yields v,ch(E,) = I (v,) - b (E,,),
which then proves (4.4)). O

Corollary 4.6. If £, € Dpet(X, xpg, X.) induces an equivalences ®g, : DP(X,)—>=DP(X}),
then there exists a deformation X, | —Spec(Rn41) of X}, —=Spec(R,) and a complex E,41 €
Dpert(Xn41 X Ry Xppyq) such that £, ~ LifEny1. Moreover, £y41 induces an equivalence $g

DP(X, 1) > DP(X,, ).

n+1 :

Proof. By Example choose the extension X, ; —Spec(Ry1) such that its Kodaira-Spencer
class k, € H' (X, T ) is v}, in (4.3)), which by Lemma |4.5/is indeed an element in H' (X}, Trr ).
Since & = Ljr&, is rigid, Proposition allows one to conclude the existence of a complex
Ent1 € Dperf(Xns1 X R,y Xpyq) with LiyEyq1 >~ E,. The last assertion follows from part iii) of

Remark 2.3 O

4.3. Deformation to the general fibre. Applying Corollary [4.6] recursively, we obtain a formal

scheme 7’ : X’ — Spf(R) and perfect complexes &, € Dpere(Xy X g, &p), n € N, inducing Fourier—

Mukai equivalences ®¢, : DP(&;,) —>=DP(X!) with Li%E,+1 ~ &, and with & as given in ([&.1)).
Now we use Lieblich’s [25] Sect. 3.6] to conclude that the existence of all higher order deforma-

tions is enough to show the existence of a formal deformation of the complex. So, there exists a
complex £ € DP(X xr &') with Li & ~ &,, for all n € N.

Remark 4.7. Lieblich’s result is far from being trivial and the proof is quite ingenious. Of course,
if a coherent sheaf lifts to any order, it deforms by definition to a sheaf on the formal neighbourhood.
For complexes as objects in the derived categories this is a different matter. Note that a priori one
really only gets an object in DP(X x g X”), which is, by definition, D2 (Oy« .x-Mod), and not
in DP(Coh(X xx &")) as one could wish for.

For the convenience of the reader, let us recall Lieblich’s strategy. Instead of considering de-
formations of & as an object in the derived category, Lieblich shows in [25, Prop. 3.3.4] that
by replacing & with a complex of quasi-coherent injective sheaves one can work with actual de-
formations of complexes, i.e. the differentials and objects are deformed (flat over the base) and
the restrictions to lower order yield isomorphisms of complexes. By taking limits, one obtains a
bounded complex of ind-quasi-coherent sheaves on the formal scheme. Eventually, one has to show
that the complex obtained in this way, which is an object in Db(O;\»X rx'-Mod), has coherent
cohomology. This is a local statement and is addressed in [25, Lemma 3.6.11]. Note that the main
result [25] Prop. 3.6.1] treats the case that the formal scheme is given as a formal neighbourhood of
an actual scheme over Spec(R) and asserts then the existence of a perfect complex on the scheme.
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In our case, the actual scheme does not exist but only the formal one. However, Lieblich’s argu-
ments proving the existence of the perfect complex on the formal scheme, which is the first step
in his approach, do not use the existence of the scheme itself.

Now, by Remark iv), ®g, : DP(Xk)—>=DP(X}) is an equivalence. The Fourier-Mukai
equivalence Tp,,, : DP(X")=DP(X’) with kernel TA,,[1] ‘restricted’ to the special fibre is the
spherical twist

Ty : DP(X') —== DP(X")
and ‘restricted’ to the general fibre it yields the spherical twist
Ty : DP(X}) ——= DP(X}).

Then Proposition asserts that there exist integers n and m such that the composition T} o
Pg,. [m] defines a bijection between the set of K-rational points of Xx and XJ.. By the discussion
in Section this is enough to conclude that T} o ®¢, [m]| can be written as a Fourier-Mukai
transform whose kernel is a sheaf on (X x g X’) k. Note that n and m must both be even. Indeed if
a K-rational point is sent to a K-rational point via T} o ¢, [m], then its restriction to the special
fibre T3t o ®g,[m] preserves the Mukai vector of a point (0,0,1). Now use that ¢! sends (0,0, 1)
o (—1,0,0), that the simple shifts acts by —id, and that <I>g)* preserves (0,0, 1) by assumption.

The conclusion of the discussion so far is that, up to applying shift and spherical twist, the
Fourier-Mukai kernel & of an equivalence ® with ®7" = —idy2 @ id og g4 deforms to a sheaf on
the general fibre (X x g X’) g, where X —Spf(R) is the formal neighbourhood of X inside a very
general twistor space and X’ —Spf(R) was constructed recursively. One now has to show that
this leads to a contradiction.

4.4. Return to the special fibre. Let X be a smooth projective K3 surface and G a coherent
sheaf on X x X. Consider the Fourier-Mukai transform ®¢ : DP(X) —=DP(X) with kernel G. As
we make no further assumptions on G, ®g is not necessarlly an equivalence. We shall be interested
in the induced map on cohomology ®F" : cH(X,Q)— H(X,Q).

Lemma 4.8. For any sheaf G on X x X one has @g # (—idg2) @ idgogpya.

Proof. Suppose @g* = (—idy2) ®idgog 4. Choose an ample line bundle L on X. Then for n,m >
0 the sheaf G,, ,,, :== G® (¢*L" @ p*L™) is globally generated and ®g(L") = p.(G ® ¢*L") is a sheaf.
So, there exists a short exact sequence OAIC%O)A(TX x—>Gnm—=0. Twisting further with
¢*L"™,n' > 0, kills the higher direct images of K under the projection p, i.e. Rip,(K®q¢*L") = 0 for
i > 0. Thus, there exists a surjection O ~ p*((’))]\(fxxééq*L”/) —> D (Gran'm) = g (LY@ L™,

On the other hand, by assumption v(®g(L"*™) @ L™) = 1+ (m — (n +n'))c1(L) + s for some
s € H4X,Q). Thus, ®g(L"*") ® L™ is a globally generated coherent sheaf of rank one with
first Chern class (m — (n +n'))c1(L). It is not difficult to see that this is impossible as soon as
m— (n+n') <O0. O

We leave it to the reader to formulate a similar statement for sheaves on the product X x X’ of
two not necessarily isomorphic K3 surfaces.

Consider two formal deformations X —Spf(R) and X’ —Spf(R) of the same algebraic K3
surface X = Xy = X{.

Corollary 4.9. Let £ € DP(X xp &') be an object whose restriction to the general fibre is a
sheaf, i.e. Ex € Coh(Xg). If & € DP(X x X) denotes the restriction to the special fibre, then
the Fourier—Mukai transform ®g, : DP(X)—=DP(X) induces a map <I> . H(X,Q)— H(X,Q)
different from (—idy2) @ idgogya.
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Proof. If £k is a sheaf, then there exists an R-flat lift £ € Coh(X xgX') of k. Thus the complex &
and the sheaf £ coincide on the general fibre or, in other words, they differ by R-torsion complexes.
In particular, the restrictions to the special fibres & and &y define the same elements in the K-group

(see Remark and therefore the same correspondence ®F" = @gj :H(X,7Z)=~H(X,Z).

So, & is a sheaf(!) on X x X inducing the same map on cohomology as the complex &. Now
Lemma 4.8| applies and yields the contradiction. O

Clearly, the corollary applies directly to our problem with £ as in Section and which therefore
contradicts the assumption that @g) " acts as (—idy2) @ idgogys. This concludes the proof of
Theorem .11

4.5. Derived equivalence between non-isomorphic K3 surfaces. The main theorem implies
that every derived equivalence between projective K3 surfaces is orientation preserving.

Let X be an arbitrary K3 surface. Then its cohomology H(X,Z) admits a natural orientation
(of the positive directions). Indeed, if w € H!(X) is any Kihler class, then 1 —w?/2 and w span a
positive plane in H (X,R). Another positive plane orthogonal to it is spanned by real and imaginary
part of a generator o € H?9(X). Together they span a positive four-space which is endowed with
a natural orientation by choosing the base Re(c),Im(c), 1 —w?/2,w. This orientation does neither

depend on the particular Kéhler class w nor on the choice of the regular two-form o.
If X" is another K3 surface, one says that an isometry H(X,Z)—>H(X’,Z) is orientation
preserving if the natural orientations of the four positive directions in H(X,R) respectively in

H(X',R) coincide under the isometry.

Corollary 4.10. Let ® : DP(X)-">DP(X’) be an evact equivalence between two projective K3
surfaces. Then the induced Hodge isometry

oM H(X,2)>~H(X',7)
18 orientation preserving.

Proof. Suppose that ®¥" is an orientation reversing Hodge isometry. Composing with —id m2(xn) @
id(gog g1y (x7) provides us with an orientation preserving Hodge isometry H (X, Z)$\f1 (X", 7).

Such a composition can then be lifted to a Fourier-Mukai equivalence ¥ : DP(X)—>DP(X’) (see
e.g. [I7, Cor. 10.13]). Then

¥ lod:DP(X)SDP(X)
would be an exact equivalence with orientation reversing action on H (X,Z), which contradicts
Theorem 2. O
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