
REAL ANALYSIS

Proff. K.R. Payne e G. Molteni

Credits: 9 cfu. Semester: I  Academic Year 2013/2014

The following represents what was actually covered during the course. It is merely an outline so 
students  should consult  their  notes for a  more  precise version.  Students are responsible for all 
proofs presented in class, while those left as exercises are optional but may be brought up during 
the oral exam for the purposes of assigning honors (lode). Arguments below denoted with (*) were 
covered in only a brief way.

1. Differentiation and integration: 
1.1. Introduction:  Review of the fundamental theorem of calculus for the Riemann integral: 

regularity of functions defined by integrals and the limits of integral averages.
1.2. The  indefinite  integral  in  Rn :  Additive  functions  on  sets  (definition  and  continuity 

properties). Absolute continuity of the indefinte integral.
1.3. Lebesgue’s Differentiation Theorem (TDL):  TDL with respect to balls: statement and 

reduction  of  the  proof  to  the  Hardy-Littlewood  inequality  via  density  of  continuous 
functions with compact support in L1(Rn).

1.4. The maximal function of Hardy-Littlewood: Definition of the maximal function f* with 
respect  to  balls  for  f  in  L1(Rn)  (definition  and  elementary  properties).  The  Hardy-
Littlewood inequality and its proof via the Vitali covering lemma. Analysis of the maximal 
function f* and the corresponding maximal operator (comparisons of f and f*, techniques 
for the calculation of f*, the weak L1 property of the maximal operator).

1.5. Generalizations and applications of TDL: TDL for f locally summable, definitions of 
points  of  density  and  dispersion,  and  Lebesgue  points.  Relations  with  TDL (measure 
theoretic  interior,  exterior  and  boundary).  Proof  that  almost  every  point  of  a  locally 
summable  function  is  a  Lebesgue  point.  Sets  of  bounded eccentricity  and  the  general 
version of TDL. 

1.6. The fundamental theorem of calculus for locally summable functions on R: Almost 
everywhere differentiability of indefinite integrals of locally summable functions and the 
fundamental  formula  of  calculus.  The  function  of  Cantor-Lebesgue  and  its  role  as  a 
counterexample.  Absolutely continuous functions on intervals  and the space AC([a,b]). 
Relations  with UC([a,b])  and Lip([a,b]).  Functions of bounded variation and the space 
BV([a,b]). The inclusion of AC([a,b]) in BV([a,b]). Characterization of  AC([a,b]) in terms 
of primitives of locally summable functions (statement and sketch of the proof via Jordan’s 
theorem (*), almost everywhere differentiability of monotone functions (*), Vitali covering 
lemma (*)).

1.7. Convex functions and Jensen’s inequality: Convex functions on intervals (a,b) and the 
discrete version of Jensen’s inequality. Regularity of convex functions (*). Integral version 
of Jensen’s inequality (statement, proof, examples).

2. Lp spaces: 
2.1. The spaces  Lp(E):  Definition for p in (0, ∞] via  p-summable and essentially bounded 

functions on E a measurable subset of  Rn  of positive measure. The essential sup and inf 
(definitions and various reformulations). The  L∞ norm as a limit of  Lp norms. Relations 



between Lp spaces as p varies, proof that Lp(E) is a vector space for p in (0, ∞]. 
2.2. The inequalities of Hölder e Minkowski: Definition of conjugate exponents and Young’s 

inequality (general and discrete versions). Proof of the Hölder and  Minkowski inequalities 
for  p  in  [1,  ∞].  The Cauchy-Schwarz  inequality  and  L2(E).  Failure  of  the  Minkowski 
inequality  for   p  in  (0,1).  Various  generalizations  of  these  inequalities  assigned  as 
exercises. 

2.3. The spaces Lp(E):  The spaces  Lp(E) as semi-normed vector spaces for p in [1, ∞]. The 
equivalence relation of equality almost everywhere and the quotient spaces Lp(E). Lp(E) is 
a normed vector space. Proof that Lp(E) is complete by exploiting facts about convergence 
in measure and almost everywhere convergence. Lp(E) is a complete metric space for p in 
(0, ∞]. Separability of Lp(E) for p in (0, ∞) (*) and a counterexample for p = ∞.

2.4. Convergence of  measurable functions:  Definitions  of uniform,  quasi-uniform,  almost 
everywhere, measure, Lp  and L∞ convergence. Relations between the convergence notions 
with proofs and counterexamples. 

2.5. Duality in  Lp(E): Bounded linear functionals on normed spaces and their continuity. The 
algebraic and topological duals of a normed vector space. The topological dual is a Banach 
space. The dual space [Lp(E) ]’ for p in [1, ∞].  Integration against an Lp’(E) function gives 
an element of [Lp(E) ]’ and study of the natural map from Lp’(E) into [Lp(E) ]’. The Riesz 
representation theorem for [Lp(E) ]’ (*).

2.6. Weak convergence in  Lp(E): Definition of weak convergence and comparison to strong 
(norm)  convergence.  Examples  of  weakly  converging  sequences  which  do  not  admit 
strongly  converging  subsequences.  Uniqueness  of  weak  limits.  Norm  boundedness  of 
weakly  convergent  sequences  (*).  Norm bounded  sequences  admit  weakly  convergent 
subsequences. 

2.7.  Convolution: Definition of the convolution of measurable functions on Rn  which is well 
defined  when  pairing  bounded  functions  with  compact  support  and  locally  summable 
functions.  The convolution  pairing  of  L1(Rn)  with  Lp(Rn)  for  every  p  in  [1,  ∞].   The 
convolution pairing of  Lp(Rn)  with Lp’(Rn)  for every p in  [1,  ∞].  Young’s convolution 
theorem (*). 

2.8.  Regularization  and  approximation:  Regularization  of  functions  in  Lp(Rn)  by 
convolution  with  C∞

0(Rn)  functions.  Approximation  of  Lp(Rn)  functions  in  Lp norm. 
Density  of   C∞

0(Rn)  in  Lp(Rn)  for  p  in  [1,  ∞).   Almost  everywhere  convergence  of 
mollifying sequences. Mollifying Lp

loc(U) functions with U open in Rn (*).

3. Hilbert spaces: 
3.1. Definitions  and  elementary  properties:  Inner  product  spaces  over  R  and  C and 

associated  norms.  The Schwarz  inequality  and proof  that  ||x||  =  (x,x)1/2 gives  a  norm. 
Variational  calculation  of  norms.  The  parallelogram  law  as  necessary  condition  for  a 
normed vector  space to be an inner  product space (*).  Definition of Hilbert  space and 
examples. 

3.2. Orthogonality and the Projection Theorem: Definition of orthogonality of vectors and 
subspaces. Theorem on minimizing the distance between points and closed convex subsets 
in Hilbert spaces. The projection onto a closed convex subset. The Projection Theorem  in 
Hilbert spaces. Existence of unit normals to a closed proper subspace. 

3.3. Duality in Hilbert spaces:  Dual spaces for real and complex Hilbert spaces. The Riesz 
Representation Theorem for Hilbert spaces. Boundedness and coercivity for sesquilinear 
(bilinear) maps on complex (real) Hilbert spaces. The  Lax-Milgram Theorem.

3.4. Orthonormal systems: The linear  span of a subset of a vector space.  Orthogonal and 
orthonormal  systems in a  Hilbert  space.  Completeness  and maximality  of  orthonormal 
systems and their equivalence. Separable Hilbert spaces and Hilbert bases. Orthonormal 
systems  in  infinite  dimensional  separable  Hilbert  spaces  are  at  most  countable  and 



existence of complete  orthonormal systems. Expansions of elements with respect to an 
orthonormal  system,  Fourier   coefficients  and  Fourier  series.  Complete  orthonormal 
systems, Fourier expansions and Parseval’s identity. 

3.5. Examples of complete orthonormal systems: Real and complex trigonometric systems in 
one real variable and calculation of Fourier coefficients.  Completeness of the real and 
complex  trigonometric  systems  on  Q  =  [- , ) (*).π π  Sturm-Liouville  systems  and 
orthonormal bases of weighted  L2 spaces in terms of eigenfunctions. 

3.6. Linear operators on Hilbert spaces: Bounded linear maps between Hilbert spaces and 
the operator norm.  L2 boundedness of Hilbert-Schmidt operators. The transpose of maps 
between  normed  vector  spaces  and  the  Hilbert  spaces  adjoint.  Self-adjoint  operators. 
Compact  maps between Hilbert  spaces. Finite rank operators are compact  and operator 
norm limits of compact maps are compact. Compactness of Hilbert-Schmidt operators on 
L2.  Eigenvalues  and eigenvectors  for  bounded linear  operators  on  Hilbert  spaces.  The 
Spectral Theorem for compact self-adjoint operators on separable Hilbert spaces. 

4. Elements of Fourier analysis: 
4.1. Fourier analysis on Rn  and Tn : Complex exponential functions as the basis of harmonic 

analysis on Rn  and Tn. Completeness of the complex exponential system (*). The Fourier 
transform and Fourier series associated to f in L2(Tn).

4.2. The Fourier transform on Rn:  The Fourier transform as a map from L1(Rn) to BC(Rn). 
Algebraic properties of the Fourier transform (translations, compositions with linear maps, 
convolutions). Exchange formulas for derivatives and multiplication by monomials. The 
Schwartz  space  S(Rn)  of  rapidly  decaying  smooth  functions.  The  Riemann-Lebesgue 
lemma.  The   Fourier  transform of  Gaussian  functions.  The  inverse  Fourier  transform 
inversion formula(*). 

4.3. Pointwise convergence of Fourier series:  Pointwise convergence theorem for periodic 
piecewise regular functions. The Dirichlet kernel and its basic properties. Examples and 
applications to summation formulas.  Uniform and absolute convergence for C1  periodic 
functions. 

4.4. Final remarks: The Sobolev spaces Hs(Q) defined by Fourier series and Hs(Rn) defined by 
the Fourier  transform.  The use of  Fourier  series  and Fourier  transform expansions  for 
solving boundary value problems/ initial value problems.
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