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ABSTRACT. We consider the following boundary value problem
{ —Au = g(z,u) + f(z,u) zeN

u=0 z € 0N

where g(z,—€) = —g(z,€) and g has subcritical exponential growth in R2.
Using the method developed by Bolle, we prove that this problem has infinitely
many solutions under suitable conditions on the growth of g(u) and f(u).

1. Introduction. In the last few years, many authors have widely investigated
existence and multiplicity of solutions for semilinear elliptic problems with Dirichlet
boundary conditions by using variational methods and topological arguments (see
[11] and references therein). In particular, the following model

—Au = |ulP"2u + f(x) r€Q

(1)
u=0 r € 0N

has been extensively studied, where € is an open bounded domain of RY, N > 3,
feL?Q) and 2 < p < 2N/(N —2). If f =0, equation (1) possesses a natural
Zo-symmetry, which guarantees the existence of an unbounded sequence of critical
values for the symmetric functional associated to the problem. On the other hand,
if f # 0 the problem loses its Zs symmetry and a natural question is whether
the infinite number of solutions is preserved under perturbation; a partial answer
was independently obtained by Struwe [12], Bahri-Berestycki [2], Rabinowitz [9]
and Bahri-Lions [3], who showed in important works that the multiplicity structure
can be maintained also in the perturbed case, restricting the growth range of the
nonlinearity with suitable bounds depending on N. The main idea is to think of the
non-symmetric functional I under study as a perturbation of its symmetric part I
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and then to estimate how the growth rate of the critical levels of I is affected by
estimating the perturbation I — Ij.

More recently, a new type of perturbation from symmetry has been considered,
resulting from second order systems with non-homogeneous boundary conditions: if
f=0in (1) but ulgo = up # 0, the symmetry is again broken and the perturbation
- due to the non-homogeneous boundary condition - is of higher order. The standard
perturbative method can be applied but yields a result for an even smaller range
of p values. It was to deal with this type of perturbation that Bolle [4] developed
his new approach: this new method deals with I as the end-point of a continuous
path of functionals Iy, 6 € [0,1], which starts at the symmetric functional Ij.
Bolle’s abstract theorem states, roughly speaking, that the preservation of the min-
max critical levels along the path of functionals Iy depends only on the velocities
of deformation 2 Ip(u) at the critical points u of Iy. This fact often allows to
obtain better estimates at such points since they obey certain conservation laws,
being solutions of the corresponding Euler-Lagrange equations. Bolle, Ghoussoub
and Tehrani [5] tested this approach on several other problems, including the non-
homogeneous problem

—Au = |ulP~2u xz €

U = ug x € 08,

proving the existence of infinitely many solutions for a larger range, namely for
1 <p< (N+1)/(N —1). Later, Chambers and Ghoussoub [6] have applied
Bolle’s approach to establish a general multiplicity result for problems with broken
symmetry, where the forcing term f depends also on u; they have been able to
prove that the infinite sequence of critical values is preserved if p belongs to a range
of values depending also on the growth of f(u): roughly speaking, the lower is the
growth of the perturbation f(u), the better is the bound for p obtained.

In this paper we deal with an analogue of problem (1) in dimension N = 2. Let
Q be an open bounded subset of R? with smooth boundary 9¢2; we are concerned
with existence and multiplicity results for nonlinear elliptic equations of the type

—Au = g(z,u) + f(z,u) x €Q

(2)
u=20 r € 00

where g(z, —€) = —g(z,£) and g has subcritical growth in R2. When N = 2, the
notion of criticality, that is, the maximal growth on v which allows to treat problem
(2) variationally, is motivated by the so called Trudinger-Moser inequality [8], [15],
[7], which says that for a < 47

sup / e < c(a)|Q] < c(4m)|Q] = Crar|9]
Q

u <1
[ HH[% =

where || denotes the Lebesgue measure of  and Crjs is a constant which does
not depend on wu; hence, the maximal growth permitted to study problem (2) vari-
ationally is of exponential type. Motivated by the Trudinger- Moser inequality, we
say that g has subcritical growth at +oo if for all a > 0

Ll

t——+o00 eat2

=0.
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To our knowledge, the problem of perturbation from symmetry equations with ex-
ponential growth in a bounded domain of R? has been approached only by Sugimura
[13], who proved that an infinite number of solutions are preserved if the nonlinear
term has an exponential growth of the kind el*",0 < ¢ < 1/2, and the forcing
term f = f(x) does not depend on u. In this paper we approach the problem (2)
using Bolle’s method: following the idea in [CG], we are able to extend the result
of Sugimura to a perturbed problem with forcing term depending also on u. As
just remarked, the maximal growth allowed depends now on the growth of f(u): in
particular we prove the existence of infinite solutions for (2) if, roughly speaking,
g(t) ~ ell" 0 < ¢ < 1 and f(u) satisfies suitable growth’s conditions. Our result
includes the one obtained by Sugimura as a special case.

More precisely, in this paper we obtain multiplicity results for perturbed problems
of the following type:

—Au=g(z,u)+ f(0,z,u) zeN

u=20 r € 0N

where g(z,-) is odd, has exponential growth (as will be defined) and f is a non-
symmetric perturbative term. The precise statement of our main result is given in
Section 3, Theorem 4. As an application of our result, let us consider the following
model problem, which presents the main features of the general case:

—Au=uel" + f(@)|ul"""  on Q
3)
u=0 on 0N
where
q>0, r=0
and f € L*(Q) for some s > 1. Then we have:

Theorem 1. Let
0<qg<l, 0<r<2-2q (4)

Then equation (3) possesses an unbounded sequence of weak solutions in Hg ().

Remark 1. For 0 < r < 1 the perturbative term f(z)|u|"=* has to be modified in

f@)(Jul + 1)

As just observed, Theorem 1.1 includes Sugimura’s result as r = 1. Note that (4)
allows ¢ € [0,1), depending on the value of r: this depending of the perturbation
term on u allows the exponent g to go over the value %

Remark 2. As in N > 3, it remains an open problem, whether the result continues
to hold up to the critical growth, i.e., up to the Trudinger-Moser critical exponent
q=2.

2. Preservation of critical levels under deformation of an even functional.
In this section we recall Bolle’s method for dealing with problems with deformation
from symmetry (see e.g. [5], [6]). Consider two continuous functions p;, pa :
[0,1] x R — R which are Lipschitz continuous relative to the second variable.
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Assume p; < po and denote by 1,19 the scalar fields associated to them, defined
on [0,1] x R by
¥;(0,5) = s

Note that 11 and vy are continuous in s and that for all € [0,1], v (6,-) and
¥9(0, ) are non decreasing on R; moreover, since p; < py we have 1)1 < 1)s.

Let E be a Hilbert space (with scalar product (,) and associated norm || - ||) and
consider a C? functional Iy on E; let I be a C? functional : [0,1] x E — R. For
subsets U C V of E, denote by

cy(0) =suply, cyy(@)= inf suply
U geSv,u g(U)

where Iy = 1(6,-)
Sy ={9€C(V,E) : g(u) =uforu e U and g(u) = u for |ul]]| > R, for some R > 0}.
We make the following assumptions:

(H1) I satisfies a kind of Palais-Smale condition: for every sequence (0,,uy) in
[0,1] x E such that I(0,,u,) is bounded and lim,, . |15 (un)|| = 0 there is a
subsequence converging in [0, 1] x E. The limit (6,u) then satisfies I(u) = 0.

(H2) For all b > 0 there is a constant C4(b) such that:

[Zo(u)| < b implies I%WW)I < CL®O) ()l + D (flull + 1).

(H3) For all critical points u of Iy,

p1(0, To(w)) < T(0, ) < (0, Io(w)

(H4) There are two closed subsets B and A C B of F such that

(i) Io has an upper bound on B and for some 6y € [0, 1]

lim sup Ip(u) = —oo.
llul|—-+o0,u€B ge[0,60]

(ii) c= CB,A(O) >b= CA(O)

In the sequel we will say that Iy has a min-mazx configuration(c,b) if it satisfies

hypothesis (H4).
(H4’) Iy is even and for any finite dimensional subspace W of E and any 6 we have

lim sup I(B,w) = —o0.
lw||—oo,weW  gelo,6]
In the sequel we will say that I(6,u) is a good path of functionals if it satisfies
hypotheses (H1), (H2), (H3) and(H4").
Observe that we are assuming implicitly in the above conditions that the starting
functional I satisfies the Palais-Smale condition (H;) and (Hy) for 6 = 0. Set
ﬁl(aat) = Sup pl(ﬁvt)a ﬁQ(evt) = Ssup pZ(ﬂv t)
B€[0,0] B€[0,0]

The main idea of Bolle’s result is the following: If one assumes a min-max critical
level for the initial functional Iy, then the deformation velocities p; and ps will
determine whether this critical level persists along the path. We are now ready to
present a reformulation of Bolle’s result due to Chambers and Ghoussoub (see [6]
for further references and [4] for the original result)
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Theorem 2. Let Iy be a C2- functional on E with a min-maz configuration (c,b),
as defined in (H4); let p1 < ps be two velocity fields and 11, 1o be the corresponding
scalar flows. If 11 (0o, cp,4(0)) > 12(0o,ca(0)) for some Oy € [0,1] then for any
path of functionals I : [0,1] x E — R satisfying (H1), (H2), (H3) and (H4') the
functional Iy, has a critical point at a level ¢ such that:

1(00, cp,a(0)) < ¢ < 1a(bo,cB,4(0)).

Note that if ¢ = cp,4(0) > b = ca(0), as assumed in (i7) of (H4), it is standard
to show that the functional Iy has a critical point at level ¢: Bolle’s theorem assures
that this min-max critical level is preserved along any path of functionals satisfying
the above hypotheses if 11 (0o, cp,4(0)) > 1¥2(00,ca(0)). Assume now that the
Hilbert space E is decomposed as

o0
E = UE,c where Ej, = Ex_1 ® Rey, (5)
k=0
with Ey = E_ being a finite dimensional subspace and (Ej){2, is an increasing
sequence of subspaces of F.
Let us set

G={9€C(E,E):g isodd and for a fixed R >0 g(u) =u for |ul| > R}

and

¢ = inf sup Ip(u). (6)
9€9 ueg(Ey)

In this framework, the following abstract result can be proved (see [6]).

Lemma 1. Let p; < po be two velocity fields and let 11,19 be the corresponding
scalar flows. Let Iy be an even C? functional on E and consider the levels cy
associated to Iy defined by (6). Then there is C > 0, depending only on p1, pa such
that for every k € N and every 0 € [0, 1]:

either

(1) 1/}2(07016) < 711)1(03 Ck);
or

(i) cr1 — ek < CO[P1(0, crtr) + p2(6, i) + 1]
Moreover, in case (i) there exists a level £;(6), only depending on Iy and p1, p2, such
that for any ”good” path of functionals I satisfying hypotheses (H1), (H2), (H3)
and (H4') there exists a critical level ¢, (0) for Iy with 12(0,cx) < ¥1(0, cpt1) <

We are now ready to prove the main abstract result of this paper

Theorem 3. Let p1 < py be two velocity fields and let 11,1 be the corresponding
scalar flows. Assume now that the Hilbert space E is decomposed as in (5). Let Iy
be an even C? functional on E and consider the levels ¢y associated to Iy defined
by (6). We have :

(a) if Y1(0,ck) T +00 as k — oo, then for every N € N there exists a On € (0, 1],
depending only on Iy and p1,p2, such that for any good path of functionals
I:[0,1] x E — R satisfying (H1), (H2), (H3) and (H4") the functional Iy
has at least N distinct critical levels, for any 6 € [0,0y];
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(b) if cx, > By + Bok(Ink)? where 3> 0,B; € R, By > 0 and if
pi(0,t) < Ay + Ax(In(J¢| + 1))* where & > 0 and Ay, Ay >0, then I has an
unbounded sequence of critical levels provided 3 > &.

Proof of Theorem 8. Theorem 3 is a consequence of Lemma 1:

(a) Our aim is to prove that for any N € N and for any good path of functional
Iy, there is a Oy € (0, 1] such that the functionals Iy have N distinct critical levels
d1(0) < d2(0) < ... < dn(0), for every 0 € [0,0n5]. We obtain the desired sequence
of N critical levels by induction. Let C' > 0 denote the constant appearing in
Lemma 1; define

N, = inf{0 € [0,1] : cpy1 — i < CO[p1(0, crt1) + p2(0, cr) + 1]}
Since ¥1(0,cx) T +00 as k — +oo by assumption, the sequence ¢ is unbounded
and for any M > 0 there is a Kj; > 0 such that
wl(e,(}]ﬁ_l) > M forall 8¢ [O, 1] and k > Ky

let us fix My =1, k; = Ky, +1 and 6; = ng, /2. By the definition of 6, for all
0 € [0,01] the alternative (i) of Lemma 1 is not valid; therefore (¢) holds, so that
for any 6 € [0,6;] and any path of functionals I : [0,1] x E — R satisfying (H1),
(H2), (H3) and (H4'), the functionals Iy have critical values d; (0) with

1=M; < 1,[)2(9,Ck1) < 1/11(0,Ck1+1) < d19) < Ekl (0)

Let now N € N and suppose that there is a x_1 € (0, 1] such that for any path of
functionals (satisfying the hypotheses of Lemma 1) the functionals Iy have critical
values d1(0) < d2(0) < ... < dn_1(0) < lrp_,(0). Let

My > sup Lliy_,(0)
0€(0,0n—_1]

and let K € N such that
1(0,cpr1) > My forall k> Ky, 0€]0,1],

which exists by assumption; define ky = Ky + 1 and Oy = 1, /2. Again, it is
clear that for any 6 € [0, 0] and any good family of functionals I : [0,1] x £ — R,
the functionals Iy have critical values dy (0) with

My < 1/)2(97 CkN) < ¢1(3,0kw+1) < dN(H) < Ek’N (9)’

but, by definition, My > supge(o 9, _,] fkw_. (#); hence, by hypothesis of induction,
we can conclude that the functionals Iy have N distinct critical values satisfying
d1(9) < dg(e) < ... < dN(O), that is (a)

(b) Let us suppose by contradiction that the functional I; has only finitely many
critical levels. Since p; is Lipschitz continuous in the second variable, then there
are L; > 0 such that |¢;(0,s) — s| < 0(p;(0,s) + L;); hence

P1(1,8) > s — p1(1,8) — Ly > s — A3 — Ax(In(]s] + 1))*. (7)

Since ¢ is unbounded, (7) implies that also (1, ck11) is unbounded; therefore,
if we suppose that I; has only finitely many critical points, the alternative (i) of
Lemma 1 can not hold, so that (i) must be true (with § = 1). Then we have

cry1— ek < C(pi(1, chgr) + p2(1,cx) +1)
< C(Ar+ As(In(Jepgr | +1))% + A + Ao(In((ex| +1))* + 1)
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which implies that there is a k1 > 0 such that
cer1 < cp+ Ag(Ineg)® for all k > k. (8)
Starting from this relation, one can obtain
ek < Cik(Ink)®  for all k > k. (9)

Estimate (9) has been proved by Sugimura [13], hence we will be brief; let us choose
C4 such that (9) is verified for k = k1, and

Ay
o (1+a+mC)* <1

assume now that for k > k; (9) is valid. Then, by the choice of C

1 < o+ Ag(Ineg)®
< Cik(lnk)® + A4 [InCy —I—lnk’—l—alnlnk]
Ay
< Oi(In(k+1)) k+Cf(1nC1+1+a)
1
< O1(k+1)(In(k+1))2,

that is (9) for k& + 1.

Now, we recall that, by assumption, cx > B; + Bak(log k)B, which is a contradiction
under the further assumption that 5 > a. O

3. Perturbation of a symmetric elliptic problem with exponential growth.
The aim of this section is to prove the existence of infinitely many solutions for the
following perturbed elliptic problem

—Au=g(z,u)+ f(0,z,u) €N

(10)

u=0 x € 0N
where g(z,-) is odd, has exponential growth (as will be defined) and f is a pertur-
bative term. Let us define G(z,&) = fo x,t)dt and F(0,x,€) fo f(0,x,t)dt.
We make the following standard assumptions on the Symmetrlc term g (see also
[13]) : )
(gl) g € C(Q x R, R);
(g2) there is a constant Ay > 0 such that

lg(z,8)] < Ape®®  for (x,6) € A xR,

where ¢ : R — R is a function satisfying ¢(£)é72 — 0 as [£] — +o0;
(g3) there are constants p > 0 and rg > 0 such that 0 < G(z,£) InG(z,§) <
pég(z, §) for x € Q and [§] > ro;
(g4) g(z,—§) = —g(=,§) for (z,£) € A xR
(gb) there exist 0 < a1 < ag < 1,A;,As >0, and By, By > 0 such that
Ael™ — By < G(x,6) < Apel€!™ £ By for (x,6) e QA xR,
and we make the following assumptions on the perturbative term f
(f1) feC([0,1] x Q x R,R) and f(0,-,-) = 0;
(f2) there are r > 0 and c;, ca > 0 such that
0
06

F(o,x 5)\ <erlel + e
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(f3) there are c3 > 0 and p(z) € L*(Q) for some s > 1 such that

F(O.2. ) < es (6] + 17 + (@);
Using the above notation, we have

Theorem 4. Suppose that g satisfies (g1)-(g5), and suppose that the perturbative
term f satisfies (f1)-(f3). Then we have:

(i) for every N € N there exists a On € (0,1] such that problem (10) has at least
N distinct solutions;

(ii) 4f in addition 2/as — 2 > r/aq, then problem (10) has an infinite number of
solutions for all 6 € [0, 1].

Proof of Theorem 4. Let E = Hg(2) be the completion of C§°(£2) with respect to
the norm

Jull = ( / V)2,
Q

and define the path of functionals I : [0,1] x E — R by
1
Ip(u) = / (§|Vu|2 - G(z,u) — F(0,x,u))dx;
Q

then Ij is an even functional and the critical points of Iy are solutions of problem
(10). The Palais Smale condition (H1) is verified, as will be proved in Lemma 3
below. Lemma 2 below assures that condition (H?2) is satisfied. It is also easy
to show that condition (H4') is satisfied in any finite dimensional subspace of E,
thanks to the exponential growth of the nonlinear term G(z,u).

For each k, denote by Ej the subspace of E spanned by the first k eigenfunctions
of /\; then, let

G={g€C(E,E):gisodd and g(z) = z for large ||z| },

and set ¢ = infyegsupy g,y lo. As before, ¢x are critical levels of the even func-
tional Iy . Lemma 4 below shows that (H3) holds with

P16, 5) ~C(In(|s| + 1),
pa(0,5) = C(n(|s|+1))=7;

on the other hand, it is shown by Sugimura [13] that there are positive constants
2

By, By such that ¢, > By k(ln k)@_2 — By. Therefore we can apply Theorem 3 ()

with & = ail and 0 = a% — 2 to obtain that I; has an infinite number of solutions

when 2 — 2> L which is the claim in Theorem 4 (i7).

a2
Theorem 4 (i) follows directly from Theorem 3 (a) , since ¥4 (6,cx) T +00 as k — oo
for the p; defined above. O

It remains to show the following lemmas:

Lemma 2. For all b > 0 there is a constant C1(b) such that
[Tg(uw)| < b implies
oI

50> @l < CLO)(HZp ()] + L)([ful] +1)-
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Proof of Lemma 2. By (g5) and (f3) we have

Y]

Glo,u) + FOw,u) =A™ = By = Z(ju] + 1) = 2~ Jullp()]

gle‘ulal — El if >0

V

and
G(z,u) + F(0,z,u) > Aiel™ — By —csln(ju] + 1) — Jul|p(z)]
Z Zle‘ulal - El if r= 0,

where Zl, El can denote different constants.
Let b > 0 and suppose that |Ip(u)| < b; by definition of Iy, [, (G (z,u)+F(0,z,u))dr =
Lul[? = Io(u), so that

Zl/e‘“wldx < /G(:z:,u)der/F(G,x,u)dw+§1|m
Q Q Q

IN

1 ~
3 lull® + o ()] + B[O

IN

1 ~
5||u|\2+b+Bl\Q|. (11)

Combining (¢3), (f3) with (11), and denoting s’ the conjugate exponent of s, yields

(D)) = /Q(—|Vu|2—l—g(m,u)u—i—f(@,x,u)u)dx
> /Q|Vu|2dx—|—/Q(g(x,u)u—élG(x,u))dm
+/Q(f(9,ac,u)u —4F(0, z,u))dx — Alp(u)
EWW—%—%LM%HmWMMw4b
>l = A [ e o — gl Jull = Ao
> Sl - 7l - Avg

1
= ZHUH2 — Aso.
Therefore,

1) lllull = —(Tg(w), u) = iIIUII2 — Aio; (12)
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finally, combining (f2) with (12) and (11)
0 0
G100l = | [ GF6.

< cl/|u\rd:v+02|9\
Q

< l/elu‘aldx—kAu
2 Ja
1 2
< gllull® + A
< | Tp)llull + Aus
< Ol + 1) ([full +1).

Lemma 3. For every sequence (0, uy) in [0,1] X E such that
[1(0n,un)|  is bounded

lim ||T5, (un)]| =0
n—oo
there is a subsequence converging in [0,1] x E.

Proof of Lemma 3. The proof of this lemma is standard, so we will be brief. Assume
that {(0,un)} in [0,1] x E satisfies I(0n,u,) < M and || I'(0p, un)||g« — 0 as
n — +o00. Then for all large n and p > 0, using (11), (¢3) and (f3), we have

M+ pllunll = T(0n,un) = p{I' (On, tn), un)

1
= Gl + / (9B sttty — G (B, 1))

2

+ / (F (O, )it — F(6n, 2, u00))
Q

E )l + 0 / (G (B, ) In (G(B, 7, uy) )z
Q

2
—Cllually = Cllgllsl[unlls = C

> (=l =g [ ¢ e = Clu | - C

Y

1
> (3= Plunll® = Cllun| - C,

where C stands for different constants; this implies that {(6,,u,)} is bounded in
[0,1] x E. On the other hand, we see that I'(6,,, u,) is of the following form

I/(gnvun) = Luy, — P(0n7u”)

where L : E — E* is a fixed boundedly invertible linear map and P(-,u) : E — E*
is compact. By boundedness of {(6,,u,)} and compactness of P the sequences
L='P(0,,u,), and hence {(6,,u,)}, are relatively compact in E. O

Lemma 4. There ezists a constant C' > 0 such that if u € H}(Q) is a critical point

of Iy, then
ol .
1550wl < Cln([lo(u)] + 1))
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Proof of Lemma 4. For simplicity, in the sequel C' stands for different constants.
Let us suppose that Ij(u) = 0; then, combining (¢3), (¢5), (f3) yields

1

Io(u) = Io(u) = 5(Ip(u), u)
- /Q(%g(x,u)ufG(z,u))d:z:+/Q(%f(9,z,u)ufF(Q,x,u))dw
> (ifs)/QG(w,u)lnG(x,u)dwfCIIuH’;fCIIsollsHulls/fC
> C/Q|u\ale‘“|aldm70||u\|s/fC. (13)

Now observe that the function () = to1/Pet™ " s convex for ¢ > t(p, a1) = tp, for
any p > 0; for now on let choose p = r, where r is the exponent appearing in (f2)
and (f3). Applying Young’s inequality with ¢ = |u|” we obtain

T "dz}
/ U |u|a1e|u\a1 dx > |Q » |u|rdx}a716‘9|{f\u\>t,{/““ |u|"da}
|’U4‘>tr/r |’lL‘>tT/T
where Q] is the Lebesgue measure of §; then, since ||ul|, < C'+ {f\u|>t1” M"dac}%,

S
lufjgrerarll - < {CJrC'(/ |U|Tdas)%}eﬁ(c+c{f|u|>t$/r ul"dz} )
Ju| >,/
o 1 s %
< C+{ |u|rdx}71e‘“'{f\u\>t$/r jul"d}
[ul>tr/"
< C—l—C’/ | el™ da
[ul>t+/"
< o+c/ o el (14)
Q

In the same way, one can also prove that
Julgret 1 < 00 [ qulet™ ds,
Q
which implies directly
l[ulls < C{ln(/Q a1 el"l™ de + 1)} 57 + C. (15)

Combining (14), (15) and (13) yields

Ip(u) > o/ |u|a16|“‘aldxf{ln(/ lulrel™ dz + 1)}a1 — C
Q Q
> C’/ lu|*rell™ de — C
Q
> Clulfrer™™ —c,

that is,
lull, < C(n(|Ts(u)] + 1)1 +C (16)
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Finally, applying (f4) and (16) we obtain

0 0
—1T = —F
IOl = | [ GFeausl
< CHuH; +C
< C(n(|Tp(w)] + 1)1 +C,
that is our thesis. O

Remark 3. Note that hypothesis (f2) says, roughly speaking, that the maximal
growth allowed for F(-,-,£) is polynomial, whereas the nonlinear term G(-,-,£) has
an exponential growth: this difference seems not to be removable in our proof, since
it 1s fundamental to obtain the logarithmic estimate of Lemma 3.4. Therefore, the
arguments presented here seem mot to be applicable to problems where the pertur-
bation arises from a nonhomogeneous boundary conditions, such as the following
model problem:
—Au = uelv” on )

U = ug on ON).
Indeed, the functional associated to this problem presents a perturbation term with
exponential growth (see for example [5] for the case N > 3), which seems too higher
to be treated with this method.
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