A MOSER-TYPE INEQUALITY IN LORENTZ-SOBOLEV SPACES
FOR UNBOUNDED DOMAINS IN RY

DANIELE CASSANI AND CRISTINA TARSI

ABSTRACT. We derive a Trudinger-Moser type embedding for the Lorentz-Sobolev
space Wg LY7(Q), where Q C RY is any sufficiently smooth domain and in particular
for Q@ = RY. Precisely, we first prove that the corresponding inequality is domain
independent and then, by constructing explicit concentrating sequences & la Moser, we

establish that the embedding inequality is sharp.

1. INTRODUCTION

Let Q C RY be a sufficiently smooth bounded domain and let WO1 P(Q) be the usual
Sobolev space obtained by completion of C2°(£2) with respect to the norm ||V - ||,. The
Sobolev embedding theorem reads as follows (see e.g. [3]):

L¥5(Q), 1<p<N

(1) WP (Q) —
L>(), p>N

where NN—% =: p*, is the Sobolev critical exponent. In one hand, we have that the

embedding (1) is sharp from two different points of view: in the following inequality,
(2) [ullpr < SplIVullp, 1<p<N

no larger exponent can replace p* as well as the best constant S, is explicitly known
(domain independent and achieved just in the whole RY| see e.g. [27]). On the other
hand, the Lebesgue space setting is not optimal, in the sense that the target space in

(1) can be strictly smaller than LP"(Q). Indeed, it was proved in [4] that (2) can be
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improved in the context of Lorentz spaces (LP4(S2), || - ||p,q) (which we recall in Section

2) by means of the following inequality:

3) [u

where LP"P C LP"P" = [P and thus (3) is a refinement of (2).

prp S CHVU”p

The so-called limiting Sobolev case, occurs when N = p and thus p* = oo even
though WOI’N(Q) — L°°(€) holds true just in dimension N = 1. Indeed, for p = N > 2,
a famous result obtained independently by Pohozaev [23] and Trudinger [28] states, in

the sharp version due to Moser [22], the following:

N < 00, if o <an
(4) sup / (6“'“(3””1\[ b 1> dx < C(a, N)|Q|
Vully<1/Q = 00, if o > ay
_N_
1 N—-1
where oy = (N wyy , denoting with wy the measure of the unit ball in RV,

This result has been extended in many directions: a generalization to higher order
fractional Sobolev spaces is given in [26], an analog of (4) for higher order derivatives
is established in [2] whereas a sharp form without boundary condition is obtained in
[11]. Attainability is also studied in [10] where it is proved that the supremum in (4)
is achieved up to the critical value ay; a different prove can be found in [12] together
with some applications. In particular, improvability of (4) by exploiting a Lorentz space
setting has been addressed in [5] and [8] (see also the appendix in [7]), results further
extended in [6] by using different techniques, some of which we are going to borrow here,

where the authors prove the following sharp result:

ey < o9, a < ap,
(5) sup / <eo‘|“(z)|q - 1> dx < C(a, N, q)|9| !
Vulln,g<1 /0 = 0, a>ang,
=
= q—
where 1 < ¢ < 0o and an,4 = <wa\\f . Clearly, (5) reduces to (4) when ¢ = N but

does improve the maximal growth in (4) as long as 1 < ¢ < N (in this case, see also [16]
for a different proof of (5)).
Clearly, the right hand sides in both inequalities (4) and (5) depend on the measure

|| of the underlying domain and no informations can be retained as |2| — oo. However,
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the validity of Trudinger-type inequalities in the whole space have been investigated in
[9, 13, 1] and more recently in [24, 19], where it is shown that a sharp uniform bound as
in (4) is still available for any domain, provided that the norm ||Vu||y is replaced by the
Sobolev norm: ||Vu||x + ||ul|n. Exploiting techniques introduced in [2, 7, 6] and in the
same spirit of [24], here we tackle the problem of extending (5) to any sufficiently smooth
domain, not necessarily with finite measure, in particular to the whole RY. Precisely,
we derive, as in [24], an optimal inequality which does not depend on the domain € and
thus valid in the whole RY. For the sake of clarity, we adopt a layered presentation by
proving first the results in dimension N = 2, which we then extend to higher dimensions.

Our main results are the following:

Theorem 1. Let 1 < g < co. Then, there exists a positive constant C' = C(q) such that
for any (sufficiently smooth) domain Q@ C R? and for any o < agg = (V4n) <qzl>, the

following inequalities hold:

q
(6) | ||sup /Q (eo"“ﬁ -1- a|u|f131> dx < C, if 2<g¢< o
CUERETIRS
_9
(7) | Hsup /Q (ea“ql — 1> dr < C, if 1<qg<2
ull1, 2,9 <t

where ||uH‘f’(p’q) = ||Vullfq + |lullpq. Moreover, inequalities (6)—(7) are sharp, in the

sense that for any a > aq the corresponding suprema become infinity.

Theorem 2. Let 1 < g < oo, N > 3 and set

ko

wot g e [0

Then, there exists a constant C = C(N,q) > 0 such that for any (sufficiently smooth)
domain Q C RY and for any o < ay g = (Ncu]l\,/]\[)q%1 (where wy is the measure of the
unit ball in RN ) the following inequality holds:

(8) sup /QQ) <O¢]u\q%1> dx < C

llully,(v,q) <1

Moreover, inequality (8) is sharp: for any growth <I>(a|u]q%1) with o > an g, the supre-

mum becomes infinity.
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The paper is organized as follows: first, we briefly recall some preliminaries on func-
tional rearrangements and Lorentz spaces, then in Section 3 we prove inequalities (6)
and (7); a key ingredient is Adams’ lemma [2]. In Section 4, we construct as in [6, 24],
an explicit Moser-type concentrating sequence in a Lorentz-Sobolev setting, which we
use to show that inequalities (6) and (7) are sharp. Finally, Section 5 is devoted to
extending the previous results to higher dimensions, in particular we prove inequality
(8), for which optimality turns out to be a delicate issue. We complete this paper with
some remarks on the borderline cases ¢ = 1 and ¢ = oo.

2. PRELIMINARY RESULTS

Let ¢ : © — RT be a measurable function. Denoting by |A| the Lebesgue measure of

a measurable set A C RY let

po(t) =z € Q: ¢(x) >t}|, t=0

be the distribution function of ¢. The decreasing rearrangement ¢*(s) of ¢ is defined as

the distribution function of p4, that is
¢*(s) = {t € [0,400) : py(t) > s} =sup{t >0 : py(t) > s}, se€l0,]Q]
whereas the spherically symmetric rearrangement ¢ () of ¢ can be defined as
¢* (2) = ¢*(wnlzY), =€ QF

where Q% C R is the open ball with center in the origin which satisfies |Q%| = |Q).

(For equivalent definitions and an insight on functional rearrangement theory, we refer

the reader to [20, 27, 18].)

Definition 1. Let 1 <p < o0, 1 < ¢ < 400 and ¢ a measurable function on §2. Let

(t) :zi/OtQS*(S)ds, t>0

Then ¢ € LP9(QY) provided that:

) il = (£ [~ @) 6 )" <o

Q=
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The spaces (LP4($2), || - |||p,q), introduced by G.G. Lorentz in [21], are Banach spaces,
which are reflexive for 1 < p,q < co. We recall from [17] that if 1 < ¢; < p < g2 < 00,
then the following inclusions hold:

Lpra1(Q), if p; < p and || < o0
(10) LP#]l C Lp)p = Lp C LP:Q2 C

LP2%2(Q)), if po > p and || > 1

(The inclusions related to the second index are usually referred as the Lorentz scale.)

Besides the norm in (9) it is sometimes convenient to consider the following quantity

(1) oo = ([~ (o087’ Cff)

which is equivalent to ||| - |||y, even though for ¢ > p it is not a norm since it does not
satisfy the triangle inequality. Notice that, when p = ¢, one has || - |[,p =1 - [lp-

As Sobolev spaces are built up from Lebesgue spaces, similarly one introduces Lorent-
Sobolev spaces which consist of functions having weak derivatives belonging to the

Lorentz space LP4. In particular we introduce the following

Definition 2. Let Q@ C RY be a smooth domain. Assume that 1 < ¢ < +oo and let us

define by completion the Lorentz-Sobolev space Wi LN9(Q), namely
W(}LN"](Q) =l {u € C5° () : Hqul,(N,q) < oo}

where

(12) ullf (g = llullyg + IVullRy,

In what follows we will use the following relation between nonnegative functions be-

longing to L(Q):

Definition 3. Let Q C RY be a domain, we say that ¢ is dominated by 1, and we write
¢ < 1, if the following hold:

/Sgb*(t)dt < /S¢*(t)dt, for all s € [0,]9)
0 0

€2

2]
/0 s = [ gy

0
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This relation was first introduced by Hardy, Littlewood and Pélya in [15] for vectors
of RM and then extended to Lebesgue integrable functions on a finite interval. We refer
to [7] for a survey on properties and characterizations of this relation. We have the

following property, which is a trivial extension of [7, Corollary 2.1]:

Proposition 1. Let ¢, two nonnegative functions in L'(RN) such that ¢ < 1. Then,

for all nonnegative n € L= (RN) and for any M € [0, +oc] one has

M M
/ & (O (1) dt < / G (L) (8) dt
0 0

Proof. 1t suffices to observe that for any M > 0

/OM¢*(t)77*(t)dt - _/OM </Ot¢*(s)ds) dn*<t>+n*<M>/0M¢*<t>dt

M t M
< [ ([weis)arocron [ v
M
= [ oo
since ¢ < 1 and n* is non increasing. O

We briefly recall from [7] a procedure to construct a function ® dominated by a given
function ¢. Let u(z) be a measurable function in §2; then there exists a family {Fs},

s € [0,]92]] of subsets of Q satisfying the following properties:

(i) [Fs|=s
(i) s1 < s9 = Fs, C Fs,

(i) Fs ={x € Q : |u(z)] >t} if s = py(t)

Let ¢ € L'(Q2) and let ®(t) be the function defined by the following equality
(13) s@)de = [ Be)dt, s (0.19)
Fs 0

In this case we say that ® is built from ¢ on the level sets of |u| and one has ® < ¢.
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3. A UNIFORM BOUND: THE CASE OF DIMENSION N =2
The aim of this section is to prove Theorem 1. In the sequel, we set for the sake of

simplicity oy := g 4. We begin with the following

Proposition 2. Let Q be a smooth domain in R?, and let 1 < q < oo. Then there exists

a constant C(q), independent of 2, such that

_q
(14) | ||s.up < /Q (eo“?“|q_l —-1- aq\u|qql> dr < C, if 2<qg<oo
U1, 291
_q
(15) sup / (6O<q|uq1 — 1> dzr < C, if 1<qg<2
llull1, (2,9 <1 /Q

We are going to prove the above proposition in several steps which we organize in a

separate section.

3.1. Proof of Proposition 2. First notice that if 92 is not empty, we assume it to
be smooth, so that any function u € W} L*4(Q) can be extended by zero outside 2 to
get a function in W!L%4(R?). Thus, it is enough to show that (14) and (15) hold with
Q) = R% Without loss of generality, we may also assume u € C{°(R?). By applying

symmetrization, one has

9 _ 00 e
(16) / (e%'““ —1- aq|u|‘131> dz = / <eaq|u*|q1 o aq|u*|qfl) i
R2 0

as well as

9 _ &) 9
(17) / <e%|“l“ - 1) dz :/ (e%“*‘” - 1> ds
R2 0

and we are going to estimate the right hand side in (16) and (17), respectively for ¢ > 2

and 1 < ¢ < 2. Let rg > 0 to be suitably chosen, we split integrals into two parts:

o0 *qil % q
(18) /0 (eo‘q'“ 71— aylu ]q1> ds
"o > o \u*\q%ql *) L
=</0 +/TO><6‘1 —l—aq|uq—1>ds

o0 q 70 00 q
(19) / (60“1“*qj — 1> ds = </ +/ ) (eo“”“*qj — 1> ds
0 0 70
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The second term in (18)—(19), which we rewrite as:

+00 N ku qg—1
/ <O‘Q|U‘I_1—a|u\q1>d8 Z/ ¥
0
“+o0o k|u|q1
uglu|TT >%_ /
[ ( >

can be estimated by means of the following version of the Strauss radial lemma [25]

Lemma 1. Ifu € LP9(RV),1 < p < 00,1 < q < 00, then

o) iy (1)

Proof. For all r > 0 we have

oo d r d
llullZ, =/ ]u*(s)|q/l’3q/pj 2/ |u*(s) ’q/psq/p S
0 0

S S

> [u*(r)[9/P /T qalp 95 _ ()| 9/P2 /P
0 § q

and the lemma follows. O

Thus Lemma 1 yields the following estimate

o B e g
[ s < (4)7 gy [T
L

70 2(q—1)

Now observe that the integral on the right hand side is finite if and only if
2(q — 1)] B 1, ifg< 2

k>1+[
q

2, ifq > 2

and we have,

kq
% e 2(g—1) a\q llull2g\ "
_1d < _ N\t 7 1 3
/ro el "= 20— 1) <(2> Vo

We distinguish three cases according to:
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In this case we have

+o0 %1 q
(22) / (e‘*ﬂ | aq|u*|q—1> ds
o

<rolg—1) i Oi, ((g) ”‘\‘/’7’%"7> < (o)

since ||uf|2,4 < 1.

If it follows that

@ [ (e ) s n RS () )

since ||u||2,4 < 1.

In the case we find as in [24],

(24) / +00(6“”*'2 1) ds < drful3 +r ZOO : <47:F||u||2)zk<c(r)
- >~ 2 0 o >~ 0
2 k" To

0

since ||ull2 = [Julj22 < 1.
To estimate the first integral term in (18)—(19), we construct, in the spirit of [6], a
function v(z) € WiL*(B,,), where B, C R? is the ball centered in the origin with
radius 71 = /ro/7, such that u*(r) — u*(ry) < v*(r) and |Vv| is dominated by |Vu/ in
the sense of Definition 3.

Let U(x) be the function built from |Vu| on the level sets of u, i.e. as in (13),

Hlul>t}|
(25) / |Vu| dx = / U(s)ds
|u|>t 0

Lemma 2. The following estimate holds:

(26) u*(r) —u*

\/ 4dr /
Proof. The proof of this lemma can be found in [14] and we just sketch it. By differen-

tiating (25) we get
d
5 [ IVulds = i (0U (G (0)
dt |u|>t

The Fleming-Rishel formula together with the isoperimetric inequality yield
d
Virvin® < [ am - IVl d = — (DU (1 (1)),
O{|ul>t} dt

|u|>t
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and in turn
ny 1 U(s)
_(u ) <3> S I \/g

from which (26) immediately follows. O

As we are going to show, Lemma 2 allows us to estimate u*(r) — u*(ro) in terms of

the radially decreasing function

(27) v(z) =

dt

Van /m|2 Vi

Note that in general, |Vou|* # |[Vul|* but |Vv| is dominated by |Vu|. This fact, together
with the next lemma, will enable us to estimate u(z) with a function involving just

|Vul*.
Lemma 3. Let v as in (27) and define

v¥(t) := 1/0 v*(s)ds

Then we have the following estimate

(28) w0 < =] [ e / vl (s)ds

Proof. The proof of this lemma can be found in [6] so that we briefly sketch it. From

<

the definition of v(z) we have,

() = \/}W {/t U(s) jz +3 /OtU(s)\/Eds} < \/%/O U(s)g(s,t) ds

where
1/, 0<s<t
g(s,t) =
1/vs, t<s<rg
Since U < |Vu|, Proposition 1 implies (28) directly. O

Since v* is decreasing we have v* < v*; thus, comblmng (26) with (28) we get

@ - < o { [ vare s 2 v

We set

u*(r) —u*(ro),  0<r<ro
(30) w(r) =

0, > 170
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Next we use the following elementary inequality: for p > 1 there exists a constant 3, > 0

such that
(31) (a+b)f <aP + Bpa? tb+ 2P, Ya,b>0

Combining (30) and (31) and using Lemma 1, we obtain

(W ()T = (w(r) +u"(ro)) 7
< W)+ BT () + (20 ()T
q q q _ a
< wii(r) + %W‘H(U*(To))q + % + (2u*(rg)) ot
L Billullzg ) | g1 <qq1 ;HUHMYL
s w (T)(1+2 rg/2 + . +(29¢q Jro
q q q
- (1 v HUH/> + d(ro)
0
hence
il 15 s -
wlr) < wlr) l” BiIa "y (o)™ = 2(0) + () 7
To

and the following estimate holds

T q ro g
(32) / <eaq(u*)q—l _ 1> dr < eaqd(ro) / eaq(z(r))q—l dr
0 0

+o00 9
= rpe®ad(ro) / eQa(z(roe™)) =T —t 1
0

Now note that by (29) we have

g1
B Bellulls, |
z(r) = w(r) [1 + > rg/z

IN

q—1
1 53 ||u |g,q 7 ro * ds 1 r %
o [1+2 rg/2 /T |Vu| (s)\/g—i-\/;/o [Vul*(s)ds
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from which we get

q—

1
Vo qHqu Tq t
—t < 70 1+& 2,q {/ v * —r 77‘/2d
z(rpe )_\/ZE 5 rg/2 0\ ul*(roe”"e r

+el/? / |Vul* (roer)erdr}
t

1 +oo
= \/E/—oo o(r)a(r, t)dr

where

0, it »<0
(33) a(r,t) =< /2 if << 400

1, if 0<r<t
and

g—1
Vo {1 +5 fg/gz’q} VUl (roe e 2, i 730

(34) ¢(r) =

0, if r<o0
A key ingredient in what follows, is the following Lemma due to D.R. Adams [2, Lemma

1, p. 388].

Lemma 4. Let a(s,t) be a non-negative measurable function on R x [0,400) such that,

for some q € (1,00)

(35) a(s,t) <1 forae 0<s<t

0 +00 . (¢—1)/q
(36) sup </ —l—/ (a(s,t))a1 d8> =7 <00

t>0 —00 t
Then, there exists a constant C = C(q,) such that for ¢ > 0 satisfying
+oo
(37 | s <
—00

then

+0o0
(38) / e Yat < C
0
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where

(39) W(t) =t { / ™ (5. 06(s) ds}qql

—00

Clearly, a(r,t) defined in (33), enjoys (35). Moreover, for any 1 < ¢ < co one has

0 +00 +00  gt—n) +oo r —
</ —I-/ ) (a(r, t))q%l dr = / 3D dr = 7D / ¢ XD dr = He=1)
—oo Jt t t q

and (36) holds as well.

Finally, notice that for ¢ as in (34) we have

~1
oo g B llulld N\ e e rnd
/ (p(r)¥dr = r¢ <1+2q rq/Q’q /0 (|Vul*(roe ))qe /2 gy
o a
q—1
ﬁg Hquq /TO " 1/2 q ds
1+ — : Vul|*(s)s —
(o ) [ iy
q—1
B4 lull3
< (148 ) gy
( 2

q—1
87 [lullg
1R (1l
L)

Taking r¢ sufficiently large,

+o00 q q
[ woyrar < (1 4o ”“‘f) (1= 3,
0

—00
abq abd 2
=1—ul, <1— q)‘ 3 <1

27“8/2 2r8/2 29 =

2
N 2
provided that rg > (%) k.

Therefore, Lemma 4 applies to our situation and from (32) we conclude, for any

0 q
/ (eo“l(“*)ﬁ — 1) dr < C(q)
0

The above inequality, together with (22), (23) and (24), yields (14)—(15) and the proof

1 < g < oo, that

of Proposition 2 is now complete.
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4. MOSER-TYPE CONCENTRATING SEQUENCES

Our next goal, is to show that inequalities (14)—(15) are sharp, in the sense that if
if the exponent «y is replaced by any number o > ay, then the corresponding suprema
in (14)—(15) become infinity. We achieve this by constructing, as in [6, 24], an optimal
normalized concentrating sequence a la Moser: as we are going to see, optimality in our
situation, requires a finer balance in energy estimates than in [6, 24]. The main result

of this section is the following

Proposition 3. Suppose that o > «4. Then, for any domain Q0 C R? and for any

l<g< >
9
) (7 g ) b= e, i 2<g<os
ull1,(2,9 <1
q
(41) sup / <e°‘“|ﬁ — 1> dz = 400, if 1<qg<2
llulli, (2, <1/

4.1. Proof of Proposition 3. We may assume that 0 € €2 and that for some p > 0,
B,(0) C Q. We construct a modified “Moser sequence” (see [22]), {m,} C W} L?*%(B,(0))
and then extend by zero on Bj(0), obtaining a sequence in WL%4(RY) which is nor-

malized in the Lorentz-Sobolev norm, i.e. |[myll1 2,4 < 1.

Definition 4. Let us define

where 6, — 0, as n — oo.
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JFrom (42) one easily gets the following:

(43) mi(s) =

(44) [Vmy|(z) =
and then

(45) [Vmg[*(s) =

\/E(l 8,) @, s < mple ™
(1-d)c (mp? ) 2
T log , mpie " <s<mp
nay/4m s
0, a2 < pPem

1-94,) 7
( . n) ’ er—n < |x’2 SPQ
( niy/mlz|
0, 7p (1 —e™) < s < mp?
—1
(1-6.)7

0<s<mp’(l—e™)

1 b

L nay/s+ mp2e ™

Lemma 5. As n — oo the following asymptotic estimates hold:

where 6, — 0, as n — 0.

(1—6)71 40 <i>

1
_ —1
Il = b0 1)

HmnHL( )y = L+ o(6n)
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Proof. Performing the change of variable t = mp? + se™, we have

1—4, g—1 pmp?(l—e™™) s q/2 ds
[Vl = =2 () ds

n s+ mpie ™ s

_ (1 _ 5n)q71 /7rp2en - E q/2 dt
B n o2 t t — mp?
_ <1—5>/ (- 1>q/2dy

n 1 Yy y—1
=(1-6,)7"! <1+O<:L>> as n — 00

since, as n — 00, one has

O T
o6

and

en e l]/2 e
1/ L dyél/ <11) S| sl/ 24 __ gy
nJx yly—1) n Jx Y y—1"nJk yly—1)

so that

1< 1\ 72 1< 1 1
O R ORRI0
n Jk Y y—1 n g y—1 n n

and thus (46) follows. Next we evaluate ||my,||2,4 :

2,—n

q—1 1-96 )qfl TP e
¢ _ T (1-0 i-1,
Hmn”Q’q (47_(_)(1/2 /O S S

(50) L a (—4;()1/2— e log? < ) q/zds
:(1_5)“{2“ BT / the _tdt}
sl
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and hence (47). Joining (46) and (47) we obtain

B 1 emn 1 q/2 dy pq L,
Il . = (1 = )" {/ (1-3) 2 gt

Now we choose d,, as follows:

_ 1 Cly-prt o1 A
(51) 5n_n(q—1){/1 ( e ” dy+2q/0tezdt

so that, as n — oo,
Hmn||§”(2’q) =(1=6,)7 14 (¢ —1)0, +0(6,)) =1+ 0(6,)
that is (48). O

Notice that, by the calculations carried out in (49) and (50),

1
(52) 5n:O<> as n — oo
n
and thus we have
(53) Hm"”i(lq) =1+o0(l/n), as n— oo

Set

up(x) := mn(2)

—mnll e
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Clearly, ||un||1,(2,¢) = 1 and moreover, by (52) and (53), we have

n(l —4y,)

\%

_9q9_
/ el > exp @ —n + log(mp?)
B,(0) Qq

— o (

- exp<(a1>n+0(1)> — 400, N — 00

Qg

Il &2

n(1 = 6,)(1+0(6)) — n + log<m2>)

£le

if & > . This inequality implies directly (41).
For ¢ > 2, notice that

2 o n
a/ ]un\ﬁ dg = 2 TP~ %) (a jn) {ne_" + ql_l / taTet dt} —0
5, 0) “ {3 o

as n — oo, which yields (40) and the proof of Proposition 3 is now complete.

5. THE EXTENSION TO DIMENSION N >3

In this section, relying on the ideas previously introduced, we prove Theorem 2 which
extends Theorem 1 to higher dimensions. We consider just the case ¢ # N, since the case
g = N has been already covered in [19]. In the proof of Theorem 2 we essentially follow
the line used in proving Theorem 1, therefore we are going to give just some highlights
taking care of stressing the differences between. In what follows we set for simplicity

Qy i= QN
5.1. Proof of Theorem 2. As in Theorem 1, it is enough to show that

(54) sup / o (aqlu\q%l> dx < C
RN

lull1,(v,q) <1

holds for u € C§°(RY). Applying symmetrization, we estimate

/ @(aqlu\ﬁ> dx:/ @(aq|u*\%> ds
RN 0
70 —+o00 q
= (/ +/ )@(aqm*\ql) ds =11 + I
0 o
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We write the second integral as
kq
SO IO
ol |lu*|e
. q
(55) R= Y U
k=ko+1" "0

Each term in (55) can be estimated by Lemma 1, obtaining for k > 1 + kg

S kL w g g
[ s < (£) T k[T

70 ro gN(g—1)

kq

N(g—1) q\a llullvg )"
< - NS s = )
_Tokqu(qfl) ((N) ré/N

Hence
_kq
e e = o (g llullg )
(56) / @ (aglu’|77) ds <rolg—1) > ,;((N)q ) < (o)
o k=ko+1 To

since |[ul|n,q < 1.
In order to estimate the first integral I, we construct a function v(x) € W} LY4(B,,),

where B,, C R is the ball with center in the origin and radius r; = /rg /7, such that
(57) u*(r) —u*(rg) < v*(r)

and such that |Vv| is dominated by |Vu|. Indeed, a closer inspection of the proof of

Lemma 2, shows that

T0
(59) W (r) — (o) < —=— / U(s)st/V L
N(,UN/ T S

with U(x) as in (25): thus (57) holds by choosing the radially decreasing function

1 7o U(S)Sl/N @

(59) v(z) = ———
Nw]lV/N wpnlz|N S

As in Lemma 3 one has

* ok 1 o * 1/Nd5 1 " *
(60) u*(r) —u*(rg) < W {/ |Vul*(s)s < T SN, |Vul*(s)ds

r

and if w(r) is defined as in (30), by performing the same calculations as in Section 3.1,

we get the following estimates:

q—1
q q—1 g—1

q
Qg ”UHN,q +d(rg) @ =:z(r)+d(rg) «

u(r) < w(r) [1 ty rg/N
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+o00 q
— ]_) d’f’ S eaqd(To)/ 6aqzq—1 (Toe_t)—t dt
0

q
q—1

and

7o
(61) / (eaq(u*)
0

On the other hand, by (60),

a—1
B4 Huu?v,q] q
9

2(r) = w(r) [1 + N ~
To
] ’ {/TTO Vul*(s)s¥ % + ﬂ%N /0” Vul(s) ds}

q \u q
. 1i [1+%II HlN,q
Nwj o'
so that
WY T sl g :
z(roe_t) < -0 — |1+ WqT,q {/ |Vul*(roe™")e” N dr
Nwf re’ 0
[e e}
+6tN]\71/ [Vul*(roe™")e™" dr}
t
1 +00
= T o(r)a(r,t) dr
Nuwy 7~
where we have set
0, if r<o0
(62) a(r,t) == ¢ et=r)(N-1)/N if t<r<+4oo
1, if 0<r<t
and
g—1
1 a a ,
re |14+ %‘Lullﬁq |Vu|*(roe™")e™n~, if r>0
7o
if r<o0

(63)

0,
The next step consists of applying Adams’ Lemma 4. Clearly, the function a(r,t) in (62)

N(g—1)

100 g(t—r)
eN(q—l) d"” g
t q

satisfies (35). Moreover, for 1 < ¢ < oo

(/_iﬁ /:OO) (a(r,£)) 7T dr = /
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and also (36) holds.

Now observe that

—o TON
- - Q71
84 llul%
= |[1+5—=| [IVuly
LN g '
- - Q71
84 llul%
S B L A
I N ré\, q

By taking 7o large enough, we get

[ e <

—00

1 ]
1D | 1 ] <1
N ré\r ?

and inequality (12) follows from Adams’ Lemma 4 and (61).

+oo a9 ,83 HUH(]JV,(] - Hoo * —r\\4q —
ir = ry |1+ 52— v
| ey = 5 [+N ; /0 (IVul*(roe ™))" e

21

rq

N dr

It remains to prove the sharpness of (12) for which we use a suitable modification of

the Moser-type sequence constructed in Section 4.

Let us define

‘x’N < pNefn

~
Nwy

(64) my(x) =

1 1
q N
niNwy

|V

where 9§, — 0, as n — oo, will be determined later on. We have

g=1
—1
n i(1—5n)qT, s <wyplNe™
Nwy
(65) my(s) =
qg—1
1—6,) @ N
( ! n)i <WNP > 5 wyplVe ™™ < s < wypV
niNwy

15, N
) * log<p > pNe ™ <oV < pV
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and
0, wypN (1 —e™) <s <wypV
(66)  [Vmal*(s) = 1
o
1—6,) ¢
1( n) , 0<s<wnpV(1—e™)
(niy/s +wypNe ™

By performing the change of variable t = wyp™ + se”, we estimate

q (1—6,)4t wnplen wnpY & dt
IVmaly, = ———— 1- N
4 t t—wnp

e
(67) — a-a (140(1))

as n — 00, since

n a n aq
1 [€ 1\N 1 1 [¢ 1\ N
/ @‘)m’20<)+/ @‘)Q’
nJi y y—1 n nJi Yy y—1

2l

and
en e q/N em
1/ Clq dy < 1/ <11) 9 dy 1/ 2,9
nJk yly—1) nJk Y y—17"nJg yly—1)
so that
en q/N en
) o (1) o (1)
nJk y y—1 nJjg y—1
Whereas,

n

. ni=1(1 — §,)0 wypNe~
Imallle, = S|
i

1—5,)a"1 [onet N
+ 4( ° )1 q/ <log <wNp )> 5%@
. <wavv> wypNe—n s s

) q n
0

(68) — (1-6)0 (1

, as m — oo
n
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Joining (67) and (68) we get

n q
= _ - L [e 1\~ dy p? 1 _4
1 1
HmnHi(N’q) (o)t {”/1 (1 - Z/) r -1 + Nq—lnq e

Now we choose §,, as follows:

1 [ e 1) [
(©9) 5"_n(q—1){/1 ( ya/N y )Wy e

and notice that
(70) 5n:O<1>, as m— 00
Finally we obtain
Hmn||‘f7(N7q) =(1-8)7'1 4+ (g —1)8, +0(6,)) =1+ 0(8,) = 1 +0(1/n)

Let
un(z) = _ma(z)
||mn||1,(N,q)

so that |lun|l1 (g = 1 whereas (70) yields

Eat 1-946
(0] a—1
2 Tl

S ((j‘qna 61+ o(6.)) —m+ 1og<wNpN>)

= exp((a —1>n—|—O(1)> — 400, as n— oo

Qg
if @ > a;. We conclude the proof of Theorem 2 by observing that, for k satisfying
N(g—1)

1§k§[
q

[ v
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the following holds

kg Fuonp™N (1 — 8,)k 1 "k
ak/ |un|q*q1 do = LENP ( o n) {nke”—i- )/ taTe dt} —0
B, 0

e nklg—1

aglmnlly v

as n — OoQ.

6. FINAL REMARKS

So far, we have considered the exponent ¢ in the range 1 < ¢ < co. Clearly, for ¢ =1
as well as for ¢ = oo, the situation in Theorem 2 degenerates and thus we next consider
these borderline situations. Let us recall from [5] that, for 1 < ¢ < N, the following

inequality holds
g-1
() w#e) < 0 g (T8)) 7 e uppun®
Na wﬁ |z
which is valid for u € C2°(RY). In particular, for ¢ = 1, we get directly from (71)

||U||1,(N,1)
1
Nwy

(72) Jufloo <

In order to handle the case ¢ = oo we recall from [17] the definition of the so-called
weak-LP spaces, precisely the Lorentz spaces LP*>°, defined for 1 < p < co by means of

the following norm:
1
ulllp,oo = suptru(t)
t>0
or similarly to the case ¢ < oo, in terms of the equivalent quasi-norm:
1
(73) [[tllp,o0 := sup t7u”(t)
>0

(Notice that L°> = L% and that in the Lorentz scale (10) one actually has: --- C
LP92 C [P0 C ...

1
Set an,o = Nwy and let a, 79 > 0, assume also that
l[ul|¥.00 + (V]| voo <1

then we have by (73)

0 0 k 00
« o ds
/ (6‘1‘“ - 1) ds < o !UHva,oo/ -
ro k=1 " "

0 SN
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where the integral on right hand side is finite provided that k > N. Thus the following

bound holds:
N

e} . ak
(74) /m el 13" E|u*|k ds < c(ro)

k=1
since ||u||no0 < 1.
Next reasoning as in Section 5.1 we get directly from estimate (60):
IVl N,00 o N
W) (o) < U (10g 0

which yields, by definition (73) and since ||Vu||noc < 1, the following

1 1 T0 N
75 (r) < — loog 2 4+~
(75) U(T)_r}v—l-aN’OO(ogr—i-N_l)
and in turn we eventually get
To N % alN T0 eonﬁ%
(76) / (eo‘|“ - 1) ds <1y e No N7 / = dr < ¢(rg,a) < 00
0 0 TaN,OO

provided that o < ay . We have actually proved the following

Corollary 1. Let o < an o0, then the following inequality holds

N

k
a
sup / eul 1 — Z ﬁ|ulk dx < C(a) < 00
llull,(nv,00) <1 RN k=1
provided that o < an .
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