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Abstract Generalizations of the Trudinger-Moser inequality to Sobolev-Lorentz spaces
with weights are considered. The weights in these spaces allow for the addition of cer-
tain lower order terms in the exponential integral. We prove an explicit relation between the
weights and the lower order terms; furthermore, we show that the resulting inequalities are
sharp, and that there are related phenomena of concentration-compactness.
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1 Introduction
1.1 The Trudinger-Moser inequality

Let 2 C RN be a domain of finite measure. The classical Sobolev space embeddings say that
W, P (Q) CLI(2) for1 < g < NN—£,7 In the limiting case p = N we formally get g = 4o, but
easy examples show that WO1 o ¢ L*(L2). Replacing the target L7-space by an Orlicz space
Ly, it was shown by Yudovich [43], Pohozaev [37] and Trudinger [42] that WOl (2) CLy(R),

with the N-function ¢(s) = ¢” — 1. This result was improved and made sharp by J. Moser
[36], obtaining what is now called the Trudinger-Moser inequality:

o oo 1 <
R I e VR
{uew N |[Vuly<1y 72 - 1 N

here || - ||y denotes the norm in LV (Q), and oy = Nw,:/(]]v_l)

(N — 1)-dimensional surface of the unit ball in RY.

, where wy_; denotes the
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Numerous generalizations, extensions and applications of the Trudinger-Moser (TM)
inequality have been given in recent years:

TM-type inequalities involving higher order derivatives were given by D.R. Adams [1]. The
existence of extremals in the TM-inequality was obtained by L. Carleson and A. Chang [10]
for Q = B;(0) C R?, by M. Flucher [19] for arbitrary bounded domains in R?, and by K.C.
Lin [33] for bounded domains in RY; D.G. de Figueiredo - J.M. do O - B. Ruf [21] gave
an alternative proof and some generalization, using an optimal normalized concentrating se-
quence. For extensions of the TM-inequality to manifolds, see P. Cherrier [12], L. Fontana
[25],Y. Li [31,32], Y. Yang [44]. Related elliptic equations with “critical” TM growth were
considered by Adimurthi [3] and de Figueiredo - O. Miyagaki - B. Ruf [20], giving sufficient
conditions on the lower order terms for the existence of solutions; in D.G. de Figueiredo -
B. Ruf [23] the non-existence of radial solutions was proved for equations with critical TM-
growth whose lower order term does not satisfy the above existence conditions. Related
existence results for elliptic systems with subcritical and critical TM-growth can be found
in D.G. de Figueiredo - J.M. do O - B. Ruf [22] and B. Ruf [39]. For phenomena of con-
centration and blow-up methods in the TM-situation, see M. Struwe [41], Adimurthi - M.
Struwe [5], O. Druet [17]. The usual TM-inequalities are for bounded domains; extensions
to unbounded domains have been considered by D.M. Cao [9], S. Adachi - K. Tanaka [2],
B. Ruf [38], Y. Li - B. Ruf [30]. For recent results on TM-inequalities with remainder terms,
we refer to Adimurthi - O. Druet [4]. TM-inequalities with other boundary data and trace
inequalities have been recently obtained by A. Cianchi [15], [16].

Finally, and this is closely related to the subject of the present paper, we mention TM-
type inequalities in other function spaces, in particular in Orlicz spaces, Zygmund spaces,
Lorentz spaces, Besov spaces etc., see e.g. A. Cianchi [14], N. Fusco - PL. Lions - C.
Sbordone [24], A. Alvino - V. Ferone - G. Trombetti [6], D.E. Edmunds - P. Gurka - B. Opic
[18], S. Hencl [28], H. Brezis - S. Wainger [8].

In particular, we recall here some recent results for embeddings of Lorentz-Sobolev
spaces into Orlicz spaces and the related TM-inequalities:

1.2 Sobolev-Lorentz spaces

Lorentz spaces L?* are scales of interpolation spaces between the Lebesgues spaces L, and
are obtained via spherically decreasing rearrangement; we refer to Section 2 for the precise
definitions. We recall here only that, for Q2 C RN of finite measure,

LPP =[P LP C P92 if g1 < q) ,
L criclLt, if l<s<p<r, forall 1<g<oo

We denote the norm in L4 by ||u|| .4

First, we recall that the standard Sobolev embeddings can be sharpened by the use of
Lorentz spaces, see e.g. [7]; denoting by W!LP4(Q) the space of functions whose weak
derivatives belong to LP4, one has

wiLra c e

and hence in particular, since p < p*

Wl,p — Wle’p c LP*J’?C&LP*’W :Lp* .



For the limiting case p = N, the following generalization of the Trudinger-Moser in-
equality was obtained by H. Brezis and S. Wainger [8] and A. Alvino, V. Ferone and G.
Trombetti [6]: there exist numbers 3, > 0 such that

_4q_
sup / eBl”(x)‘q71 dx { < C(qu)|'(2| ) for ﬁ < ﬁq (2)
{IVulln <1} /2 = oo, for B> B,

The Trudinger-Moser inequality corresponds to the case WOl NQ) = W) LVN (). Tt is re-
markable that in (2) the exponent depends only on the second index g of the Lorentz space.

Note that the inequalities (1) and (2) are sharp not only with respect to the coefficients
o resp. B in the exponents. In fact, considering for simplicity the inequality (1) in the case
N =2, one notes that if @ = o, = 47, then any unbounded lower order perturbation f(s) in

the exponent (i.e. f(s) with limy_.., f(s) = -0 and lim;_ % = 0) will yield

sup / AP+ ) g — oo
Q

[[Vull2<1

In this paper we aim at extending the TM-inequality (1) and the more general Brezis-
Wainger inequality (2) with regard to such lower order perturbations. More precisely, con-
cerning inequality (1) (with N = 2) we ask: in the limiting case & = otp = 47, and given an
unbounded lower order perturbation function f(s), can we characterize a largest space A(g)
of Lorentz type such that

sup / AP W) gy < oo 3)
[Vullap<t €2

This is a subtle question: note that if we replace in (1) the condition ||Vu||» < 1 by ||Vul|2 <
1

1 — 6, for an arbitrary 6 > 0, then SUP{||Vul,<1-8} o e“”(ﬁ‘”(x)l)zdx < ¢, and hence for any

subquadratic perturbation f(u) we get supyv,,<i1-5} Jo AP+ ) gy < .

We will see that the adequate class of Lorentz spaces for this problem are weighted
Lorentz spaces, which were proposed by G.G. Lorentz [35] already in his original paper
”On the Theory of Spaces”. Weighted Lorentz spaces are defined as follows (for details, see
Section 2 below): Let ¢ : 2 — R be a measurable function, and let ¢*(s) denote its de-
creasing rearrangement. Furthermore, let w(z) : R — R™ a nonnegative integrable function,
such that [yw(s)ds < oo for all # > 0. The weighted Lorentz space A,(w) is defined as
follows: ¢ € AP(w), 1 < p < +oo, if

oo 1/p
9114, 00 = (/o (¢*(t))”w(z)dt> < oo, (4)

Quite surprisingly, we are able to establish a precise relation between a weight w(s) and
the corresponding lower order perturbation function f(u) to obtain sharp TM-type inequal-
ities.



1.3 The main results

Let ¢ : Rt — R™ be a continuous function (the “weight function”) such that

(1) lim 9(6) =0
i) [ ot = 4o

(H3) @(r) is non increasing as t — +oo
We prove the following optimal Moser type inequality:

Theorem 1 Let Q be an open subset of RY, of finite measure, and let ¢ : Rt — R¥ be a
continuous function satisfying (Hy) and (H,). Let f(t) € €' (R") be defined by

W 9(s)

t) = ————ds 5

=" e ®)

where oy = N a);/f(llvfl) and wy_ denotes the (N — 1)-dimensional surface of the unit ball

inRN, N >2. Then

N

sup | et < clay, ©)

Q

{ueCh (@), Vull oy o<1}

where
M, = [ ) 1o (e (201)) s

and C = C(||@||) is a positive constant that depends only on ||@||c.

Remark 1 Formula (5) yields f(z) if the weight @(s) is given. In principle, formula (5) can
be easily inverted, giving an “inverse formula” which allows to determine ¢(s) for given
f(z). However, in order to obtain a well defined @(s) on R, some suitable initial value has
to be chosen, and the resulting function ¢ will depend on this initial value. In Theorem 10
we state a related theorem which shows that inequality (6) does not depend on this initial
value (except maybe through the constant C).

Examples
l) Let [0]] (S) = Wﬁ N then f(s) =S, ie.

sup /€4nu2+u§C‘Q|
1Sl @

19ula

2) Leupz(s):ﬁg%m, then f(s) = plog(1+|u|) . ie.

wp [y <clol
Vullay, <1 /2

Inequality (6) is sharp in the following sense:



Theorem 2 Suppose that ¢ satisfies (Hy) and (Hy). Then

(i) for any o0 > 1 sup / oo/ () g too €))
Q

[Vullay, <1

(ii) if @ satisfies also (H3), for any g : R — R continuous such that
li 81 _
(1) 1My — o0 47y

o HE

. = +oo
S e 0ds

one has
sup / el NV f )+ g — oo ®)
Q

[Vullay o <1

Finally, we show that inequality (7) has all properties of a true maximal growth: for a given
weight function ¢, we say that we are at critical growth in WOIAN,(p if in (7) ¢ =1 and at
subcritical growth if a < 1. Then we have

Theorem 3
1) For critical growth in Wol An,p one has non-compactness: there exist sequences (un) C
WOI’N (L) with ||Vu||ay,, = 1 converging weakly to zero in W(}’N(Q)for which
/ (eaN‘llnlN/(N71)+f(u") _ l)dx - 0
Q

2) For subcritical growth in Wy Ao, there is compactness: for any sequence (u,) C WO1 ’N(Q)
with ||[Vuy| oy , < 1 and such that u, — u in Wol"N(.Q) we have

/ oW un NN o f ) g / el N o) g , fora<1.
Q Jo

In Section 2 we will give the precise definition and some preliminary results on weighted
Lorentz spaces. In Section 3 we give the TM-inequalities for these weighted Sobolev-
Lorentz spaces, i.e. we prove Theorem 1. In Section 4 we prove the sharpness of these
inequalities, i.e. Theorem 2. In Section 5 we give a compactness and non compactness re-
sult for subcritical and critical growth, respectively, that is we prove Theorem 3. Finally, in
Section 6 we give the generalizations of Theorem 1 to the Brezis-Wainger case of Lorentz
spaces of type LV:? with weights, and Section 7 contains an inverse formula to determine
the weight ¢(s) from f(z).

2 The framework

2.1 Weighted Lorentz spaces

Let ¢ : 2 — R™ be a measurable function; we denote by

Ho() =[x € 2:0() > 1}, 120



its distribution function. The decreasing rearrangement ¢*(s) of ¢ is defined by
9" (s) =sup{t > 0:uy(r) > s}, s€[0,]2]],
and the spherically decreasing rearrangement ¢*(x) of ¢ is defined by
9" (1) = 9" (ey-1]x["/N),  xe€ Q"
where Q7 is the sphere in RV such that | Q#| = |Q|.

Definition 1 Let w(r) : Rt — RT be a nonnegative integrable function, such that [ w(s)ds
< oo for all + > 0. The weighted Lorentz space A,(w) is given as follows: ¢ € A,(w),
1 < p < oo, if
P 1/p
19la,0= ([ @ @y winar) " <+ ©

The spaces A, (w) were introduced by Lorentz in [35] for X = (0,/) C R, and they gen-
eralize the Lebesgue spaces L and the classical Lorentz spaces L”7. We recall the following
properties of weighted Lorentz spaces (see [29] or [11] for a survey on the argument):

1) Ap(w) is a Banach space and |- |4, () is a norm if and only if w is non-increasing;
I[ 1[4, (w) is merely equivalent to a Banach norm (see [40]) if for some C >0

Foo 4
tp/ s Pw(s)ds < C/ w(s)ds, forall 1>0:p>1.
A 0

2) Ap(w) is a Banach space and || - HA,,(W) is a quasi-norm if the function W (t) = [{w(s)ds
satisfies the Ap-condition, i.e.,

W(2t) <CW(t)  forsome C > 1andallt € (0,+o0).

We will consider, in particular, the following weighted Lorentz norms (or quasi-norms):

M, = /OM v (s) ¥ {1+ o(|10g (ﬁ) ) }N_lds, (10)

and the associated Sobolev-Lorentz spaces W Ay, ¢, defined as the closure of € () with
respect to the corresponding norm. Thanks to the continuity of ¢ and hypothesis (H1), Ay,

is a Banach space and || - [| 4, is a quasi norm. Note that for any u € Wol"N(.Q),
N-1
IVall¥ < IVullX,,,, < (14 llelle)™ [ Vully.

Therefore, the setting of these function spaces is nothing but WOI ’N(Q), equipped with the
norms (or quasi norms) defined above, which are all equivalent to the Dirichlet norm.



2.2 Functions built from level sets

Let us introduce the following relation between nonnegative functions in L' (): we say that
¢ is dominated by y, and we write ¢ < v, if

/sq)*(t)dz < /Sl[/*(t)dt forall 5 € [0,]22])
0 0
o] 2|

¢"(1)dr = Y ()dr
0 0

This relation was first introduced by Hardy, Littlewood and Pélya in [27] for n-vectors in R”
and later for Lebesgue integrable functions on a finite interval. We refer to [7] and to [13]
for a survey on properties and characterizations of this relation. We recall only the following
theorem (see [7]):

Theorem 4 (Alvino, Lions, Trombetti) Let ¢, y two nonnegative functions in L' (Q).
Then, the following assertions are equivalent:

(i) o<y
(ii) for all nonnegative € L=(Q)

[ownwaes [Ty anoa [ owa= [ yiar

(iii) for all nonnegative n € L*(Q2)
12| 12|

(o war< [Twon s [ owdx= [ yiax

Following [7], we now describe a method to construct a function ¢ dominated by a function
0.

Let u(x) be a measurable function in £; then (see [7]) there exists a family {D(s)}, s €
[0,]€2]] of subsets of Q satisfying the following properties:

() |D(s)| =s
1) s1 < s :>D(S1) - D(Sz)
(i) D(s)={xe€ Q:|u(x)|>1t}, ifs=pw,(t)

For a fixed nonnegative function ¢ € L! (), let ®(z) be the function defined by
)
/ (P(x)dx:/ ®(n)di, se0,]Q. (i
D(s) 0

We will say that @ is built from ¢ on the level sets of |u|. One shows that

D < ¢ (12)



3 Proof of Theorem 1
3.1 Some known results

The aim of this section is to prove Theorem 1. To begin with, we construct a function v(x)
such that u*(s) < v*(s), and such that |Vv| is dominated by |Vu|.

Let u € €, (), and let U(x) be the function built from |Vu| on the level sets of u, that
isasin (11)

[{lu[>1}]
/ \Vu|dx:/ U(s)ds. (13)
Ju|>t 0
Then we have
Theorem 5 2 »
1 Ut
* < = *
u'(s) < N(N*WNCO;,/,NI [ (1N dt =:v"(s) (14)

Proof The proof of this theorem can be found in [26]. We briefly sketch it.
Using (13) we obtain

d

i = 0 Ut

Applying the Fleming-Rishel formula and the isoperimetric inequality yields

NV o' < [ ) = -4 [ Vuldx =~ (0)- U au0),
Jo{|u|>1} dt Jju|>t

where Cy denotes the measure of the unit ball in RV, so that

1 Uls)
chlv/N SI-I/N

=)' (s) <

(14) follows immediately, recalling that NCy = @y —1.

By Theorem 5, in order to estimate u(x) we can estimate the radial decreasing function

v(x) = ;/\9\ U dt (15)

N1 /N Jon_ —1/N4-
NNa)NC1 N1 v 11/

Note that, in general, |[Vv|* # [Vul*, but |Vv| is dominated by |Vu|. This fact, thanks to the
following lemma, allows us to estimate u(x) with a function involving |Vu|*.

Lemma 1 Let

Then

o 1 el dt 1 S
v (s) < W{/ IVul (t)t(Nfl)/N—i_s(Nfl)/N/o Vul* (@i} (16)
N



Proof The proof of this lemma can be found in [6]. We briefly sketch it.

By the definition of v(x),
1 o] dt 1 /s
v**s:i{/ Ut +7/Utt1/th}
R N AV AP A
<t [0
< 1)g(t,s)dt
Vo b
where

s’¥ 0<t<s
g(tvs): _N-1
TV s<t<|Q|

Since U < |Vul|, Theorem 4 implies (16) directly.

3.2 A Lemma by D.R. Adams

We recall that J. Moser used symmetrization for proving his result (1), thereby reducing the
problem to the following one-dimensional calculus inequality: for any measurable function
¢ : RT — R satisfying

| @wyar<
0
holds
~ . N/(N—1
/ e Fdt <c¢g, where F(I):t_(/ ¢(S)ds) o
JO °

For the extension to higher order derivatives, the method of symmetrization is not available.
But working with Riesz potentials, D.R. Adams [1] was again able to reduce the problem
to a one-dimensional calculus inequality, namely: let @ : R x R* — R™ be a measurable
function such that

/

0 oo N
a(s,t) <1,if 0<s<t, and sup([+/ a(s,t)pds> " e p<oo
oo Jt

t>0

Then there exists a constant co(p,b) such that for ¢ : R — R satisfying

[mq)(s)pds <1

holds

oo /

a(s,t)(])(s)ds)p

—oo

/ e FWdr < ¢y, where F(t)=1— (/
0

Notice that the above one-dimensional inequality of J. Moser corresponds to the case
a(s,t) = 1,if 0 < s < t, and zero otherwise in Adams’ inequality.

The proof of our Theorem 1 relies on a generalization of Adams’ inequality.
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Lemma 2 Let ¢ : R™ — R be a continuous function satisfying hypotheses (H1),(H?2),
and let f () be defined by (5).
Let a(s,t) be a non-negative measurable function on R x [0, 4c0) such that

a(s,t) <1, forae. 0<s<t (17)

N—-1
o0 N (s,1) R
su +/ ) =YY< o (18)
r>g(/ 1+(P 4

Then there exists a constant co = co(||@||, ¥) such that for ¢ > 0 with
e N-1
9" () (1+9(s)" ds <1 (19)

one has
o0
/ e g < ¢, (20)
0

where

—ir [Catewias) b ey

oy

W) =1 — { (/_:Z(SJ)(i)(s)ds) T +f(

Note that for ¢(s) =0 we have f(¢) =0, and hence ¥(¢) = F(t) in Adams’ inequality.

Proof The integral in (20) can be written as

+oo
/ |Ep|e *dA, (22)

where E) = {r > 0:¥(¢) < A}. The proof is divided into three steps:

(i) there is a constant ¢ = ¢(7, ||@||) such that ¥(r) > —c forallt >0
(ii) ifr € £, then

Ci+GA|
Y i fiEyds

TN ()Y ds <

where C,C; are positive constants depending only on ||@||. and ¥.
(iii) |Ey| <A+B|A| +C\)L|2A5v;1 where A, B, C are constants depending only on |||, ¥ and
N.

Proof of (i):
By (17), (18), (19) and Hoélder’s inequality,

/::oa(s,t)(P( ds< / +/+m+/t Nij_(; }¥

~{[w¢<>a+w>W‘mF”

< {y% +z—/0t lf((;zs)ds}%7
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so that
e S 0
d < YN-T 1 —
{ [ atsnoas}™ <yt /()1+(p(s)ds 23)
Since x+f((x/ocN)NT) is an increasing function on [0, <o), (23) implies
N t @ N—1
" Log(s) <<t+y~l —Jo st) N )
Y(t) > —yi- ds— , 24
Oz=r"T+ | Trem® 7 o (24)

By (H1), 1+ yNL I %ds <t if t > 1, large enough, and since f(r) is increasing for
t > 1, we get

LOER AR 1;”;2 jds ~f (/o)) = =p7;

on the other hand, if # < t,, (24) implies directly that ¥ is bounded from below, and so (i)
follows.

Proof of (ii):
Ift € Ej, then

oo N% +oo , d

r—a< (/ a(s )9 (s)ds) " +f<W> , 25)
e N
Let us define
[N N—1 , .
L(t) = ¢V (s)(L+o(s))" ds; (26)

note that L(¢) < 1, by (19).
Ifr € Ey, by (17), (18), (19) and Holder’s inequality,

/::O (s,0)0(s)ds / +/+°° (s,2)0
(L] o)™ /¢ o)

AU MVAREEE R
i O’H;i)d}”“{l TR

Let us now observe that for all 1 < 8 < 2 there exists cg > 0 such that
(a+b)P <aP + 0P +cpaP~'b Va,b>o0. 27)
Indeed, by scaling it suffices to show that

(1+0)f <144 pt VO<r<1 and
(1+1)P <14+P 4erpr Vi1
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this follows from the fact that

1+6)B—1—48
lir%%:ﬁ>0 and
11—
lim (L+)f—1-F 2, p=2
oo t 0, 1<pB<2

Thus

{7 a0} ™ < at)(1-L0)™ +anrt) Va1t @s)

—oo

where

13
a(r) = yi +t7/0 11)(;2@ ds. (29)

Note that a(r) = NL + 1Jrq)ds so that

N
a(t) > yv1  forallt € (0,+). (30)
Inserting (28) into (25), and recalling that x + f((x/ o) NT) is increasing, we have

A< a(n)(l- (z))ﬁ +en L)V a(t) N 4y
Nl 1/N 1/N
(0T 0ty

G =DN
N

It is easy to verify that for 0 < p <1,

(1—s)P§1—§s 0<e<l, 31)
so that L()
. '
(1-L@)¥ ' <1 A1)

Hence, recalling the definition of (), (29), we have

L(f)a(f)*2(Nfl)ch(L(t)a(z))N <4(N 1)3,%,2(1\,,1)/0’ o(s)

o)
N-1
F2AN = DA+2(N - 1) (2 >,>)'/NN”L(’)I/N) .3
N
Observe now that by definition and (27),
Vo1 N/(N-1)
P T ey _ [ e R 0

T o T+9()

) /~a<z>+chL<r>‘/N O T ()

s
- 1+ (s)

en L) N an) N 43T 0
—/ +/ ds.
1409
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On one hand,

N 0

/a(t) o(s) ds:/yzvqﬂ% 5 o(s) "
0 0 1+¢

1+ ¢(s) (s)
Too(s)
< [T o®

when ¢ > 1, large enough; on the other,

N

/0‘(’>+6‘NVL(f)1/N () /N 4y N= o(s)
a(r) 1+ ¢(s)

Combining these inequalities with (32) we obtain

ds < CNJ/L(I)I/N ot )I/N—Q—Y%.

L()a(0) = 4N = Deny(LWa(r)) " < 6(N = 1)y¥T +c(r,]|gll) +2(N — )2

Let us now observe that there exists ¢(N,y) such that 2x+c(N,y) > 4(N — 1)eyy /x for
any x € [0,+o0), that is, x —4(N — 1)eny V/x > %x— ¢(N, 7). Thus

7a(OL(t) < c(Ny, @) +2(N = 1)|A],

which yields (ii) directly.

Proof of (iii):

It suffices to prove that there exist C3,Cy,Cs,Cs > 0, depending only on ¥ and ||@||«, such
that
{ h,h € Ey,

< Cy+Cs|A| +ColA| 7 33
t2>l‘1>C3M,| =hHh—1 <4+ 5| |+ 6| | . ( )

Since 1, € E,, by (17), (18), (19) and Holder’s inequality,

+oo 1 2 +oo
/ a(s7t2)¢(s)ds:/ +/ + a(s,n)o(s)ds

—o0 —oo 151 %)

el L

<a (t)NT+(t t 2 _e0) d)N%L(t)%—ir L(t)%
1 2 1.,ll+(ps)s 1 VL1

< a(n)% + ((fz—h)T ‘H’)L(ll)ﬁ-

Therefore, by (27) and (ii)

N N

{/+ma(s,t2)¢(s)ds} v a(t1)+((t2—t1)NT+y YT L(y)vT

o (12 =) +7)L() R alin) ¥

y)%(c,+c2u,| w1

ga(t1)+<(2—t1) 4 +cN((tz—r1)T+y)(Cl+Cz\7tl)ﬁ~
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Since ot(t) =t +o0(t) as t — oo, there exists for any € > 0 a constant C¢ > 0 such that for
any t > Cg

LCZ‘M <e: (34)
a(t)
then we have
oo e N-1 e’
{/ a(s,12)9(s )dS}N < a(l1)+8((lz—t1)T+Y)N 1
N1 1
+ CN((tz—tl) v +y)(C1 TGP, (35)
Since t; € Ej, —A < —¥(t2); applying (35), we have for any #; > 0
N () N-1 N
th—1t < yN-T — ds+€((th—t1) N +7y)N-T
2 1SY /() 1+(P(S) s ((2 1) Y)
+en((ta—1)"F +9)(C1+ClADT + A
N-1 N N-1 1
{a()+e((la=1) VT +N VT +ey((lo—1) N +7)(C1+G[A) N NI/
+ f( 1 271 a]/\{/]\]ﬁ%)/l\; 1 2 )
As in the proof of (ii), the last term can be estimated as follows
N-L N N1 1
{a(1)+,,.}(N*1)/N ra(t)re((—11) N +y)V-Trey((p—t1) ¥ +y)(C1+C AN 0]
( ) = / ds
(N=1)/N o 1+¢

Oy

“t) _g(s)
< d
<) I+o®”
N—1

+e((a—1) T )T ten((a—1)'T +7)(Ci+ColA|)F
< [' 2 s plgll-)

1+ ¢(s)
N—1 L N-1 1
+e((la—t) T +DTT +en((a—0)'T +7)(C1+CA)Y
so that
-t < (N2, ]|@ll) + Y77 +2e((t—11)'F +y)¥T
1 2en((—11)"F £ 9)(CL+C AV +A.

Observe now that, by the Young inequality, for any 1 > 0

2en((—11)'T +P)(CL+CANT <2 B=2((1— 1) T 49) 72

2en\2N-1(Cy +C2|)u|)T
+ (T) IN—1

2N—1 —1
2N—1 2N—1 2N—1
< )RR R (=)W 4y 4 () T g

n

=1 9N _p -1 2cy I (Q"—QW)MT?1
< (2m)=2 2N_1((f2—t1)+1+7’2’v’2)+(T) IN-1

since (a+b)P < 2P(a” + b”) for any a,b > 0 and p > 0. On the other hand,

2N

2e((n—11) T +9)FT <2V T e((t—11) +y7T)
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Therefore,

(1-CmFE {2 25T €) (1 —1) <V, 1]l )

+(2ﬂ>%(cl+cz‘l|)mi’\71

n AN —1 +14]

(33) follows directly, choosing €, such that 1 — (211)2N 3 2V-2 2N 2 2% Te>0.

Combining (22) with (i) and (iii) we have

oo oo
/ e PO gy — / IEy|e dA
O —

= |E,1\e YA < co,

—C

that is our thesis.

3.3 Proof of Theorem 1

Without loss of generality, we may suppose that u > 0. By (14), and recalling the definition
of v** given in Lemma 1,
u(s) <vi(s) <v*(s) .
N

Therefore (recall that ayx¥-T + f(x) is increasing in [0, +o0))

N 12| L 12|
/e(xN\u|N—1+f(u)dx:/ O () N=T /
Q 0
N
‘Q|/ N (1R FTT 4 £ (1 Qle )1 g,

N

\Q|/+m TN N o) gy

) g

where .
w(t) = ay” v (|Qle) = N'T oy v (|Qle ) .

Lemma 1 implies

t o0
w(t) < |Q'/V {/ \vu|*(|g|eff)e*f/Nds+e’<1*1/N>/ [Vul*(|@e)eds}
0 Jt
NS
= D(s)a(s,t)ds

where
0 if s <0
a(s,)) = { =) ift < 5 < 4oo
1 ifO<s<t
and

QYN VU (|Rle) eV ifs >0
(p(s)f{ 0 ifs<0
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Hence, the proof of (6) will be concluded if we check that the hypotheses of Lemma 2 are
satisfied.

Hypothesis (17) is clearly verified. As regards (18),

N
N—

0 +o l(s t) Foo oS
s [T | d
L] +o) @ T Trem®
+oo
g/ e Sds = 1.
t

Finally,

[ e em) as = o /0+°° (IVal*(121e)" (14 9(s))" e *ds

) 12| _
-/ (|Vu‘*(z))N<1+(p(’log(|;2—|)’)>N ar
= |Vull},, <1.

Therefore, (17), (18) and (19) are satisfied; Lemma 2 yields (6). J

4 Sharpness: proof of Theorem 2

Let us suppose now that ¢ satisfies (H;) and (H,) ; we will prove that inequality (6) is sharp,
that is there exists a sequence of functions (u,) C WO1 N (Q) such that | Vu,|| Avo < land
(1) forany a > 1

N/(N-1)
liT et +af(un) gy = 4o (36)
n—+oo

(ii) if @ satisfies (H3), for any continuous function g : R — R satisfying (g1), (g2)

IIT eaNunN/(N*1)+f(un)+g(un)dx = 40 (37)
n—+e J

The sequence of functions we exhibit is obtained normalizing in WOIAN@ the sequence used
by J. Moser in [36]. Consider for example the ball B centered at the origin and such that
|B] = 1. Let us define

N-1

(1_5")% N1 ON—1 [N —
A N L x|V < e

N-T /N "N

NV oy
vp(x) = ] (38)
N—

(1-6,) ™ n Oy
UL L SO
N%w;/ﬁnl/N g (1)N—1|x|N N ‘ |

where 8, € (0, 1) will be fixed later. We have
N—-1
1-6,) ¥ »n-
(1=8,) v N71H)1/N e ,0<s<e™
N~ oy

va(s) =

N-1

1-6,) 7 1
#log<7) ,e"<s<1
NT(DN_Inl/N
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furthermore
0 , —w’}’\,‘l x|V <e"
Vv, l(x) = 1 N-1L
Vvl (x) NUN(1—8,)"F e N <
1/N )
@y Vx|
and
0 e <s<1
N TR 3
(s+em NV > D=8 = 07 0
Therefore

1 —
||vn||1XN‘<p:/ (19val*)Y (1+ (| Togs|)) ¥ ds
=(1-8)N '+ (39)

(lanl f=e NMLAN-T
—1
0 (s+e ) k 9" (~logs)ds

1

‘We claim that

o) = [ ”"(H]e,,)NZI (V1) o o

k=1 (40)
~ (N—l)/ Q(s)ds, asn— oo
0
Indeed, on one hand we have
1—e™" ad
¢(—logs) /* (1)
I > (N—-1 / ———ds=(N—1
wn) = ( ) 0 sten ( ) —log(1—e—n) 147
(N—l)/ o)
—log(1—e—n) 1 4+e'™"
n e[*}’l
= N—l/ t)dt — —1/ ——dt
( ) —log(l—e") (P( ) log(1—e™") 1+€t n
n log(1—e™") P
=(N—-1 tdl—/ t)dt — o(,/ —dt
=1 [ - | owa—lol-[ o)

= V= 1)( [ p1dt ~1082] 9]l + o(1))

n
Nfl)/ @(t)dt asn— oo
0
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On the other hand,

= W=1) /logl &) l—l—e’)”dl

o N—l /n k
+ /_Tog(l—efn) k;z (Nk l) l(igz” di
<w-n( [ ewar+lel [ %)
L () [fewan g (M e [
- (N—l)/on(p(t)dt—l— o(/0 9)+ O(1)

Nfl)/ Q(t)dt asn— +oo
0

by (H,), so that (40) is proved.
Let us now choose

then by (40)
1 n
5,,~7/ o(s)ds —0 as n— +oo;
nJjo

furthermore, recalling (39)

N(N-1)
allhy, = 1= =5 & +o(&) <1
Consider now
up(x) = 7‘/"()0
n - )
Vil Ay

then clearly
eal Ay =1

and, by (43), for any o > 1

1
/ea,vu,{v 1+(xf(u,,)dx:/ oW ) V=T f (1) g
B 0

1-5, (1-8) "% n'v
o <| e o (e ) ).

Avg HvﬂHAN,(p

1

—dt
1 + etfn

(41)

(42)

(43)

(44)

(45)
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By definition (42), (43) and (44),

N-1 —n

A <1—an>~n)~ ) :/OW 2 sas

Hv”HANq)(

- /OMW "ot~ o

1-0y

v |/ V= n"
> [Me T {9 - 92(s)}ds
= [How-o*@has—[", . {o()=¢*s)}ds

N/ v=D "
Il

né,

—/0"{(p(s)—(p2(s)}dS—|”NW{(p —@%(t)} wheretne[Wn n|
Vallay.

:/On(p(s)ds—i—o(/on(p). (46)

Combining (45) with (46) and (42) yields

N
N-T 1—
ool S (0) gy > oxp (L0
/B = p(1+ o(8,)

= exp (( —1)nd, +0(nd,)) — oo

n+a(nd, +o(nd,)) — )

for any o0 > 1.

If ¢ = 1, let @ satisfies (H3) and let g : R — R be a continuous function satisfying
(g1),(g2)- By (42) and observing that

i) <=1 [ oias+ EEINE s o [102)

n _N_2 n 2 n 2
/Oq)(s)dsznén 5 /O(p(s)ds—l-o(/o (p). A7)

On the other hand, as in (46) we have

we have

N—1 NI — =, R LS —
1— )% %t o =T) e 0"
! (|(| e >>/ e plods— [ gsjas
Vi Ay oy) N 0 0
by (H3), for any A € (0,1)

An An n
o(s)ds > A o(s)ds=A | @(Ar)dr
fo

fo

>A [ o(rdr
)

- )./On(p(r)dr—;t/oro(p(r)dr

> A/O o(r)dr — Ato| 9| (48)
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so that, by (44) and (47),

1—-6,)" " % v HN/<N n"
f<( ) ) |N/~1/"’ s= )" @

HV”H/\N,(p
-5, [ n
> —y [ 9G)ds— [ @ (s)ds—C
Ivallys w b
5 N-2 -
> (1-8,+0(8) (n6,~ “5= [ #*(5)ds+o(f; ¢*))
‘/on<p2<s>ds—c “49)

Hence, by (49),
N

/e(XNu,{Vil +f(un)+g(u">dx Z exp
B

(n1 =)0

1-6,
f
1+0(87) ( allay o N

(n(1—8§,))N-D/N ) n>
(1+0(82) ey ™

n _5 (N-1)/N
+o /()‘PZ)Jrg((l(ii)(SZ)))) (N— 1)/N>)
n —8,))N-D/N
oo e LB ),

062 ~ %(/On(p(s)ds)z < /O"q,z( \ds

Finally, using (g2) we get

since

N
hm eaNu,fV’] +f(un)+g(u'l>dx = +oo

n— o0 B

O

5 Proof of Theorem 3
5.1 Concentration-compactness

Let us first recall the following concentration-compactness result due to P.L. Lions [34]:

Theorem 6 (P.L.Lions) Let Q be a bounded domain in RN, and let {un} be a sequence in
WOI’N(.Q) such that ||u,||ny < 1 for all n. We may suppose that u, — u weakly in Wol’N(.Q),
Vi, [N — 1 weakly in measure. Then either -

(i) u= SXO, the Dirac measure of mass 1 concentrated at some xo € L, and u =0, or

(ii) there exists 3 > a such that the family v, = elunt™ Y g uniformly bounded in B (Q),
and thus [ eonluN Jo e g s oo, In particular, this is the case if u is
different from 0.
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5.2 Compactness

A consequence of the concentration-compactness principle is the following compactness
result.

Theorem 7 Let Q be a bounded domain in RY, and let (u,,) be a sequence in WOI N(Q) such

that [|[Vuy||ay , < 1 for all n. We may suppose that u, — u weakly in WOI'N(.Q), |Vin |V — 1
weakly in measure. Then for any 0 < o0 < 1

/.Q e lun Y N o f () g /Q e (50)

asn — oo,
Proof As observed in Section 2

IVenlly < lluenllRy, -

so that we can apply the concentration-compactness principle. If elunl™ N g uniformly
bounded in LP , with B > ay, the claim is an obvious consequence of Theorem 6,(ii). Oth-
erwise, by (i), |Vu,| — 6, weakly in measure and u, — 0 in L", for any r > 1, and a.e. (up
to a subsequence).

Since o < 1 and f(f) — oo ast — +oo by (H>), for any € > 0 there is a constant K = K(¢€)
such that

eaN,N/(Nfl)Jraf(t) < 8.eaN,N/(N71)+f<,) Cifr>K.

Therefore
/ oo ln NN ) +/ ool e f ) g
Q lun| <K Jjua|>K
< / oV N o f () gy g / ol N YV f ) g
lun| <K Q
S/ eaN‘”n|N/(N71>+af(un)dx+8C.
lun| <K
But

/‘ (eOtN|un‘N/(N*I)-&-af(un) _ l)dx — / (eOtN|vn|N/(N*1)+af(Vn) _ l)dx
lun| <K Q

where

~Soup, if Juy| <K
"T0, if Jua| > K,

so that, by Lebesgue’s dominated convergence theorem

/ (eaN‘un‘N/(N—l)+a_f'(un) _ 1) dr—0  asn— +oo.
|M"‘§K
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5.3 Concentration and non-compactness

We now show that in the critical case, i.e. & = 1 in (7), there is a loss of compactness:

Theorem 8 Assume that ¢ satisfies (Hy), (H,), (H3) and ¢ € L*>(R™). Then there exists a
sequence (uy) C WOI’N(.Q) with ||un||ay , < 1, un — u weakly in WO1 N and such that

/ ool NV f )y, / NNV f ()
Q Q

Proof The modified Moser sequence (u,) defined in the proof of Theorem 1 furnishes a
counterexample. Thus, assume B C Q (B as in (38)), and let

vVl _ vll
Vallave (11— Y81 524 0(82))1N

Uy =

with v,,, 8, given by (38) and (42). Obviously [|u||ay, ,=1,and
upy —0 in WyN(B).
On the other hand, by (49)

. 1 .
/ o NV ) g / e VD ) g
JB JO

_/ L= N/(N-1)
*/e,neXp{nl/W’l)(l—% 53+0(5112))\10gs|

—logs(1—8,) V-V ) bas
NN (= N 87 40 (82)

(1-8,) (1= &)m) W=D
+exp{(1mwl>"+f<a<N1>/Nu N1 §240(82 >>)}

N

+f(

" -5 N
. n J-1)
> eXp{nl/<N71>(1 N2 10(62)

11— 8,)N-1/N N, i
+f< (N 1)/N nl/N(1 b82+0(52))>ft}ds+exp{fn8n+§n5n+o(n5n)
+(1—6,,+563+o(62) n5 —7/ 0 +O/ ))_/ (P2+0(/ (pz)}

0 0

2/ e”dt—i—exp{Nﬁ n5,,2+0(n5,%)——/ () —l—o(/ (pz)}
0 2 Jo 0
. "efzdtJreX {7& " 2 ) . s2< [" o2 n 2
> Py=7 ) 9 Fol] @7); (sincend; < [ o7 +o(fy 7))
0 0 0 0
2/ e'di+e©  (since ¢ € L*(R"))
0

—l—e e O L 14eC > :/e“N‘ulN“N’”+-f<“>dx
B
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6 Generalizations: the Brezis-Wainger case

Theorem 1 can be generalized to the setting of L(N, q) spaces as follows:

Theorem 9 Let Q C RN be a domain of finite measure, and let ¢ : RT™ — R be a con-
tinuous function satisfying (Hy) and (Hy). Let ¢ > 1, and let f(t) € €' (RT) be defined

by N
_ e ()
ri= [ o (51

and @y_1 denotes the (N — 1)-dimensional surface of the

where Oy 4 = (N v 1/N)%1

unit ball in RY. Then

sup el 10 ) < cle| (52)
{ueCH (). [Vl y g0 <1} 72

[Iv HANW—/ )s' /M) {1+<P(}log<|g‘)}>}q_l?'

and C = C(||@||«) is a positive constant that depends only on || Q|| .

where

Furthermore, the inequality is sharp in the following sense:

(i) for any o0 > 1

sup / el e f W) gy — 4 oo
IVl Ay 4 p <174

(ii) for a = 1: assume that @ satisfies (H3) and that g : R — R is continuous such that
(1) lim ) <

g((W)(q* )/q)
i — M — oo
R T

then

up [ a0 oo
[Vullay <172

Proof (Proof of Theorem 9) The proof follows the lines of Theorem 1 (with slight modifi-
cations), replacing Lemma 2 with the following (N,q)—version:

Lemma 3 Let a(s,t) be a non-negative measurable function on R x [0, 40) such that

a(s,t) <1, forae O<s<r (53)
q—1
oo g T (s,1) KB
su +/ ) =y<eo (54)
t>g (/ T+9(s) o(s 4
Then there exists a constant co = co(||@||, ¥) such that for ¢ > 0 with

o0 (14 p() T Tds < 1 (55)
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one has

where

6.1 Sharpness

(56)

Following the proof of Theorem 2 , combined with the estimates obtained in [6], it is not

hard to prove that the sequence of functions

Uy, =

Vn

[Vl Ax g

furnishes a counterexample for Theorem 9, where

(1-8)T ot
— n
N o/
vn(x) = ]
(1-8)7
N oy Nntia T ona XN
and
5 — 1 IL(n)
-1 n
with

l—e sq/Nfl
L = [
q(n) 0 (

s+en)a/N

_ /0 (1= (14 p(r~tog(1 ™))

7 The inverse case: determining ¢ from f

) w/\]/\;l |x|N <e

), e "<

ON-—1
N

q—1

V<1

[(1+9(~logs))" " ~1]ds

- l}dt.

(58)

(59

Relation (5) in Theorem 1 gives a formula for the perturbation f(¢) when the weight-function
¢(s) in the Lorentz space is given. We now give a formula for the inverse situation, i.e. on
how to determine @ (s) when f(¢) is given (cf. Remark (1)). Indeed, with slight modifications
in the proof of Theorem 1, we have the following result

Theorem 10 Let Q be an open subset of RN, of finite measure, and let f € €' (R*) such

that

(F)  f6)=0

O
(F)  lim S =0
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Let ¢(t) € €' (R") be defined by

()"

(P(t) = N N-1~\ (60)
e v (1))
where ty is such that
}gg{Ni_ Lo (t+10) f o > 0.
Then N
sup [ eI < (1.0 2] (61)
[Vulay , <17/
where N Vol
N o _ [T N s -
Wi, = [ 0" {1+ o(jloz (I} as.
The inequality is sharp: for any o > 1
N
sup / WM el W) gy — oo (62)
Q

[Vullay o<1

References

1. Adams, D. R., A sharp inequality of J. Moser for higher order derivatives, Annals of Math. 128, 385-398
(1988).

2. Adachi, S., Tanaka, K., Trudinger type inequalites in Rn and their best exponents, Proc. AMS, 128, 2051—
2057 (1999).

3. Adimurthi, Existence of positive solutions of the semilinear Dirichlet problem with critical growth for the
n-Laplacian, Ann. Sc. NOrm. Sup. Pisa vol XVII, 393-413 (1990).

4. Adimurthi, Druet, O., Blow-up analysis in dimension 2 and a sharp form of TrudingerMoser inequality,
Comm. Part. Diff. Equ. 29, 295-322 (2004).

5. Adimurthi, Struwe, M., Global compactness properties of semilinear elliptic equations with critical expo-
nential growth, J. Funct. A. 175, 125-167 (2000).

6. Alvino, A., Ferone, V., Trombetti, G., Moser-type inequalities in Lorentz spaces, Potential Anal. 5, 273—
299 (1996).

7. Alvino, A., Lions, P. L., Trombetti, G., On optimization problems with prescribed rearrangements, Non-
linear Anal. TM.A. 13, 185-220 (1989).

8. Brezis, H., Wainger, S., A note on limitin cases of Sobolev embeddings and convolution inequalities,
Comm. Part. Diff. Equ. 5, 773-789 (1980).

9. Cao, D. M., Nontrivial solution of semilinear elliptic equation with critical exponent in Rz, Comm. Partial
Diff. Eq., 17, 407435 (1992).

10. Carleson, L., Chang, S. Y. A., On the existence of an extremal function for an inequality of J. Moser,
Bull. Sci. Math. 110, 113-127 (1986).

11. Carro, M.J., Raposo, J.A., Soria, J., Recent developments in theory of Lorentz spaces and weighted
inequalities, Mem. Amer. Math. Soc. 187 (2007), no. 877.

12. Cherrier, P., Cas d’exception du théoréme d’inclusion de Sobolev sur le variétés Riemanniennes e appli-
cations, Bull. Sci. Math. (2), 105, 235-288 (1981).

13. Chong, K. M., Rice, N. M., Equimeasurable rearrangements of functions, Queen’s papers in pure and
applied mathematics, n. 28, Queen’s University, Ontario, 1971.

14. Cianchi, A., A sharp embedding theorem for Orlicz-Sobolev spaces, Indiana U. Math. J. 45, 39-65
(1996).



26

15. Cianchi, A., Moser-Trudinger inequalities without boundary conditions and isoperimetric problems, In-
diana U. Math. J. 54, 669-705 (2005).

16. Cianchi, A., Moser-Trudinger trace inequalities, preprint

17. Druet, O., Multibumps analysis in dimension 2: quantification of blow-up levels, Duke Math. J. 132,
217-269 (2006).

18. Edmunds, D. E., Gurka, P., Opic, B., Double exponential integrability of convolution operators in gener-
alized Lorentz-Zygmund spaces, Indiana Univ. Math. J. 44, 19-43 (1995).

19. Flucher, M., Extremal functions for Trudinger-Moser inequality in 2 dimensions, Comment. Math. Hel-
vetici 67, 471-497 (1992).

20. de Figueiredo, D. G., Myagaki, O., Ruf, B., Elliptic equations in R? with nonlinearities in the critical
growth range, Calc. Var. and PDE 3, 139-153 (1995).

21. de Figueiredo, D. G., do 0, J. M., Ruf, B., On an inequality by N. Trudinger and J. Moser and a related
elliptic equation, Comm. Pure Appl. Math. 55, 1-18 (2002).

22. de Figueiredo, D. G., do 0, J. M., Ruf, B. Critical and subcritical elliptic systems in dimension two,
Indiana Univ. Math. J. 53, 1037-1054 (2004).

23. de Figueiredo, D. G., Ruf, B., On the existence and non-existence of solutions for elliptic equations with
critical growth in R2, Comm. Pure Appl. Math. 48, 639-655 (1995).

24. Fusco, N., Lions, P. L., Sbordone, C., Sobolev imbedding theorems in borderline cases, Proc. AMS 124,
561-565 (1996).

25. Fontana, L., Sharp borderline Sobolev inequalities on compact Riemannian manifolds, Comment. Math.
Helvetici 68, 415-454 (1993).

26. Giarrusso, E., Nunziante, D., Symmetrization in a class of first-order Hamilton-Jacobi equations, Non-
linear Anal. TM.A. 8, 289-299 (1984).

27. Hardy, G. H., Littlewood, J. E., Pdlya, G., Inequalities, Cambridge, 1934.

28. Hencl, S., A sharp form of an embedding into exponential and double exponential spaces, J. Funct. A.
204, 196-227 (2003).

29. Kaminska, A., Maligranda, L., On Lorentz spaces I, ,, A, Israel J. Math 140, 285-318 (2004).

30. Li, Y., Ruf, B., A sharp Trudinger-Moser type inequality for unbounded domains in R", Indiana Univer-
sity Math. J., to appear

31. Li, Y., Moser-Trudinger inequality on compact Riemannian manifolds of dimension two, J. Partial Dif-
ferential Equ. 14, 163-192 (2001).

32. Li, Y., Extremal functions for the Moser-Trudinger inequalities on compact Riemannian manifolds, Sci.
China Ser. A 48, 618-648 (2005).

33. Lin, K. C., Extremal functions for Moser’s inequality, Trans. AMS 348, 2663-2671 (1996).

34. Lions, P. L., The concentration-compactness principle in the calculus of variations. The limit case, part
1, Rev. Mat. Iberoamericana 1, 145-201 (1985).

35. Lorentz, G. G., On the theory of spaces A, Pacific J. Math 1, 411-429 (1951).

36. Moser, J., A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20, 1077-1092
(1970/71).

37. Pohozaev, S. 1., The Sobolev embedding in the case pl = n, Proceedings of the Technical Scientific Con-
ference on Advances of Scientific Research 1964-1965. Mathematics Section, 158—170, Moskov. Energet.
Inst., Moscow, (1965).

38. Ruf, B., A sharp Trudinger-Moser type inequality for unbounded domains in R?, J. Funct. Analysis 219,
340-367 (2004).

39. Ruf, B., Lorentz spaces and Nonlinear Elliptic systems, Progr. Nonlin. Diff. Equ. 66, 471-489 (2005).

40. Sawyer, E., Boundedness of classical operators on classical Lorentz spaces, Studia Math. 96, 145-158
(1990).

41. Struwe, M., Critical points of embeddings of Hol'" into Orlicz spaces, Ann. Inst. H. Poincaré, Anal. Non
Linéaire 5, 425-464 (1988).

42. Trudinger, N. S., On embedding into Orlicz space and some applications, J. Math. Mech. 17, 473-484
(1967).

43. Yudovich, V. I., Some estimates connected with integral operators and with solutions of elliptic equa-
tions, Dok. Akad. Nauk SSSR 138 (1961), 804-808, English tranlation in Soviet Math. Doklady 2 746-749
(1961).

44. Yang, Y., Extremal functions for Moser-Trudinger inequalities on 2-dimensional compact Riemannian
manifolds with boundary Internat. J. Math. 17, 313-330 (2006).



